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PORNTIP CHUAMCHAITRAKOOL : OBJECT SIZE EXTRACTION
FROM IN-LINE HOLOGRAMS BY USING WIGNER-VILLE
DISTRIBUTION. THESIS ADVISOR : PROF. JOEWONO WIDJAJA,

Ph.D. 85 PP.

IN-LINE HOLOGRAPHY/WIGNER-VILLE DISTRIBUTION/OBJECT SIZE

MEASUREMENT/ROD-SHAPED OBJECT

A non-iterative method for extracting object size from an in-line hologram by
using Wigner-Ville distribution (WVD) is proposed in this thesis. To implement the
proposed method, the mathematical expression of the WVD of a simplified in-line
hologram of a rod-shaped object is first derived. From the mathematical derivation of
the WVD of the hologram, it is found that two coefficients of the WVD output at the
half length of the holograms give a direct relationship between the object size and the
local frequencies. By taking this property into account, the WVD can give
information on the object size. The object size calculated by the proposed method is
found dependent upon the spatial-frequency resolution of the WVD. This causes the
accuracy of the object size measurement to directly rely on the resolution of the CCD
sensor being used for the hologram recording. In order to improve the measurement
accuracy of the proposed object sizing method, the hologram length is extended by
using a flip and a replication process. The feasibilities of the object sizing method
with and without using a flip and replication technique (FRT) are experimentally

verified. The results show that the object size can be precisely extracted by using the



WVD. The accuracy of object size measurement at the shorter recording distance is
able to be improved by using the FRT. Thus, the proposed method is suitable for

sizing in-line object holograms recorded by low-resolution image sensors.
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CHAPTER I

INTRODUCTION

1.1 Background

Digital in-line holography (DIH) is an optical imaging technique using a
coherent wave as a light source. The principle of this technique is based on the in-line
holography invented by Denis Gabor in 1948 and relies on advanced technologies of
the image sensor (Thompson, 1974; Schnars and Juptner, 1994; Hariharan, 1996). The
DIH is potent for sizing and tracking both three-dimensional small opaque or semi-
transparent particles and microorganisms. This is because of the distinguishing
properties of the DIH, namely simple alignment, noncontact, noninvasiveness, and
label-free tool for metrology.

For the past decade, the tracking and the profiling of microscale objects by
using the DIH have been conducted not only for observing static behaviors of
particles but also the dynamic ones. Flow of the red blood cells in humans is one of
medical applications. Characteristics of the flow were investigated and used to
diagnose the circulatory system (Choi and Lee, 2009; Moon, Javidi, Yi, Boss and
Marquet, 2012). In order to understand heat transfer during combustion, aerospace
engineers use the DIH to investigate flow details and the size of aluminum drops
within the plume of the solid propellant (Guildenbecher, Cooper, Gill, Stauffacher,

Oliver and Grasser, 2014). By taking the noninvasive property, the DIH has been



employed to study motility and growth of microorganisms in biology (Carl, Kemper,
Wernicke and VVon Bally, 2004; Javidi,Moon, Yeom and Carapezza, 2005; Lee, Seo,
Choi and Sohn, 2011). For reducing time consumed by the conventional protocol in
monitoring the drinking water resources to prevent serious health crisis, the DIH was
employed to identify parasitic protozoan Giardia lamdia cysts among two similar
organisms (Mallahi, Minetti and Dubois, 2013). In zoology, morphological features of
bull’s sperms were studied by using the DIH because it would not alter a specimen’s
characteristics (Merola, Miccio, Memmolo, Di Caprio and Galli, 2013). The DIH is
also able to give a high accuracy of sizing particles with high aspect ratio such as
fibers or needle-shaped particles. As a result, chemical engineers have used the DIH
for solving a focusing problem of conventional two-dimensional imaging systems in
monitoring particle crystallization (Darakis, Khanam, Rajendran, Kariwala,
Naughton, and Asundi, 2010; Khanam, Rahman, Rajendran, Kariwala and Asundi,
2011). Recently, DIH has also been used for understanding the infection process
caused by rod-shaped bacteria (Moon, Yi and Javidi, 2010; Kemper et al., 2013). In
order to study morphology and biochemistry of live specimen for selecting the best
spermatozoa for injecting into oocytes, the DIH was used in combination with high-
specific Raman spectroscopy (Ferrara, Angelis, Luca, Coppola, Dale and Coppola,
2016).

