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CHAPTER I

INTRODUCTION

1.1 Background and History

Many physical phenomena are described by differential equations. Ordinary

differential equations play a significant role in the theory of differential equations.

In the 19th century, one of the most important problems in analysis was the

problem of classification of ordinary differential equations.

One type of classification problem is the equivalence problem: a differential

equation is said to be equivalent to another equation, if there exists an invertible

transformation of the independent and dependent variables (point transformation)

which transforms one equation into the another. The linearization problem is a

particular case of the equivalence problem, where one of the equations is a linear

equation.

In mathematical history, Sophus Lie (1883) was the first who studied the

linearization problem of second-order ordinary differential equations. He gave the

criteria for a second-order ordinary differential equation to be linearizable. He

showed that every linearizable second-order ordinary differential equation has the

form

y′′ + a(x, y)y′3 + b(x, y)y′2 + c(x, y)y′ + d(x, y) = 0, (1.1)

where

y′ =
dy

dx
, y′′ =

d2y

dx2
.

To see this, notice that the general form of a linear second-order ordinary differ-
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ential equation is

u′′ + e(t)u′ + f(t)u+ g(t) = 0, (1.2)

where

u′ =
du

dt
, u′′ =

d2u

dt2
.

Equation (1.2) can be also reduced to the equation

u′′ = 0. (1.3)

Assume that equation (1.1) is obtained from (1.3) by an invertible transformation

of the independent and dependent variables,

t = ϕ(x, y), u = ψ(x, y). (1.4)

It is assumed that Dxϕ = ϕx + y′ϕy 6= 0 and ∆ = ϕxψy − ϕyψx 6= 0. The

derivatives are transformed by formulae

u′ = g(x, y, y′) =
Dxψ

Dxϕ
=
ψx + y′ψy

ϕx + y′ϕy

,

u′′ = p(x, y, y′, y′′) =
Dxg

Dxϕ
=
gx + y′gy + y′′gy′

ϕx + y′ϕy

=
(ϕx + y′ϕy)

−3

∆
[y′′ + a(x, y)y′3 + b(x, y)y′2 + c(x, y)y′ + d(x, y)],

where

a = ∆−1(ϕyψyy − ϕyyψy),

b = ∆−1(ϕxψyy − ϕyyψx + 2(ϕyψxy − ϕxyψy)),

c = ∆−1(ϕyψxx − ϕxxψy + 2(ϕxψxy − ϕxyψx)),

d = ∆−1(ϕxψxx − ϕxxψx).

(1.5)

Substituting u′ and u′′ into (1.3), one obtains (1.1). Thus, if a second-order ordi-

nary differential equation is linearizable, then it has the form (1.1). Notice that
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not every equation of form (1.1) is linearizable. For finding linearizing transfor-

mation (1.4), one has to solve the overdetermined system (1.5) with respect to

the functions ϕ(x, y) and ψ(x, y). Hence, the linearization problem is to obtain

conditions which guarantee the existence of functions (1.4) satisfying system (1.5).

Lie found that equation (1.1) can be transformed into equation (1.3) by transfor-

mation (1.4) if and only if the coefficients a(x, y), b(x, y), c(x, y) and d(x, y) satisfy

the conditions

H = 3axx − 2bxy + cyy − 3axc+ 3ayd+ 2bxb− 3cxa− cyb+ 6dya = 0,

K = bxx − 2cxy + 3dyy − 6axd+ bxc+ 3byd− 2cya− 3dxa+ 3dyb = 0.

(1.6)

The function H and K are called relative invariants. Notice that the functions

H and K are relative invariants with respect to invertible transformation of inde-

pendent and dependent variables.

There are other approaches for solving the linearization problem, for ex-

ample, one was developed by E.Cartan (1924). He used differential geometry for

solving this problem.

These two approaches (Lie’s approach and Cartan’s approach) were also ap-

plied to third-order ordinary differential equations, for examples, by Chern (1943),

G.Grebot (1996), M.Petitot and S.Neut (2002), N.Ibragimov and S.Meleshko

(2004, 2005).

1.2 Statement of the Problem

This thesis is devoted to the study a system of two second-order ordinary

differential equations

y′′1 = f1(x, y1, y2, y
′
1, y

′
2) , y

′′
2 = f2(x, y1, y2, y

′
1, y

′
2). (1.7)
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The problem considered is part of the linerization problem. For system (1.7) the

linearization problem is to find an invertible transformation of independent and

dependent variables

t = ϕ(x, y1, y2), u1 = ψ1(x, y1, y2), u2 = ψ2(x, y1, y2), (1.8)

which transforms system of equations (1.7) into a linear system of equations

u′′ +B(t)u = 0, (1.9)

where

u =




u1(t)

u2(t)


 , B(t) =




b11(t) b12(t)

b21(t) b22(t)


 .

Notice that any system of linear equations

u′′ + C(t)u′ +D(t)u+ E(t) = 0,

where

C(t) =




c11(t) c12(t)

c21(t) c22(t)


 , D(t) =




d11(t) d12(t)

d21(t) d22(t)


 ,

u =




u1(t)

u2(t)


 , E(t) =




e1(t)

e2(t)


 ,

can be reduced to the form (1.9).

Similar to Lie’s case of a single second-order ordinary differential equation,

in order to obtain necessary conditions, we assume that system (1.7) is obtained

from the linear system of differential equations (1.9) by an invertible transforma-
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tion (1.8). Since the derivatives are changed by formulae

u′1 = g1(x, y1, y2, y
′
1, y

′
2) =

Dxψ1

Dxϕ
,

u′′1 = p1(x, y1, y2, y
′
1, y

′
2, y

′′
1 , y

′′
2) =

Dxg1

Dxϕ
,

u′2 = g2(x, y1, y2, y
′
1, y

′
2) =

Dxψ2

Dxϕ
,

u′′2 = p2(x, y1, y2, y
′
1, y

′
2, y

′′
1 , y

′′
2) =

Dxg2

Dxϕ
,

where Dx = ∂
∂x

+ y′1
∂

∂y1
+ y′2

∂
∂y2

+ y′′1
∂

∂y′1
+ y′′2

∂
∂y′2

, replacing u′1, u
′′
1 ,u′2, and u′′2 in

system (1.9), it becomes

F1 = y′′1 + a11y
′
1
3 + a12y

′
1
2y′2 + a13y

′
1y
′
2
2 + a14y

′
1
2

+a15y
′
1y
′
2 + a16y

′
2
2 + a17y

′
1 + a18y

′
2 + a19 = 0,

F2 = y′′2 + a13y
′
2
3 + a12y

′
2
2y′1 + a11y

′
2y
′
1
2 + a24y

′
1
2

+a25y
′
2y
′
1 + a26y

′
2
2 + a27y

′
1 + a28y

′
2 + a29 = 0,

(1.10)

where the coefficients aij are expressed through the functions ϕ, ψ1, ψ2, their

partial derivatives and functions bij. Thus, if system (1.7) is linearizable, then it

has the form (1.10).

The computational calculations show that form (1.10) is not changed by

any transformation (1.8). The main goal of this thesis is to find other invariants

and to obtain some necessary conditions for the linearization problem.

For solving the problem of the thesis, Lie’s approach was used. This ap-

proach contains of the following steps.

1. Find the equivalence group of transformations for system (1.10).

2. Obtain equations for invariants.

3. Solve the equations defining invariants.

Since each step needs a huge amount of analytical calculations, it is necessary

to use a computer for these calculations. A brief review of computer systems of
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symbolic manipulations can be found, for example, in Davenport (1993). In our

calculations the system REDUCE (cf. Hearn (1999)) was used.

This thesis is provided as follows. Chapter II introduces some background

knowledge of elementary Lie group analysis, which is necessary for our study.

Chapter III presents the equivalence group of transformations for system (1.10).

Chapter IV presents relative invariants. The source code of the Reduce computer

program can be obtained by contacting the author by e-mail at the address shown

in the Curriculum Vitae.



CHAPTER II

GROUP ANALYSIS

Group analysis is a powerful method for analyzing differential equations.

A part of the group analysis method is devoted to equivalence transformations.

A Lie group of equivalence transformations can be applied for finding invariants

of equations. These invariants are not changed during any change of the inde-

pendent and dependent variables. An introduction to this method can be found

in textbooks (cf. Ovsiannikov (1978), Olver (1984), Ibragimov (1999). Many re-

sults obtained by this method are collected in the Handbook of Lie group analysis

(1994), (1995), (1996)).

2.1 Local Lie Group

In this section, we review some background knowledge of elementary Lie

group analysis, which is necessary for our study.

We consider invertible point transformations

z̄i = gi(z; a), (2.1)

where i = 1, 2, ..., N, z ∈ V ⊂ RN and a is parameter, a ∈ ∆. The set V is an

open set in RN , and ∆ is an symmetrical interval in R1 w.r.t. zero.

For differential equations the variable z is separated into two parts, z =

(x, u) ∈ V ⊂ Rn×Rm, N = n+m. Here x = (x1, x2, ..., xn) ∈ Rn is considered as

the independent variable, u = (u1, u2, ..., um) ∈ Rm is considered as the dependent
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variable. For the transformations we use

x̄i = ϕi(x, u; a), ūj = ψj(x, u; a), (2.2)

where i = 1, 2, ..., n, j = 1, 2, ...,m, (x, u) ∈ V ⊂ Rn × Rm, and the set V is open

in Rn ×Rm.

2.1.1 One-Parameter Lie Group of Transformations

Definition 1. A set of transformation (2.1) is called a local one-parameter Lie

group if it has the following properties

1. g(z; 0) = z for all z ∈ V .

2. g(g(z; a), b) = g(z; a+ b) for all a, b, a+ b ∈ ∆, z ∈ V .

3. If for a ∈ ∆ we have g(z; a) = z for all z ∈ V , then a = 0.

4. g ∈ C∞(V,∆).

On definition of Lie group is a local, one because we only require that V is

an open neighborhood of some z0 and ∆ is a small symmetrical interval around

zero.

Define

ξi(x, u) =
∂ϕi(x, u; a)

∂a

∣∣∣∣
a= 0

, ηj(x, u) =
∂ψj(x, u; a)

∂a

∣∣∣∣
a= 0

,

and,

X = ξi(x, u)∂xi
+ ηj(x, u)∂uj . (2.3)

The operator X is called an infinitesimal generator or a generator of the Lie group

of transformations (2.2). The coefficients ξi, ηj are called the coefficients of the

generator.

A local Lie group of transformations (2.2) can be completely determined

by the solution of the Cauchy problem of ordinary differential equations, which
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are called Lie equations:

dx̄i

da
= ξi(x̄, ū),

dūj

da
= ηj(x̄, ū) (2.4)

with the initial data

x̄i|a= 0 = xi, ū
j
∣∣
a= 0

= uj. (2.5)

Theorem 1 (Lie). Given a vector field ζ = (ξ, η) : V → RN of class C∞(V )

with ζ(z0) 6= 0 for some z0 ∈ V . Then the solution of the Cauchy problem (2.4),

(2.5) generates a local Lie group with the infinitesimal generator X = ξi(x, u)∂xi
+

ηj(x, u)∂uj . Conversely, let functions ϕi(x, u; a), i = 1, ..., n and ψj(x, u; a), j =

1, ...,m satisfy the properties of a Lie group and have the expansion

x̄i = ϕi(x, u; a) ≈ xi + ξi(x, u)a,

ūj = ψj(x, u; a) ≈ uj + ηj(x, u)a

where

ξi(x, u) =
∂ϕi(x, u; a)

∂a

∣∣∣∣
a= 0

, ηj(x, u) =
∂ψj(x, u; a)

∂a

∣∣∣∣
a= 0

,

then the functions ϕi(x, u; a), ψj(x, u; a) solve the Cauchy problem (2.4), (2.5).

Precisely, the Lie’s theorem establishes a one-to-one correspondence between Lie

group of transformations and infinitesimal generator.

2.1.2 Prolongation of a Lie Group

Given Z = Rn × Rm, consider when space Z is prolonged by intro-

ducing the variables p = (pk
α). Here α = (α1, α2, ..., αn) is a multi-index. For a

multi-index the notations |α| ≡ α1 + α2 + ...+ αn and α, i ≡ (α1, α2, ..., αi−1, αi +

1, αi+1, ..., αn) are used. The variable pk
α plays a role of the derivative,

pk
α =

∂|α|uk

∂xα
=

∂|α|uk

∂xα1
1 ∂x

α2
2 ...∂x

αn
n

.



10

The space J l of the variables

x = (xi), u = (uk), p = (pk
α)

(i = 1, 2, ..., n; k = 1, 2, ...,m; |α| ≤ l)

is called the l-th prolongation of the space Z. This space can be provided with a

manifold structure. For convenience we agree that J0 ≡ Z.

Definition 2. The generator

X l = X +
∑
j,α

ηj
α∂pj

α
, (j = 1, ...,m, |α| ≤ l),

with the coefficients

ηj
eα,k = Dkη

j
eα −

∑
i

pj
eα,iDkξ

i, (|α̃| ≤ l − 1), (2.6)

is called the l-th prolongation of the generator X.

Here the operators

Dk =
∂

∂xk

+
∑
j,α

pj
α,k

∂

∂pj
α

, (k = 1, 2, ..., n),

are operators of the total derivatives with respect to xk and ηj
0 = ηj, where ξi, ηj

are defined as in (2.3).

For a simple illustration of using the prolongation formulae (2.6), let us

study the first prolongation of the generator X with n = m = 1. In this case, the

generator X1 induces a local Lie group of transformations in the space J1:

x̄ = ϕ(x, u; a), ū = ψ(x, u; a), p̄ = f(x, u, p; a), (2.7)

with the generator

X1 = ξx(x, u)∂x + ηu(x, u)∂u + ζp(x, u, p)∂p , (2.8)
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where

ζp = Dx(η
u)− pDx(ξ

x), p =
du

dx
, p̄ =

dū

dx̄
.

Notice that the coefficients ξx, ηu are defined as in (2.3). Let us show in the

following why coefficient ζp must be of this form. Let a function u0(x) be given.

Substituting it into the first equation of (2.7), one obtains

x̄ = ϕ(x, u0(x); a).

Since ϕ(x, u0(x); 0) = x, the Jacobian at a = 0 is

∂x̄

∂x

∣∣∣∣
a= 0

=

(
∂ϕ

∂x
+
∂ϕ

∂u

∂u0

∂x

)∣∣∣∣
a= 0

= 1.

Thus, by virtue of the inverse function theorem, in some neighborhood of a = 0

one can express x as a function of x̄ and a,

x = φ(x̄, a). (2.9)

Note that after substituting (2.9) into the first equation (2.7), one has the identity

x̄ = ϕ(φ(x̄, a), u0(φ(x̄, a)); a). (2.10)

Substituting (2.9) into the second equation of (2.7), one obtains the transformed

function

ua(x̄) = ψ(φ(x̄, a), u0(φ(x̄, a)); a). (2.11)

Differentiating the function ua(x̄) with respect to x̄, one gets

ūx̄ =
∂ua(x̄)

∂x̄
=
∂ψ

∂x

∂φ

∂x̄
+
∂ψ

∂u

∂u0

∂x

∂φ

∂x̄
=

(
∂ψ

∂x
+
∂ψ

∂u
u′0

)
∂φ

∂x̄
,

where the derivative ∂φ
∂x̄

can be found by differentiating equation (2.10) with re-

spect to x̄,

1 =
∂ϕ

∂x

∂φ

∂x̄
+
∂ϕ

∂u

∂u0

∂x

∂φ

∂x̄
=

(
∂ϕ

∂x
+
∂ϕ

∂u
u′0

)
∂φ

∂x̄
.
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Since

∂ϕ

∂x
(φ(x̄, 0), u0(φ(x̄, 0)); 0) = 1,

∂ϕ

∂u
(φ(x̄, 0), u0(φ(x̄, 0)); 0) = 0, (2.12)

one has ∂ϕ
∂x

+ ∂ϕ
∂u
u′0 6= 0 in some neighborhood of a = 0. Thus,

∂φ

∂x̄
=

(
∂ϕ

∂x
+
∂ϕ

∂u
u′0

)−1

,

and

ūx̄ =

(
∂ψ

∂x
+
∂ψ

∂u
u′0

)(
∂ϕ

∂x
+
∂ϕ

∂u
u′0

)−1

=: g(x, u0, u
′
0; a). (2.13)

Transformation (2.7) together with

ūx̄ = g(x, u, ux; a)

is called the prolongation of (2.7). Now, we define the coefficient ζp as follows:

ζp(x, u, p) =
∂g(x, u, p; a)

∂a

∣∣∣∣
a=0

, g|a=0 = p. (2.14)

Equation (2.13) can be rewritten

g(x, u, p; a)

(
∂ϕ(x, u; a)

∂x
+ p

∂ϕ(x, u; a)

∂u

)
=

(
∂ψ(x, u; a)

∂x
+ p

∂ψ(x, u; a)

∂u

)
.

Differentiating this equation with respect to the group parameter a and substi-

tuting a = 0, one finds

(
∂g

∂a

(
∂ϕ

∂x
+ p

∂ϕ

∂u

)
+ g

(
∂2ϕ

∂x∂a
+ p

∂2ϕ

∂u∂a

))∣∣∣∣
a=0

=

(
∂2ψ

∂x∂a
+ p

∂2ψ

∂u∂a

)∣∣∣∣
a=0

or

ζp(x, u, p) =
∂g

∂a

∣∣∣∣
a=0

(
∂ϕ

∂x
+ p

∂ϕ

∂u

)∣∣∣∣
a=0

, since by (2.12)

(
∂ϕ

∂x
+ p

∂ϕ

∂u

)∣∣∣∣
a=0

= 1

=

(
∂2ψ

∂x∂a
+ p

∂2ψ

∂u∂a

)∣∣∣∣
a=0

− g|a=0

(
∂2ϕ

∂x∂a
+ p

∂2ϕ

∂u∂a

)∣∣∣∣
a=0

=

(
∂ηu

∂x
+ p

∂ηu

∂u

)
− p

(
∂ξx

∂x
+ p

∂ξx

∂u

)

= Dx(η
u)− pDx(ξ

x)
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where

Dx =
∂

∂x
+ p

∂

∂u
+ px

∂

∂p
+ ... , ξx =

∂ϕ

∂a

∣∣∣∣
a=0

, ηu =
∂ψ

∂a

∣∣∣∣
a=0

, ζp =
∂g

∂a

∣∣∣∣
a=0

.

Thus, the first prolongation of the generator (2.3) is given by

X(1) = X + ζp(x, u, p)∂p.

Similarly one can obtain prolongation formulae for any order prolongation of an

infinitesimal generator.

Admitted Lie groups of transformations are related with differential equa-

tions by the following.

2.1.3 Lie groups admitted by differential equations

Consider a manifold M which is defined by a system of partial dif-

ferential equations

F k(x, u, p) = 0, (k = 1, 2, ..., s). (2.15)

Hence

M = {(x, u, p) | F k(x, u, p) = 0, (k = 1, ..., s)}.

Here x is the independent variable, u is the dependent variable and p are arbitrary

partial derivatives of u with respect x. The manifold M is assumed to be regular,

i.e.

rank

(
∂(F )

∂ (u, p)

)
= s.

Definition 3. A manifold M is said to be invariant with respect to the group of

transformations (2.2), if these transformations carry every point of the manifold

M along this manifold, i.e.

F k(x̄, ū, p̄) = 0, (k = 1, 2, ..., s).
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Accordingly, it is said that equations (2.15) are not changed under the Lie group

of transformations or, in the other word, the Lie group of transformations (2.2) is

admitted by equations (2.15).

In order to find an infinitesimal generator of a Lie group admitted by dif-

ferential equations (2.15) one can use the following theorem.

Theorem 2. A system of equations (2.15) is not changed with respect to the Lie

group of transformations (2.2) with the infinitesimal generator

X = ξi∂xi
+ ηj∂uj .

if and only if

X(p)F k |M=0 = 0, (k = 1, ..., s). (2.16)

Equations (2.16) are called determining equations.