The DIH is a two-step imaging process. The first process records an
interference pattern of a plane reference wave and waves diffracted by the particles.
When this interference pattern is captured by using an image sensor based on the
complementary metal-oxide-semiconductor (CMOS) or a charge-coupled device

(CCD) technology, a digital hologram is generated in which size and position



information of the particles being studied is encoded. Image capture is followed by
the image reconstruction. This is done by solving numerically the Fresnel diffraction
integral (Schnars and Juptner, 1994; Goodman, 1996). Since the position of the
particle is not known in advance, a set of images must be reconstructed by using
different impulse responses of light propagation through free space. Sharpness of the
reconstructed images is then quantitatively assessed to obtain the best focus image
plane. Thus, the numerical reconstruction can be considered as an analogue of the
conventional optical method. Owing to its iterative nature, this reconstruction process
is computationally intensive. Although an angular spectrum method can be used to
reduce computational time by directly generating a transfer function of free-space
light propagation, the process of assessing focus quality from the whole reconstructed
images remains unsolved (Kim and Lee, 2007). Finally, the object size is measured
from the reconstructed image with the best focus.

To overcome the drawback of the conventional numerical reconstruction,
wavelet transform (WT), which is a joint space-frequency signal representation has
been proposed (Buraga-Lefebvre, Coétmellec, Lebrun and Ozkul, 2000; Soontaranon,
Widjaja and Asakura, 2002, 2008; Widjaja and Soontaranon, 2009). The advantage of
this analysis method is that the axial position of particles can be directly determined
without the process of image reconstruction and evaluation. This was implemented by
taking iterative correlations between the hologram signal and a bank of daughter
wavelets, which have a frequency response similar to a band-pass filter. The daughter
wavelet has been generated by using a spherical wave function with an axial distance
of the wave propagation for its dilation (Buraga-Lefebvre, Coétmellec, Lebrun and

Ozkul, 2000). Instead of treating the diffraction process from the view point of the



WT, Soontaranon et al. used a Morlet wavelet as the mother wavelet (Soontaranon,
Widjaja and Asakura, 2002, 2008; Widjaja and Soontaranon, 2009). This proposed
method has an advantage over the previous approach in that the dilation factor does
not depend on the axial distance. Recently, Widjaja and Chuamchaitrakool used
Wigner-Ville distribution (WVD) to overcome the iterative computation of the WT
(Widjaja and Chuamchaitrakool, 2013). The main advantage of using the WVD is that
besides employing a simple analyzing window that is the original itself, the WVD
output coefficients provide local spatial-frequency of the fringe holograms. Their
research demonstrated experimentally the measurement of the object position from
the in-line holograms by calculating the rate of change of the local spatial-frequency

of the WVD output.

1.2 Significance of the Study

With growing interest in studying rod-shaped particles and microorganisms
(Black, McQuay and Bonin, 1996; Javidi et al., 2005; Kemper et al., 2013) and due to
the usefulness of the WVD in tracking objects from in-line holograms, this research
work extends the use of the WVD for sizing rod-shaped objects. The sizing method
has three major advantages. Firstly, the object size can be directly calculated from the
local spatial-frequencies occurred at the half length of the spatial axis in the WVD
plane. Secondly, its computation is faster and simpler, because it does not require the
image reconstructions and the focus quality assessments. Thirdly, a single
computation of the WVD can be used not only for tracking and sizing particles, but it

can also directly reconstruct the particle images.



1.3 Research Objectives

1.3.1 To derive a mathematical expression of the WVD of the in-line hologram
of the rod-shaped object.

1.3.2 To extract the size of the rod-shaped objects from the holograms by using
the WVD.

1.3.3 To verify feasibility of the proposed method.

1.4 Scope and Limitation of the Study

1.4.1 The proposed particle sizing method is verified experimentally.

1.4.2 A one-dimensional rod-shaped particle is used as the test object.

1.4.3 Size measurements by using the proposed particle sizing method are
compared with those obtained from using the conventional numerical
reconstruction.

1.4.4 Measurement performance is theoretically studied.

1.5 Organization of the Thesis

The remainder of the thesis is organized as follows. Chapter Il is devoted to
providing the theoretical background of in-line holography and the WVD. In Chapter
11, the WVD of the in-line hologram of a rod-shaped particle is mathematically
derived. The particle sizing by using the derived WVD coefficients is described.
Finally, improvement of the measurement accuracy of the proposed sizing method by

using a flip and replication technique (FRT) and the measurement performance are



discussed. Chapter IV discusses the experimental verifications of the proposed

particle sizing method. Conclusions of the thesis are presented in Chapter V.



CHAPTER Il

THEORY

The theory of digital in-line holography is reviewed in this chapter. Encoding
of 3-D information of a rod-shaped particle in an in-line hologram is mathematically

described. The property of the WVD is discussed by analyzing a cosine chirp signal.

2.1 Digital In-Line Holography

Development of holography has made significant progress since Schnars and
Juptner first used a CCD camera directly connected to a computer to digitally record
interference patterns in 1994. Hologram reconstruction was then done by using a
numerical computation. By this means, digital holography was named after their work
(Schnars and Jiptner, 2005).