Definition 4. A function J(x, u) is called an invariant of a Lie group if

J(x̄, ū) = J(x, u).

Theorem 3. A function J(x, u) is an invariant of the Lie group with the generator

X if and only if,

XJ(x, u) = 0. (2.17)

Definition 5. A vector function ~J(x, u) defines a relative invariant if the manifold

defined by the equation ~J(x, u) = 0 is an invariant manifold.

Using theorem 2, one obtains the following theorem.

Theorem 4. The functions Jk(x, u) are relative invariant of Lie group with the

generator X if and only if,

XJk | ~J=0 = 0,

where Jk are all components of ~J .
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2.2 Equivalence Group

Consider a system of differential equations

F k(x, u, p, θ) = 0, (k = 1, 2, ..., s). (2.18)

Here θ = θ(x, u) are arbitrary elements of system (2.18), (x, u) ∈ V ⊂ Rn+m, and

θ : V → Rt.

A nondegenerate change of dependent and independent variables, which

transforms a system of differential equations (2.18) to a system of equations of the

same class or same differential structure is called an equivalence transformation.

The problem of finding a Lie group of equivalent transformations consists

of the construction a transformation of the space Rn+m+t(x, u, θ) that preserves

the equations, only changing their representative θ = θ(x, u). For this purpose a

one parameter Lie group of transformations of the space Rn+m+t with the group

parameter a is used. Assume that the transformations

x
′
= fx(x, u, θ; a),

u
′
= fu(x, u, θ; a),

θ
′
= f θ(x, u, θ; a),

(2.19)

compose a Lie group of equivalence transformations. So the infinitesimal generator

of this group (2.19) has the form:

Xe = ξxi∂xi
+ ζuj

∂uj + ζθk

∂θk ,

with the coefficients:

ξxi =
∂fxi(x, u, θ; a)

∂a
|a=0 ,

ζuj

=
∂fuj

(x, u, θ; a)

∂a
|a=0 ,

ζθk

=
∂f θk

(x, u, θ; a)

∂a
|a=0 ,
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where (i = 1, ..., n; j = 1, ...,m; k = 1, ..., t).

We use the main requirement for the Lie group of equivalence transfor-

mations that any solution u0(x) of the system (2.18) with the functions θ(x, u) is

transformed by (2.19) into the solution u = ua(x
′) of the system (2.18) of the same

equations F k, but with another (transformed) functions θa(x, u). The functions

θa(x, u) are defined as follows. Solving the relations

x′ = fx(x, u, θ(x, u); a), u′ = fu(x, u, θ(x, u); a),

for (x, u), one obtains

x = gx(x′, u′; a), u = gu(x′, u′; a). (2.20)

The transformed function is

θa(x
′, u′) = f θ(x, u, θ(x, u); a),

where, instead of (x, u) we have to substitute their expressions (2.20). Because of

the definition of the function θ(x, u), there is the following identity with respect

to x and u:

(θ ◦ (fx, fu))(x, u, θ(x, u); a) = f θ(x, u, θ(x, u); a).

The transformed solution Ta(u) = ua(x) is obtained by solving the relations

x′ = fx(x, u0(x), θ(x, u0(x)); a),

with respect to x, then obtaining x = ψx(x′; a). Substituting x = ψx(x′; a) into

the second equation in (2.19), one obtains the transformed function

ua(x
′) = fu(x, u0(x), θa(x, u0(x)); a).

Notice that, there is the identity with respect to x:

(ua ◦ fx)((x, u0(x), θa(x, u0(x)); a)) = fu(x, u0(x), θa(x, u0(x)); a). (2.21)
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Formulae for transformations of partial derivatives are obtained by differentiating

(2.21) with respect to x′.

Lemma 1. The transformations Ta(u) constructed in this way form a Lie group.

Because the transformed function ua(x
′) is a solution of system (2.18) with

transformed arbitrary elements θa(x
′, u′), then the equations

F k(x′, ua(x
′), p′a(x

′), θa(x
′, ua(x

′))) = 0, (k = 1, 2, . . . , s)

must be satisfied for an arbitrary x′. Because of a one–to–one correspondence

between x and x′ one has

F k(fx(z(x), a), fu(z(x), a), f p(zp(x), a), f
θ(z(x)))) = 0, (k = 1, 2, . . . , s) (2.22)

where z(x) = (x, u0(x), θ(x, u0(x))), zp(x) = (x, u0(x), θ(x, u0(x)), p0(x), . . .).

After differentiating equations (2.22) with respect to the group parameter

a, we obtain an algorithm for finding equivalence transformations (2.19). The

differences in the algorithms for obtaining an admitted Lie group and equivalence

group are only in the prolongation formulae of the infinitesimal generator.

In agreement with the construction, after differentiating equations (2.22)

with respect to the group parameter a, one obtains the determining equations

X̃eF k(x, u, θ) |F=0 = 0, k = 1, 2, ..., s, (2.23)

with the prolonged operator X̃e,

X̃e = Xe + ζuj
xi∂

u
j
xi

+ ζθk
xi∂θk

xi
+ ζθk

uj∂θk
uj

+ ... .

Here the coefficients ζuj
xi , ζθk

xi , ζθk
uj , ... are expressed by the following :

ζuj
xi = De

xi
ζuj − uj

xβ
De

xi
ξxβ

ζθk
xi = D̃e

xi
ζθk − θk

xβ
D̃e

xi
ξxβ − θk

ujD̃e
xi
ζuj

ζθk
uj = D̃e

ujζθk − θk
xi
D̃e

ujξxi − θk
uβD̃

e
ujζuβ
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where

De
xi

= ∂xi
+ uj

xi
∂uj + (θk

xi
+ θk

ujuj
xi

)∂θk + ...

D̃e
xi

= ∂xi
+ θk

xi
∂θk + ...

D̃e
uj = ∂uj + θk

uj∂θk + ...

The solution of determining equations (2.23) gives us the coefficients of an in-

finitesimal generator. By solving the Lie equations, one can obtain the equivalence

group of transformations (2.19).



CHAPTER III

COMPUTATIONAL PROCEDURE

We consider a system of two second-order ordinary differential equations

in the following form,

F1 = y′′1 + a11y
′
1
3 + a12y

′
1
2y′2 + a13y

′
1y
′
2
2 + a14y

′
1
2

+a15y
′
1y
′
2 + a16y

′
2
2 + a17y

′
1 + a18y

′
2 + a19 = 0,

F2 = y′′2 + a13y
′
2
3 + a12y

′
2
2y′1 + a11y

′
2y
′
1
2 + a24y

′
1
2

+a25y
′
2y
′
1 + a26y

′
2
2 + a27y

′
1 + a28y

′
2 + a29 = 0,

(3.1)

where the coefficients aij are expressed through the functions x, y1, y2. We have

known from the details given in Chapter I, that the form of system(3.1) is not

changed by any transformation

t = ϕ(x, y1, y2), u1 = ψ1(x, y1, y2), u2 = ψ2(x, y1, y2). (3.2)

This thesis is devoted to find other invariants of transformation (3.2).

3.1 Method of Solving

For seeking invariants, Lie’s approach is used. This approach contains the

following steps.

First, we have to find an equivalence group of transformations for system

(3.1), that is to find a Lie group of transformations, which transforms system (3.1)

into a new system with the same differential structure. For constructing this Lie

group one has to find an infinitesimal generator

Xe = ξx∂x + ζy1∂y1 + ζy2∂y2 + ζθj∂θj
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with the coefficients

ξx = ξx(x, y1, y2, θ), ζ
y1 = ζy1(x, y1, y2, θ), ζ

y2 = ζy2(x, y1, y2, θ), ζ
zj = ζzj(x, y1, y2, θ),

by solving the equations

X̃eFi|(3.1) = 0, (i = 1, 2). (3.3)

Here θ1 = a11, θ2 = a12, θ3 = a13, θ4 = a14, θ5 = a15, θ6 = a16, θ7 = a17, θ8 =

a18, θ9 = a19, θ10 = a24, θ11 = a25, θ12 = a26, θ13 = a27, θ14 = a28, θ15 =

a29, the coefficients ξx, ζy1 , ζy2 , ζθj , (j = 1, 2,..., 15) depend on x, y1, y2, θ and θ =

(θ1, θ2, ..., θ15). Here we also used the agreement that there is a summation with

respect to a repeat index j.

The next step consists of solving equations which define differential invari-

ants of the equivalence group

X̃eJ = 0. (3.4)

Here J depends on the coefficients aij and their derivatives, X̃ is the prolongation

of the generator X up to the maximal order of derivatives involved in the invariant

J .

Notice that for relative invariants Jk, (k = 1, 2, ..., w), one has to solve the

equations

X̃eJk
|(S) = 0, (i = 1, 2, ..., s), (3.5)

where the manifold (S) is defined by the equations Jk = 0, (k = 1, 2, ..., w).
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3.2 Equivalence Group of System (3.1)

The prolonged operator is

X̃e = Xe + ζy′1∂y′1 + ζy′2∂y′2 + ζy′′1 ∂y′′1 + ζy′′2 ∂y′′2 + ζθjx∂θjx
+ ζθjy1∂θjy1

+ ζθjy2∂θjy2

+ζθjxy1∂θjxy1
+ ζθjxy2∂θjxy2

+ ζθjy1y2∂θjy1y2
+ ζθjxx∂θjxx

+ ζθjy1y1∂θjy1y1

+ζθjy2y2∂θjy2y2
.

The coefficients of the prolonged operators are show as the follows

ζy′1 = De
xζ

y1 − y′1D
e
xξ

x.

ζy′2 = De
xζ

y2 − y′2D
e
xξ

x.

ζy′′1 = De
xζ

y′1 − y′′1D
e
xξ

x.

ζy′′2 = De
xζ

y′2 − y′′2D
e
xξ

x.

ζθjx = D̃e
xζ

θj − θjxD̃
e
xξ

x − θjy1
D̃e

xξ
y1 − θjy2

D̃e
xξ

y2 .

ζθjy1 = D̃e
y1
ζθj − θjxD̃

e
y1
ξx − θjy1

D̃e
y1
ξy1 − θjy2

D̃e
y1
ξy2 .

ζθjy2 = D̃e
y2
ζθj − θjxD̃

e
y2
ξx − θjy1

D̃e
y2
ξy1 − θjy2

D̃e
y2
ξy2 .

ζθjy1x = D̃e
xζ

θjy1 − θjy1xD̃
e
xξ

x − θjy1y1
D̃e

xξ
y1 − θjy1y2

D̃e
xξ

y2 .

ζθjy2x = D̃e
xζ

θjy2 − θjy2xD̃
e
xξ

x − θjy2y1
D̃e

xξ
y1 − θjy2y2

D̃e
xξ

y2 .

ζθjy2y1 = D̃e
y1
ζθjy2 − θjy2xD̃

e
y1
ξx − θjy2y1

D̃e
y1
ξy1 − θjy2y2

D̃e
y1
ξy2 .

ζθjxx = D̃e
xζ

θjx − θjxxD̃
e
xξ

x − θjxy1
D̃e

xξ
y1 − θjxy2

D̃e
xξ

y2 .

ζθjy1y1 = D̃e
y1
ζθjy1 − θjy1xD̃

e
y1
ξx − θjy1y1

D̃e
y1
ξy1 − θjy1y2

D̃e
y1
ξy2 .

ζθjy2y2 = D̃e
y2
ζθjy2 − θjy2xD̃

e
y2
ξx − θjy2y1

D̃e
y2
ξy1 − θjy2y2

D̃e
y2
ξy2 .
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Here the operators are

De
x = ∂x + y′1∂y1 + y′2∂y2 + y′′1∂y

′
1 + y′′2∂y

′
2 + (θjx + θjy1

y′1 + θjy2
y′2)∂θj

+(θjy1x + θjy1y2
y′2 + θjy1y1

y′1)∂θjy1
+ (θjxx + θjxy2

y′2 + θjxy1
y′1)∂θjx

+(θjy2x + θjy2y2
y′2 + θjy2y1

y′1)∂θjy2
.

D̃e
x = ∂x + θjx∂θj.

D̃e
y1

= ∂y1 + θjy1
∂θj.

D̃e
y2

= ∂y2 + θjy2
∂θj.

Substituting the coefficients of the prolonged operator X̃e into the determining

equations (3.3), where the manifold defined by equations (3.1) is described by the

equations

y′′1 = −(a11y
′
1
3 + a12y

′
1
2y′2 + a13y

′
1y
′
2
2 + a14y

′
1
2

+a15y
′
1y
′
2 + a16y

′
2
2 + a17y

′
1 + a18y

′
2 + a19),

y′′2 = −(a13y
′
2
3 + a12y

′
2
2y′1 + a11y

′
2y
′
1
2 + a24y

′
1
2

+a25y
′
2y
′
1 + a26y

′
2
2 + a27y

′
1 + a28y

′
2 + a29),

(3.6)

one gets equations which can be split with respect to the variables

y′1, y
′
2, θjx, θjy1

, θjy2
, θjxy1

, θjxy2
, θjy1y2

, θjxx, θjy1y1
, θjy2y2

. All calculations

were done on computer by using the system of symbolic calculations REDUCE

(cf. Hearn (1999)). The method of calculating consists of sequential calculations,

after analysis of the result of calculations, we add the new relations which were ob-

tained into the program and repeat the calculations. As the result of calculations
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we obtained the generator of an equivalence group

ξx = f(x, y1, y2), ζ
y1 = g(x, y1, y2), ζ

y2 = h(x, y1, y2),

ζa11 = −a24
∂f
∂y2

− a14
∂f
∂y1

+ a11
∂f
∂x
− a12

∂h
∂y1

− 2a11
∂g
∂y1

+ ∂f
∂y2

1
,

ζa12 = −a25
∂f
∂y2

− a15
∂f
∂y1

+ a12
∂f
∂x
− a12

∂h
∂y2

− 2a13
∂h
∂y1

− 2a11
∂g
∂y2

− a12
∂g
∂y1

+2 ∂f
∂y2∂y1

,

ζa13 = −a26
∂f
∂y2

− a16
∂f
∂y1

+ a13
∂f
∂x
− 2a13

∂h
∂y2

− a12
∂g
∂y2

+ ∂f
∂y2

2
,

ζa14 = −a27
∂f
∂y2

− 2a17
∂f
∂y1

− a15
∂h
∂y1

− a12
∂h
∂x

+a24
∂g
∂y2

− a14
∂g
∂y1

− 3a11
∂g
∂x

+2 ∂f
∂y1x

− ∂g
∂y2

1
,

ζa15 = −(a28 + a17)
∂f
∂y2

− 2a18
∂f
∂y1

− a15
∂h
∂y2

− 2a16
∂h
∂y1

− 2a13
∂h
∂x

+ (a25 − 2a14)
∂g
∂y2

−2a12
∂g
∂x

+ 2( ∂f
∂y2∂x

− ∂g
∂y2∂y1

) ,

ζa16 = −a18
∂f
∂y2

− 2a16
∂h
∂y2

+ (a26 − a15)
∂g
∂y2

+ a16
∂g
∂y1

− a13
∂g
∂x
− ∂g

∂y2
2
,

ζa17 = −a29
∂f
∂y2

− 3a19
∂f
∂y1

− a17
∂f
∂x
− a18

∂h
∂y1

− a15
∂h
∂x

+ a27
∂g
∂y2

− 2a14
∂g
∂x

+ ∂f
∂x2

−2 ∂g
∂y1∂x

,

ζa18 = −2a19
∂f
∂y2

− a18
∂f
∂x
− a18

∂h
∂y2

− 2a16
∂h
∂x

+ (a28 − a17)
∂g
∂y2

+ a18
∂g
∂y1

− a15
∂g
∂x

−2 ∂g
∂y2∂x

,

ζa19 = −2a19
∂f
∂x
− a18

∂h
∂x

+ a29
∂g
∂y2

+ a19
∂g
∂y1

− a17
∂g
∂x
− ∂g

∂x2 ,

ζa24 = −a27
∂f
∂y1

+ a24
∂h
∂y2

+ (a14 − a25)
∂h
∂y1

− a11
∂h
∂x
− 2a24

∂g
∂y1

− ∂h
∂y2

1
,

ζa25 = −2a27
∂f
∂y2

− (a28 + a17)
∂f
∂y1

+ (a15 − 2a26)
∂h
∂y1

− 2a12
∂h
∂x
− 2a24

∂g
∂y2

− a25
∂g
∂y1

−2a11
∂g
∂x

+ 2( ∂g
∂y1∂x

− ∂h
∂y2∂y1

) ,

ζa26 = −2a28
∂f
∂y2

− a18
∂f
∂y1

− a26
∂h
∂y2

+ a16
∂h
∂y1

− 3a13
∂h
∂x
− a25

∂g
∂y2

− a12
∂g
∂x

+ 2 ∂f
∂y2∂x

− ∂h
∂y2

2
,

ζa27 = −2a29
∂f
∂y1

− a27
∂f
∂x

+ a27
∂h
∂y2

+ (a17 − a28)
∂h
∂y1

− a25
∂h
∂x
− a27

∂g
∂y1

− 2a24
∂g
∂x

−2 ∂h
∂y1∂x

,

ζa28 = −3a29
∂f
∂y2

− a19
∂f
∂y1

− a28
∂f
∂x

+ a18
∂h
∂y1

− 2a26
∂h
∂x
− a27

∂g
∂y2

− a25
∂g
∂x

+ ∂f
∂x2

−2 ∂h
∂y2∂x

,

ζa29 = −2a29
∂f
∂x

+ a29
∂h
∂y2

+ a19
∂h
∂y1

− a28
∂h
∂x
− a27

∂g
∂x
− ∂h

∂x2 .

Here the functions f(x, y1, y2), g(x, y1, y2) and h(x, y1, y2) are arbitrary functions

of their arguments.



CHAPTER IV

INVESTIGATION OF INVARIANTS

In this research, the invariants that we were looking for are the functions

of the coefficients appearing in system (3.1) and their derivatives up to first and

second orders. In order to find these invariants, we have to apply the operator

X̃e to an invariant as in equation (3.4). One obtains an equation which is a

polynomial with respect to the functions f, g, h and their derivatives. Since these

functions are arbitrary, this equation can be split with respect to them. Splitting

gives us a system of linear homogeneous first-order partial differential equations.

This system includes 60 equations with 60 independent variables for an invariant

of first-order. For second-order invariants this system consists of 105 equations

with 150 independent variables.

4.1 First-Order Relative Invariants

Analysis of the system of linear homogeneous first-order partial differential

equations shows that most of these equations are of one of the following types:

∂F

∂x
+ a1

∂F

∂y1

+ a2
∂F

∂y2

+ ...+ an
∂F

∂yn

= 0, (4.1)

x
∂F

∂x
+ α1y1

∂F

∂y1

+ α2y2
∂F

∂y2

+ ...+ αnyn
∂F

∂yn

= 0, (4.2)

x
∂F

∂x
+ α1y1

∂F

∂y1

+ α2y2
∂F

∂y2

+ ...+ αnyn
∂F

∂yn

+α0(
∂F

∂x
+ a1

∂F

∂y1

+ a2
∂F

∂y2

+ ...+ an
∂F

∂yn

) = 0,

(4.3)
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where ai = βi,1(x)y1 + βi,2(x)y2 + ... + βi,i−1(x)yi−1 + γi(x), αi = constant, F =

F (x, y1, y2, ..., yn). The General solutions of these equations can be found analyt-

ically as follows.

The characteristic system for equation (4.1) is

dx

1
=

dy1

γ1(x)
=

dy2

β2,1(x)y1 + γ2(x)
=

dy3

β3,1(x)y1 + β3,2(x)y2 + γ3(x)
= ... .

Integrating recurrently, one finds

y1 = C1 + F1(x), y2 = C2 + F2(x,C1), ..., yn = Cn + Fn(x,C1, C2, ..., Cn−1),

where

Fi(x,C1, C2, ..., Ci−1) =

∫
ai(x, y1(x), y2(x), ..., yi−1(x))dx.

The variables Ci in this step are considered to be constant. The general solution

of equation (4.1) is F = φ(C1, C2, ..., Cn) where φ is an arbitrary function and

C1, C2, ..., Cn are defined by the formulae

C1 = y1 − F1, C2 = y2 − F2, ..., Cn = yn − Fn.

The characteristic system for equation (4.2) is

dx

x
=

dy1

α1y1

=
dy2

α2y2

=
dy3

α3y3

= ... .

The general solution of equation (4.2) is F = φ(C1, C2, ..., Cn), where φ is an

arbitrary function and Ci = yi

xαi
, i = 1, ..., n.

The characteristic system for equation (4.3) is

dx

x+ α0

=
dy1

α1y1 + α0γ1(x)
=

dy2

α2y2 + α0a2(x, y1)
=

dy3

α3y3 + α0a3(x, y1, y2)
= ... .

Considering the first term and the second term, one has

dy1

dx
=

α1y1

x+ α0

+
α0γ1(x)

x+ α0

.
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This is a first-order linear ordinary differential equation. The general solution of

this equation is

y1 = (x+ α0)
α1(C1 +

∫
α0γ1(x)(x+ α0)

−(α1+1)dx),

or

C1 = y1(x+ α0)
−α1 −

∫
α0γ1(x)(x+ α0)

−(α1+1)dx.

Considering the first term and the third term, after substituting y1(x), one also

obtains a first-order linear ordinary differential equation

dy2

dx
=

α2y2

x+ α0

+
α0a2(x, y1(x))

x+ α0

.

As in the above, the general solution of this equation is

y2 = (x+ α0)
α2(C2 +

∫
α0a2(x, y1(x))(x+ α0)

−(α2+1)dx),

or

C2 = y2(x+ α0)
−α2 −

∫
α0a2(x, y1(x))(x+ α0)

−(α2+1)dx.

Recurrently, one finds all Ci , i = 1, 2, ..., n. The general solution of equation (4.3)

is F = φ(C1, C2, ..., Cn), where φ is an arbitrary function.

For solving the system of linear homogeneous first-order partial differential

equations, we used the method of successive solving one equation, and substituting

the solution into the other equations. Notice that after the substitutions the

equations obtained can be split with respect to the independent variable x.

After repeatedly applying the previous step, one obtains the following first-
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order relative invariants

J1 = −2a26a12 + 2a25a13 − 4a16a11 + a15a12 − 4a13y1
+ 2a12y2

= 0.

J2 = a28a12 − 4a27a13 + a25a15 − 4a24a16 + 4a18a11 − 3a17a12 + 2a15y1
− 4a14y2

+2a12x = 0.

J3 = −3a28a12 + 4a27a13 − 4a26y1
+ 2a25y2

+ a25a15 − 4a24a16 − 4a18a11 + a17a12

+2a12x = 0.

J4 = 2a28a16 − 2a26a18 + 4a19a13 + 2a18y2
+ a18a15 − 2a17a16 − 4a16x = 0.

J5 = 2a28a13 − 2a26a15 + 2a25a16 + 2a17a13 − 4a16y1
− 4a16a14 + 2a15y2

+ a2
15

−4a13x = 0.

J6 = 12a29a13 + 2a28x − 3a28a15 + 4a27a16 − 4a26x + a25a18 + 4a19a12 − 6a18y1

+6a18a14 + 6a17y2
+ 3a17a15 = 0.

J7 = −4a29a13 + a28a15 − 4a27a16 + a25a18 − 4a19a12 + 2a18y1
+ 2a18a14 − 4a17y2

−a17a15 + 2a15x = 0.

J8 = −4a29a16 + a28a18 − 4a19y2
− 2a19a15 + 2a18x + a18a17 = 0.

J
9

= 4a29a12 + 6a28y1
+ 3a28a25 − 6a27y2

− 6a27a26 + a27a15 − 3a25a17 + 4a24a18

+12a19a11 + 2a17y1
− 4a14x = 0.

J
10

= −4a29a12 − 4a28y1
− a28a25 + 2a27y2

+ 2a27a26 + a27a15 + 2a25x + a25a17

−4a24a18 − 4a19a11 = 0.

J
11

= 2a28a11 − 4a26a24 + 2a25y1
+ a2

25 − 2a25a14 − 4a24y2
+ 2a24a15 + 2a17a11

−4a11x = 0.

J
12

= −4a29y2
− 4a29a26 + 2a29a15 + 2a28x + a2

28 − 2a25a19 + 4a19y1
+ 4a19a14

−2a17x − a2
17 = 0.

J
13

= −4a29y1
− 2a29a25 + a28a27 + 2a27x + a27a17 − 4a24a19 = 0.

J
14

= 4a29a11 − 2a28a24 + 2a27y1
+ a27a25 − 2a27a14 − 4a24x + 2a24a17 = 0.

J
15

= a25a12 − 4a24a13 + 2a15a11 − 2a14a12 + 2a12y1
− 4a11y2

= 0.
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4.2 Second-Order Relative Invariants

Finding second-order relative invariants is similar to the case of first-order

relative invariants. The difference is only that in equation (3.4), we substitute J

which depends on coefficients aij and their derivatives up to second-order instead

of first-order. The set second-order relative invariants are shown as the following:

J1 = −a28a13a12 + 2a27a
2
13 − 2a26y1

a13 − a26y2
a12 + 2a2

26a12 − 2a26a25a13

+4a26a16a11 − a26a15a12 + 4a26a13y1
− 3a26a12y2

+ 2a25y2
a13 + a25a16a12

+a25a13y2
− 4a24a16a13 − 2a18a13a11 + a17a13a12 − a16y1

a12 − 2a16y2
a11

+2a16a15a11 − 2a16a14a12 + a16a12y1
− 4a16a11y2

+ a15y2
a12

+a15a13y1
− a13xa12 − 2a13y1y2

+ a13a12x + a12y2y2
= 0.

J2 = −2a26a12 + 2a25a13 − 4a16a11 + a15a12 − 4a13y1
+ 2a12y2

= 0.

J3 = a28a12a11 − 2a27a13a11 − 2a26a24a12 + a25y1
a12 + 2a25a24a13 − a25a14a12

+a25a11y2
− 2a24y1

a13 − a24y2
a12 − 4a24a16a11 + a24a15a12 + 4a24a14a13

−4a24a13y1
+ a24a12y2

+ 2a18a
2
11 − a17a12a11 + 2a15y1

a11 − 2a15a14a11

+a15a11y1
− a14y1

a12 − 2a14y2
a11 + 2a2

14a12 − 3a14a12y1
+ 4a14a11y2

+ a12xa11

+a12y1y1
− a12a11x − 2a11y1y2

= 0.

J4 = a25a12 − 4a24a13 + 2a15a11 − 2a14a12 + 2a12y1
− 4a11y2

= 0.

J5 = 2a28a16 − 2a26a18 + 4a19a13 + 2a18y2
+ a18a15 − 2a17a16 − 4a16x = 0.

J6 = a28y2
− 4a27a16 − 2a26x + 2a25a18 − 4a19a12 − 3a17y2

+ 3a15x = 0.

J7 = −4a29a16 + a28a18 − 4a19y2
− 2a19a15 + 2a18x + a18a17 = 0.

J8 = −4a29a13 + a28a15 − 4a27a16 + a25a18 − 4a19a12 + 2a18y1
+ 2a18a14 − 4a17y2

−a17a15 + 2a15x = 0.

J9 = 4a29a16a13 + 2a28y2
a16 − 2a28a26a16 − a28a18a13 + a28a16y2

− 2a27a
2
16

−2a26xa16 − a26y2
a18 + 2a2

26a18 − 4a26a19a13 − 3a26a18y2
− a26a18a15
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+2a26a17a16 + 4a26a16x + a25a18a16 + 4a19y2
a13 − 2a19a16a12 + 2a19a15a13

+2a19a13y2
− a18xa13 − a18y1

a16 + a18y2y2
+ a18y2

a15 − a18a17a13 + a18a16y1

+a18a13x − 2a17y2
a16 − a17a16y2

− 2a16xy2
− a16xa15 + 2a16a15x = 0.

J10 = 2a28a13 − 2a26a15 + 2a25a16 + 2a17a13 − 4a16y1
− 4a16a14 + 2a15y2

+ a2
15

−4a13x = 0.

J11 = −3a28a12 + 4a27a13 − 4a26y1
+ 2a25y2

+ a25a15 − 4a24a16 − 4a18a11 + a17a12

+2a12x = 0.

J12 = a28a12 − 4a27a13 + a25a15 − 4a24a16 + 4a18a11 − 3a17a12 + 2a15y1
− 4a14y2

+2a12x = 0.

J13 = 4a29a
2
13 + 2a28y2

a13 − 2a28a26a13 − a28a15a13 + a28a13y2
− 2a26xa13

−2a26y1
a16 − a26y2

a15 + 2a2
26a15 − 2a26a25a16 − 2a26a17a13 + 4a26a16y1

+4a26a16a14 − 3a26a15y2
− a26a

2
15 + 4a26a13x + 2a25y2

a16 + a25a16y2

+a25a16a15 − 4a24a
2
16 + 2a19a13a12 − 2a18y1

a13 + a18y2
a12 + 2a18a16a11

−2a18a14a13 + 2a18a13y1
− a18a12y2

+ 2a17y2
a13 − 2a17a16a12 + a17a15a13

+a17a13y2
− 2a16xa12 − 2a16y1y2

− 2a16y2
a14 + a16a15y1

− 4a16a14y2
+ 2a16a12x

+a15xa13 + a15y2y2
+ a15y2

a15 − 2a13xy2
= 0.

J14 = −2a29xa16 − a29y2
a18 + 2a29a28a16 − 2a29a26a18 + 4a29a19a13 + a29a18y2

+a29a18a15 − 2a29a17a16 − 4a29a16x + a28xa18 + a28a19y2
+ 2a27a19a16

−a25a19a18 − 2a19xy2
− a19xa15 + a19y1

a18 − a19y2
a17 + 2a2

19a12 − a19a18y1

+2a19a17y2
− 2a19a15x + a18xx + a18xa17 = 0.

J15 = 2a29xy2
+ 2a29xa26 − a29xa15 − 2a29y1

a18 − 4a2
29a13 − a29a28y2

+ a29a28a15

+2a29a27a16 + 4a29a26x − 2a29a25a18 + 2a29a18y1
+ 2a29a18a14 − a29a17y2

−a29a17a15 − 2a29a15x − a28xx − a28xa28 + a28y1
a19 + a28a25a19 + a27xa18

−2a27y2
a19 − 2a27a26a19 + 2a27a19y2

+ 2a27a19a15 − a27a18x + 2a25xa19

+a25a19x − a25a19a17 − 2a24a19a18 − 2a19xy1
− 2a19xa14 + 4a2

19a11 + a19a17y1

−4a19a14x + a17xx + a17xa17 = 0.
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J16 = −4a29y1
− 2a29a25 + a28a27 + 2a27x + a27a17 − 4a24a19 = 0.

J17 = −2a29xa11 − 2a29y1y1
− 2a29y1

a25 + 2a29y1
a14 + 2a29y2

a24 + 2a29a27a12

−2a29a24y2
+ 4a29a17a11 − 4a29a11x + 2a28y1

a27 + 2a28a24x − 2a28a24a17

+2a27y1
a17 − a2

27a15 − 2a27a25x + a27a25a17 + 2a27a24a18 − 2a27a17a14

+2a27a14x + 2a24xx − 4a24xa17 − 2a24y1
a19 − 4a24a19y1

+ 2a24a
2
17 = 0.

J18 = 4a29a11 − 2a28a24 + 2a27y1
+ a27a25 − 2a27a14 − 4a24x + 2a24a17 = 0.

J19 = −4a29a12 − 4a28y1
− a28a25 + 2a27y2

+ 2a27a26 + a27a15 + 2a25x + a25a17

−4a24a18 − 4a19a11 = 0.

J20 = −2a29xy1
− a29xa25 − a29y1

a28 + a29y1
a17 + a29y2

a27 + 2a2
29a12 + 2a29a28y1

−a29a27y2
− a29a27a15 − 2a29a25x + 2a29a24a18 + 4a29a19a11 + a28a27x

−2a28a24a19 + a27xx + a27y1
a19 + a27a25a19 − a27a19y1

− 2a27a19a14 + a27a17x

−4a24xa19 − 2a24a19x + 2a24a19a17 = 0.

J21 = 4a29y2
+ 4a29a26 − 2a29a15 − 2a28x − a2

28 + 2a25a19 − 4a19y1
− 4a19a14

+2a17x + a2
17 = 0.

J22 = 4a29a12 + 6a28y1
+ 3a28a25 − 6a27y2

− 6a27a26 + a27a15 − 3a25a17 + 4a24a18

+12a19a11 + 2a17y1
− 4a14x = 0.

J23 = 4a29y2
a16 + 2a29a16y2

− 2a2
28a16 + 2a28a26a18 − 4a28a19a13 − 2a28a18y2

−a28a18a15 + 2a28a17a16 + 4a28a16x − 2a27a18a16 − 2a26xa18 − 2a26a19y2

+a25a
2
18 + 2a19xa13 − 2a19y1

a16 + 2a19y2y2
+ 2a19y2

a15 − 2a19a18a12

+2a19a16y1
+ 4a19a13x − 2a18a17y2

+ 2a18a15x − 2a17a16x − 2a16xx = 0.

J24 = 4a29y2
a13 + 4a29a16a12 + 2a29a13y2

− 2a2
28a13 + 2a28a26a15 − 4a28a25a16

−a28a18a12 − 2a28a17a13 + 4a28a16y1
+ 4a28a16a14 − 2a28a15y2

− a28a
2
15

+4a28a13x + 4a27y2
a16 − 2a27a18a13 + 2a27a16y2

− 2a27a16a15 − 2a26xa15

−2a26y1
a18 + 2a26a25a18 − 2a26a17y2

− 4a25a19a13 − 2a25a18y2
+ a25a18a15

+2a25a17a16 + 4a25a16x − 4a24a18a16 + 6a19y2
a12 + 6a19a13y1

− 2a18xa12
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+2a2
18a11 − 3a18a17a12 + 2a18a15y1

− 4a18a14y2
+ 2a18a12x + 2a17xa13

−2a17y1
a16 + 2a17y2y2

+ 2a17a13x − 4a16xy1
− 4a16xa14 + 2a15xa15

−2a13xx = 0.

J25 = −4a29a13a12 − 2a28a26a12 + 4a28a25a13 − 4a28a16a11 + 2a28a15a12 − 4a28a13y1

+2a28a12y2
− 4a27y2

a13 − 2a27a16a12 + 2a27a15a13 − 2a27a13y2
+ 2a26xa12

+2a26y1
a15 − 2a26a25a15 + 2a26a14y2

+ 2a2
25a16 − a25a18a12 + 2a25a17a13

−4a25a16y1
− 4a25a16a14 + 2a25a15y2

− 4a25a13x − 4a24y2
a16 + 4a24a18a13

−2a24a16y2
+ 4a24a16a15 − 2a19a

2
12 + 2a18y1

a12 − 4a18a15a11 + 4a18a14a12

−2a18a12y1
+ 6a18a11y2

− 4a17y2
a12 + a17a15a12 − 4a17a13y1

+ 6a16xa11

+2a16y1y1
+ 2a16y1

a14 + 2a16a14y1
− 2a15y1

a15 + 2a15a14y2
− 2a15a12x

−2a14xa13 − 2a14y2y2
+ 4a13xy1

= 0.

J26 = 6a29y1
a12 − 4a29a15a11 + 6a29a11y2

+ 2a28xa11 + 2a28y1y1
− 2a28y1

a14

−2a28y2
a24 − 3a28a27a12 + 2a28a24a15 − 2a28a17a11 + 2a28a11x − 2a27xa12

−2a27y1
a15 + 2a2

27a13 − 4a27a26y1
+ 2a27a25y2

+ a27a25a15 − 4a27a24a16

−2a27a18a11 − a27a17a12 + 2a27a15a14 − 2a27a14y2
+ 2a27a12x − 4a26a24x

+4a26a24a17 + 2a25xa25 − 2a25y1
a17 − a2

25a17 − 2a25a24a18 + 2a25a17a14

−2a25a14x − 4a24xy2
+ 4a24xa15 + 2a24y1

a18 + 4a24y2
a17 + 4a24a19a12

+4a24a18y1
− 4a24a17a15 + 4a19y1

a11 + 2a19a11y1
− 2a2

17a11 + 4a17a11x

−2a11xx = 0.

J27 = 4a29y1
a11 + 2a29a25a11 − 2a29a24a12 − 4a29a14a11 + 2a29a11y1

− 2a28y1
a24

−a28a27a11 − a28a24y1
+ 2a28a24a14 − a27xa11 + a27y1y1

+ a27y1
a25 − 3a27y1

a14

−a27y2
a24 − a27a25a14 + a27a24y2

+ a27a24a15 − a27a17a11 − a27a14y1
+ 2a27a

2
14

+a27a11x + 2a25xa24 − a25a24x − 2a24xy1
+ 4a24xa14 + a24y1

a17 − 2a2
24a18

+4a24a19a11 + 2a24a17y1
− 2a24a17a14 − 2a24a14x = 0.

J28 = 2a28a11 − 4a26a24 + 2a25y1
+ a2

25 − 2a25a14 − 4a24y2
+ 2a24a15 + 2a17a11

−4a11x = 0.



32

J29 = 2a29a
2
12 + 4a28y1

a12 − a28a25a12 − 2a28a15a11 + 4a28a11y2
− 2a27y2

a12

−4a27a26a12 + 4a27a25a13 − 4a27a16a11 + a27a15a12 − 6a27a13y1
+ 2a27a12y2

+2a26xa11 + 2a26y1y1
− 2a26y1

a25 − 2a26y1
a14 − 2a26y2

a24 − 2a26a24y2

+4a26a24a15 − 2a25y1
a15 + 2a25y2

a25 − 4a25a24a16 − 2a25a18a11 − 2a25a17a12

+2a25a15a14 − 2a25a14y2
+ 2a25a12x − 6a24xa13 + 2a24y1

a16 − 2a24y2y2

+4a24y2
a15 + 2a24a18a12 + 4a24a17a13 + 4a24a16y1

− 2a24a
2
15 + 4a19a12a11

+4a18y1
a11 + 2a18a11y1

− 4a17a15a11 + 2a17a14a12 − 2a17a12y1
+ 4a17a11y2

+4a15a11x − 2a14xa12 − 4a11xy2
= 0.

J30 = a28a
2
12 − 2a27a13a12 + 2a26y1

a12 − 2a26a25a12 + 2a26a11y2
+ 2a2

25a13

−4a25a16a11 − 4a25a13y1
+ 2a25a12y2

− 4a24y2
a13 + 4a24a15a13 − 2a24a13y2

+2a18a12a11 − a17a
2
12 + 4a16y1

a11 + 2a16a11y1
− 2a2

15a11 + 2a15a14a12

−2a15a12y1
+ 4a15a11y2

− 2a14y2
a12 − 2a14a13y1

+ 2a13xa11 + 2a13y1y1

−2a13a11x − 2a11y2y2
= 0.

J31 = 2a29a12a11 + 2a28y1
a11 + a28a25a11 − 2a28a24a12 − 2a28a14a11 + a28a11y1

+a27y1
a12 − 2a27y2

a11 − 2a27a26a11 + 2a27a24a13 − a27a12y1
+ 2a27a11y2

−4a26y1
a24 − 2a26a24y1

+ 4a26a24a14 + a25xa11 + a25y1y1
+ a25y1

a25

−3a25y1
a14 + a25y2

a24 − a2
25a14 + a25a24a15 − a25a17a11 − a25a14y1

+ 2a25a
2
14

−2a24xa12 − 2a24y1y2
+ a24y1

a15 + 4a24y2
a14 − 4a2

24a16 + 2a24a15y1

−2a24a15a14 − 2a24a14y2
+ 2a24a12x + 4a19a

2
11 + 2a17y1

a11 − 2a17a14a11

+a17a11y1
− 2a14xa11 + 4a14a11x − 2a11xy1

= 0.

J32 = −12a29y2
a13 + 8a29a16a12 + 4a29a15a13 − 6a29a13y2

+ 2a28xa13 + 6a28y1
a16

−2a28y2y2
+ 2a28y2

a26 + 2a28y2
a15 + 4a2

28a13 − 4a28a26a15 − 2a28a25a16

−a28a18a12 + 2a28a17a13 − 4a28a16y1
− 4a28a16a14 + 4a28a15y2

+ a28a
2
15

−6a28a13x + 4a27y2
a16 + 2a27a18a13 + 2a27a16y2

− 6a27a16a15 + 4a26xy2

−4a26xa26 − 2a26y1
a18 + 6a26a25a18 − 4a26a19a12 − 4a26a18y1

− 4a26a18a14

+2a26a17a15 + 4a26a15x − 8a25xa16 − 2a25y2
a18 − 8a25a19a13 − 6a25a18y2
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−a25a18a15 + 4a25a17a16 + 6a25a16x + 8a24a18a16 + 8a19y1
a13 + 2a19y2

a12

−8a19a16a11 + 8a19a14a13 − 2a19a13y1
+ 4a19a12y2

+ 4a18y1y2
+ 4a18y2

a14

−2a2
18a11 + a18a17a12 + 4a18a14y2

− 4a17xa13 − 4a17y1
a16 − 2a17y2

a15

−2a2
17a13 − 2a17a15y2

+ 8a16a14x − 4a15xy2
+ 2a13xx = 0.

J33 = −2a29a13a12 − 4a28y1
a13 − a28y2

a12 + 4a28a26a12 − 3a28a25a13 + 6a28a16a11

−a28a15a12 + 5a28a13y1
− 4a28a12y2

+ 4a27y2
a13 + 2a27a13y2

− 2a26xa12

−2a26y1y2
+ 2a26y1

a26 + a26y1
a15 − a26a25y2

− a26a25a15 + 2a26a18a11

−2a26a12x + 3a25xa13 + a25y1
a16 + a25y2y2

+ a2
25a16 + a25a18a12 + a25a17a13

−a25a16y1
− 2a25a16a14 + a25a15y2

− 4a24y2
a16 − 6a24a18a13 − 2a24a16y2

+2a24a16a15 − 4a19a13a11 − a18y1
a12 − 2a18y2

a11 + 2a18a15a11 − 2a18a14a12

+a18a12y1
− 4a18a11y2

+ a17y2
a12 + 2a17a16a11 + a17a13y1

− 2a16xa11

−4a16a11x + a15xa12 − 2a13xy1
+ 2a12xy2

= 0.

J34 = 2a29xa13 + 2a29y1
a16 + a29y2

a15 − 2a29a28a13 + 2a29a26a15 − 2a29a25a16

−2a29a17a13 + 4a29a16y1
+ 4a29a16a14 − a29a15y2

− a29a
2
15 + 4a29a13x

−a28xa15 − a28y1
a18 − 2a28a27a16 − a28a17y2

+ 2a27xa16 + a27y2
a18

+2a27a26a18 − 6a27a19a13 − a27a18y2
− a27a18a15 + 4a27a16x − a25xa18

−a25a19y2
+ a25a19a15 + a25a18a17 − 4a24a19a16 + 2a19xa12 + 2a19y1y2

+2a19y2
a14 + 2a19a18a11 − 4a19a17a12 + 3a19a15y1

− 4a19a14y2
+ 4a19a12x

−2a18xy1
− 2a18xa14 − a18a17y1

+ 2a17xy2
+ a17xa15 − a17y2

a17 + a17a15x

−a15xx = 0.

J35 = 2a29xa12 + 4a29y1y2
+ 4a29y1

a26 − 4a29y1
a15 − 2a29a28a12 − 4a29a27a13

+2a29a25y2
− 4a29a18a11 − 2a29a17a12 − 2a29a14y2

+ 4a29a12x − 2a28y1
a28

−2a28y2
a27 + 2a28a27a15 + a28a25a17 − 2a27y1

a18 − 2a27y2
a17 + 2a2

27a16

+4a27a26x − 2a27a26a17 − 3a27a25a18 + 2a27a19a12 + 2a27a18y1
+ 4a27a18a14

+a27a17a15 − 4a27a15x − 2a25xx + 2a25xa17 + 2a25y1
a19 + 2a25a19y1

− a25a
2
17

+6a24xa18 + 6a24a19y2
− 4a24a18a17 − 2a19xa11 − 2a19y1y1

− 2a19y1
a14
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+4a19a17a11 − 2a19a14y1
− 4a19a11x + 2a17y1

a17 − 2a17a14x + 2a14xx = 0.

J36 = 2a29xa12 + 2a29y1y2
+ 2a29y1

a26 − a29y1
a15 − 4a29a28a12 + 2a29a27a13

−4a29a26y1
+ 3a29a25y2

+ a29a25a15 − 4a29a24a16 − 6a29a18a11 + 4a29a12x

+2a28xy1
+ a28xa25 − a28y1

a28 − a28y1
a17 − a28y2

a27 + a28a27a15 + a28a25x

−2a28a19a11 − 2a27xy2
− 2a27xa26 − a27y1

a18 − a27a25a18 + a27a18y1

+2a27a18a14 − a27a17y2
− a27a15x + 4a26a24a19 − a25xx − a25y1

a19 − a2
25a19

+a25a19y1
+ 2a25a19a14 − a25a17x + 4a24xa18 + 4a24y2

a19 + 2a24a19y2

−2a24a19a15 + 2a24a18x − 2a24a18a17 + 2a19xa11 − 2a19a17a11 + 4a19a11x = 0.

J37 = 2a29xa13 − 6a29y1
a16 + 2a29y2y2

+ 2a29y2
a26 − 2a29y2

a15 − 4a29a28a13

+2a29a26y2
− 2a29a18a12 − 2a29a15y2

+ 4a29a13x − 2a28y2
a28 + a2

28a15

+4a28a27a16 + 2a28a26x − a28a25a18 + 2a28a19a12 + 2a28a18y1
+ 2a28a18a14

−a28a17a15 − 2a28a15x − 2a27y2
a18 − 4a27a26a18 + 4a27a19a13 + 2a27a18y2

+3a27a18a15 − 6a27a16x − 2a26xx + 2a26y1
a19 + 4a25xa18 + 4a25a19y2

−2a25a18a17 − 2a24a
2
18 − 2a19xa12 − 4a19y1y2

− 4a19y2
a14 + 4a19a18a11

+2a19a17a12 − 2a19a15y1
− 4a19a12x + 2a18a17y1

− 4a18a14x + 2a17y2
a17

+2a15xx = 0.

J38 = −4a29y1
a13 + 2a29y2

a12 + 4a29a26a12 − 4a29a25a13 − 8a29a16a11 − 4a29a15a12

+4a29a13y1
− 2a29a12y2

− 2a28xa12 − 2a28y2
a25 + a2

28a12 + 2a28a26y1

−2a28a25y2
+ a28a25a15 + 8a28a24a16 + 6a28a18a11 − 2a28a12x + 2a27xa13

−6a27y1
a16 + 2a27y2y2

+ 2a27y2
a26 − 4a27y2

a15 + 2a27a26y2
− 4a27a26a15

+4a27a25a16 + 4a27a17a13 − 6a27a16y1
+ 3a27a

2
15 − 2a27a13x − 4a26xy1

+2a26xa25 + 2a26y1
a17 − 8a26a24a18 + 4a25xa15 + 4a25y1

a18 − a2
25a18

+4a25a19a12 + 2a25a18y1
− 2a25a18a14 + 4a25a17y2

− 3a25a17a15 − 2a25a15x

−4a24y2
a18 + 8a24a19a13 + 4a24a18y2

+ 2a24a18a15 − 12a24a16x − 6a19y1
a12

−12a19y2
a11 − 6a19a12y1

+ 4a18xa11 + 2a18a17a11 − 4a18a11x − 4a17y1y2

+2a17y1
a15 + 3a2

17a12 − 2a17a15y1
+ 4a17a14y2

− 4a17a12x + 4a15xy1
− 4a15a14x
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+2a12xx = 0.

J39 = −12a29y1
a13 − 6a29y2

a12 + 8a29a16a11 + 4a29a15a12 − 6a29a12y2
− 4a28y1y2

+4a28y1
a15 + 2a28y2

a25 + 3a2
28a12 + 2a28a27a13 + 4a28a26y1

− 2a28a25y2

−3a28a25a15 + 4a28a18a11 + 2a28a14y2
− 4a28a12x + 4a27xa13 + 4a27y1

a16

+2a27y2
a15 − 2a27a26a15 + 2a27a25a16 + 6a27a17a13 − 4a27a16y1

− 8a27a16a14

+4a27a15y2
− a27a

2
15 − 4a27a13x − 4a26xa25 + 4a25xy2

− 2a25xa15 + 3a2
25a18

−4a25a19a12 − 4a25a18y1
− 4a25a18a14 + a25a17a15 + 4a25a15x − 12a24xa16

−6a24y2
a18 − 8a24a19a13 − 6a24a18y2

+ 4a24a18a15 + 8a24a17a16 + 2a19y1
a12

−4a19y2
a11 − 4a19a15a11 + 4a19a14a12 − 2a19a12y1

+ 4a19a11y2
+ 2a18xa11

+2a18y1y1
+ 2a18y1

a14 + 2a18a14y1
− 2a18a11x − 2a17xa12 − 2a17y1

a15 + a2
17a12

−2a17a15y1
+ 2a17a14y2

− 2a17a12x + 2a15a14x − 4a14xy2
+ 2a12xx = 0.

J40 = 4a29y2
a12 + 8a29a26a12 − 8a29a25a13 + 8a29a16a11 − 6a29a15a12 + 12a29a13y1

−4a29a12y2
− 4a28xa12 − 2a28y1

a15 − 2a28y2
a25 + a2

28a12 − 4a28a27a13

+2a28a26y1
− 2a28a25y2

+ a28a25a15 + 4a28a24a16 + 4a28a18a11 − 2a28a14y2

−2a28a12x + 6a27xa13 − 2a27y1
a16 + 2a27y2y2

+ 2a27y2
a26 − 2a27y2

a15

+2a27a26y2
− 4a27a17a13 + 2a27a16y1

+ 4a27a16a14 − 2a27a15y2
+ a27a

2
15

+6a27a13x − 4a26xy1
+ 2a26xa25 + 2a26y1

a17 − 4a26a24a18 + 2a25xa15

+2a25y1
a18 − a2

25a18 + 6a25a19a12 + 2a25a18y1
+ 2a25a17y2

− a25a17a15

−2a25a15x + 4a24xa16 − 2a24y2
a18 − 8a24a19a13 + 2a24a18y2

− 4a24a17a16

−4a24a16x − 4a19y1
a12 + 8a19a15a11 − 8a19a14a12 + 4a19a12y1

− 12a19a11y2

−6a18xa11 − 2a18y1y1
− 2a18y1

a14 + 4a18a17a11 − 2a18a14y1
− 6a18a11x

+4a17xa12 + 2a17y1
a15 − a2

17a12 + 2a17a15y1
− 2a17a14y2

+ 2a17a12x − 2a15a14x

+4a14xy2
= 0.

J41 = 2a29y1
a12 + 8a29y2

a11 + 8a29a26a11 − 8a29a24a13 − 8a29a15a11 − 4a29a14a12

+4a29a12y1
− 2a29a11y2

− 4a28xa11 − 2a28y1
a25 − 4a28y2

a24 − 2a2
28a11

+a28a27a12 − 2a28a25y1
+ 2a28a25a14 + 4a28a24a15 + 2a28a17a11 + 4a27y1y2
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+4a27y1
a26 − 6a27y1

a15 − 4a27y2
a14 − 2a2

27a13 + 4a27a26y1
− 4a27a26a14

−a27a25a15 + 8a27a24a16 + 2a27a18a11 − a27a17a12 − 2a27a15y1
+ 6a27a15a14

−2a27a14y2
+ 8a26xa24 − 4a26a24a17 − 4a25xy1

+ 4a25xa14 + 4a25y1
a17 + a2

25a17

−6a25a24a18 + 4a25a19a11 + 2a25a17y1
− 4a25a17a14 + 6a24xa15 + 2a24y1

a18

−4a24y2
a17 + 8a24a19a12 + 4a24a18y1

+ 6a24a17y2
− 2a24a17a15 − 8a24a15x

−12a19y1
a11 − 6a19a11y1

+ 2a17xa11 − 2a17y1y1
+ 2a17y1

a14 + 4a2
17a11

−6a17a11x + 4a14xy1
− 4a14xa14 + 2a11xx = 0.

J42 = −4a29a13a11 + a28y1
a12 + 2a28a24a13 + a28a15a11 + a28a11y2

− 2a27y1
a13

−a27y2
a12 − 2a27a26a12 + 2a27a25a13 − 6a27a16a11 + a27a15a12 + 2a27a14a13

−4a27a13y1
+ a27a12y2

− 2a26a24a15 + a25xa12 + a25y1
a15 + 2a25a24a16

−a25a17a12 − a25a15a14 + a25a14y2
− 2a24xa13 − 2a24y1

a16 − a24y2
a15

+6a24a17a13 − 4a24a16y1
+ a24a15y2

+ a24a
2
15 − 4a24a13x − 2a19a12a11

+4a18y1
a11 + 2a18a11y1

− a17y1
a12 − 4a17y2

a11 − 3a17a15a11 + 4a17a14a12

−4a17a12y1
+ 5a17a11y2

+ 3a15xa11 + a15y1y1
− a15y1

a14 − 2a14xa12 − 2a14y1y2

+2a14y2
a14 − 2a14a12x + 2a12xy1

− 2a11xy2
= 0.

Notice that for verification, these two sets (set of first-order relative invariants

and set of second-order relative invariants) are relative invariants, if they satisfy

equation (3.5).

For the linearization problem, analysis of these relative invariants gives us

that the equations J i = 0, (i = 1, 2, ..., 15) and Jm = 0, (m = 1, 2, ..., 42) are

necessary conditions for system of equations (3.1) to be equivalent to the trivial

system:

ȳ′′1 = 0, ȳ′′2 = 0.
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4.3 Analytical Testing of the Results

Example 1. Let us consider the system

y′′1 + a11(y
′
1)

3 + a14(y
′
1)

2 + a17y
′
1 + a19 = 0,

y′′2 + a11y
′
2(y

′
1)

2 = 0.
(4.4)

In this case

J1 = J3 = J4 = J5 = J13 = J14 = 0,

J15 = a11y2
,

J2 = a14y2
,

J6 = J7 = a17y2
,

J8 = a19y2
= 0,

J9 = 6a19a11 + a17y1
− 2a14x,

J10 = −2a19a11,

J11 = a17a11 − 2a11x,

J12 = (4a19y1
+ 4a19a14 − 2a17x − a2

17)/2 .

Assume that the relative invariants vanish. Because J2 = 0, J6 = 0, J8 = 0, J15 =

0, the first equation of system (4.4) becomes an equation in only one dependent

function, namely y1. For this equation,

H = 3a11xx − 2a14xy1
+ a17y1y1

− 3a11xa17 + 3a11y1
a19 + 2a14xa14 − 3a17xa11

−a17y1
a14 + 6a19y1

a11,

K = a14xx − 2a17xy1
+ 3a19y1y1

− 6a11xa19 + a14xa17 + 3a14y1
a19 − 2a17y1

a11

−3a19xa11 + 3a19y1
a14.

By virtue of J9 = 0, J10 = 0, J11 = 0, J12 = 0, one finds that H = 0, K = 0.

Hence, according to Lie’s test, the vanishing of the relative invariants guarantee

that the first equation is linearizable.
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Example 2. Let us consider the system

y′′1 + a13y
′
1(y

′
2)

2 = 0,

y′′2 + a13(y
′
2)

3 + a26(y
′
2)

2 + a28y
′
2 + a29 = 0.

(4.5)

In this case

J2 = J4 = J8 = J11 = J14 = J15 = 0,

J1 = a13y1
,

J3 = a26y1
,

J9 = J
10

= a28y1
,

J13 = a29y1
,

J6 = 6a29a13 + a28y2
− 2a26x,

J7 = −2a29a13,

J5 = a28a13 − 2a13x,

J12 = (4a29y2
+ 4a29a26 − 2a28x − a2

28)/2 .

Assume that the relative invariants vanish. Because of J1 = 0, J3 = 0, J9 =

0, J13 = 0 the second equation of system (4.5) becomes an equation in only one

dependent function, namely y2. For this equation

H = 3a13xx − 2a26xy2
+ a28y2y2

− 3a13xa28 + 3a13y2
a29 + 2a26xa26 − 3a28xa13

−a28y2
a26 + 6a29y2

a13,

K = a26xx − 2a28xy2
+ 3a29y2y2

− 6a13xa29 + a26xa28 + 3a26y2
a29 − 2a28y2

a13

−3a29xa13 + 3a29y2
a26.

By virtue of J6 = 0, J7 = 0, J5 = 0, J12 = 0, one finds that H = 0, K = 0. Hence,

according to Lie’s test, the vanishing of the relative invariants guarantee that the

second equation is linearizable.



CHAPTER V

CONCLUSION

5.1 Thesis Summary

This thesis is devoted to the study a system of two second-order ordinary

differential equations,

y′′1 = f1(x, y1, y2, y
′
1, y

′
2) , y

′′
2 = f2(x, y1, y2, y

′
1, y

′
2). (5.1)

by group analysis.

5.1.1 Problems

The problem considered in the thesis is related to the linerization

problem. For system (5.1), the linearization problem is to find an invertible trans-

formation of independent and dependent variables,

t = ϕ(x, y1, y2), u1 = ψ1(x, y1, y2), u2 = ψ2(x, y1, y2), (5.2)

which transforms the system of equations (5.1) into a system of linear equations

u′′ +B(t)u = 0, (5.3)

Similar to a single second-order ordinary differential equation, in order to obtain

necessary conditions, we assume that system (5.1) is obtained from a system of

linear differential equations (5.3) by invertible transformation (5.2). Replacing
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the derivatives u′1, u
′′
1 ,u′2, and u′′2 in system (5.3), it becomes

y′′1 + a11y
′
1
3 + a12y

′
1
2y′2 + a13y

′
1y
′
2
2 + a14y

′
1
2

+a15y
′
1y
′
2 + a16y

′
2
2 + a17y

′
1 + a18y

′
2 + a19 = 0,

y′′2 + a13y
′
2
3 + a12y

′
2
2y′1 + a11y

′
2y
′
1
2 + a24y

′
1
2

+a25y
′
2y
′
1 + a26y

′
2
2 + a27y

′
1 + a28y

′
2 + a29 = 0.

(5.4)

Thus, if system (5.1) is linearizable, then it must be of the form (5.4).

In this thesis it is shown that form (5.4) is not changed with respect to

any transformation (5.2). The main goal of this thesis was to find invariants

of transformation (5.2). These invariants constitute necessary conditions for the

linearization problem.

For solving the problem of the thesis, Lie’s approach was used. This ap-

proach contains the following steps:

1. Finding the equivalence group of transformations for system (5.4).

2. Obtaining equations for the invariants.

3. Solving the equations defining invariants.

5.1.2 Results

1. The equivalence group of transformations for system (5.4) is shown by

its generator on page 23.

2. All obtained equations which define invariants compose a system of linear

homogeneous first-order partial differential equations. For first-order invariants,

this system includes 60 equations with 60 independent variables. For second-order

invariants, this system consists of 105 equations with 150 independent variables.

3. In case of first-order relative invariants, we found 15 relative invariants

as presented on page 27. In case of second-order relative invariants , we found
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42 relative invariants as presented on pages 28-36. All these invariants help us to

analyze necessary conditions for linearizing system (5.4).

5.1.3 Limitations

In this thesis, group analysis was applied to find invariants of the

equivalence group of a system of two second-order ordinary differential equations

in the shape of a system (5.4). We only considered first and second orders relative

invariants. In further research work, one may look for absolute invariants as in

definition 4.
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