According to the geometries of recording setups, there are two types of digital
holography, namely digital in-line holography (DIH) and digital off-axis holography.
The DIH setup depicted in Figure 2.1(a) shows that after spatial filtering, a laser beam
is expanded by a collimating lens placed behind a pinhole at a distance of its focal
length. An illumination of particulate objects inside a test chamber by the collimated
plane wave causes an interference between the waves diffracted by the objects and the
reference wave. Recording of this interference pattern by using a CCD image sensor

gives an in-line hologram. In Figure 2.1(b), the collimated beam is split



into two beams that are the reference and the object waves, respectively. This setup
provides flexibility in manipulating the reference beam. The two waves are interfered

on a CCD image sensor by using a beam combiner.

Collimating Objects ~ Chamber Computer
Spatial lens  [=====9
@ filter _ bt

- : ' : 1 . I -
w0 —
<= N ﬂ e i
| P — ] lL " 4 c
- o _si=i

Spatial Collimating Beam Chamber Objects

lens splitter %
filt P e, <
(b) 1 J'f:r i v f

{ .
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s 1 O '§= A
- :
Computer

Mitror Reference wave - J
Beam 2 ©
] combiner CCD

Figure 2.1 Optical setups of (a) digital in-line and (b) digital off-axis holographies,

respectively.

In the conventional numerical reconstruction method, the Fresnel diffraction
integral of the recorded holograms is calculated to extract object information. Figure
2.2 shows a schematic relation of the hologram U1(&, 77) and its reconstructed fields

U2(X,y), respectively. The integration is implemented by convolving the hologram



Ui(& ) and the impulse response of free-space propagation h(x,y;za) (Goodman,

1996).

Usgs, (. 3:2,) =3 {SWUEn ) Slx. y. 2, )it
U,(&) Usrg., (%, y:2) = 37 S (& m)iSihle, v, 2

Hologram plane Reconstruction plane

Figure 2.2 Numerical reconstruction by using the Fresnel diffraction integral.

Usgs, (6 ¥)= [[Us(&nh(x =&, y—n;2, dédn, (2.1)

where
h(x, y; )_ejfzn exp| J7 (x2+ 2) 2.2
YiZn)= 7y Pl n yo)|. (2.2)

According to signal processing, the convolution can be implemented by using fast

Fourier transform
UZ@Zn (X’ y; Zn)= S_l{S{Ul(f, U)}-S{h(x’ Y:Z, )}}’ (23)
where 3 and 3 stand for the Fourier transform and the inverse Fourier transform

operators, respectively. Since object positions are unknown, the numerical

reconstruction is done for different axial distances z, with a spacing of Az.
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A focus quality of each reconstructed particle image is then quantitatively
assessed for the best focus, which indicates the actual position of the particle
(Langehanenberg, Kemper, Dirksen and Bally, 2008). In case of multiple-particle
tracking, further processes are needed to assist the sharpness evaluation. In order to
get the best positions of particles, besides investigating a variation of peak intensities
along a longitudinal distance, averaging and polynomial curve-fitting algorithms are
adopted to account for errors (Yu, Hong, Liu, Cross, Haynie and Kim, 2014).
Therefore, the conventional numerical reconstruction method employs a complex

process, and intensive computations.

2.2 Digital In-Line Hologram of a Rod-Shaped Particle

In order to study properties of a hologram of a rod-shaped particle, recording of
in-line particle holograms is done by using the optical setup illustrated in Figure 2.3.
A coherent plane wave with an operating wavelength 4 is used to illuminate the rod-
shaped particle with a diameter of 2a. An interference pattern between the wave
diffracted by the particle and the directly transmitted plane wave is formed on a CCD
image sensor placed at the distance z from the particle. The recorded hologram, which
contains a symmetrical interference pattern with respect to the x-axis, can be

mathematically expressed as (Tyler, 1976)

27max 27ax
222 | M 1z 4a 2 7)o\ X
I1(x)=11 - cos rectl — |, (2.4)
(x) Az 2 7ax Jaz ( Az 4} 2 7ax (ZLJ
Az Az

where 2L is the length of the hologram signal.
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Figure 2.3 Optical setup of DIH for generating in-line holograms.

In Eq. (2.4), the first term represents the background intensity, while the second
term is the square of the diffracted wave. Its amplitude is so small that it can be
neglected in information extraction. The third term is a modulation of a cosine chirp
signal by a sinc function, which encodes the desired particle information. Since the
sinc function represents the diffraction pattern of the rod-shaped particle, width of its
main lobe is determined by the particle size a. Whereas the frequency of the cosine
chirp signal is inversely proportional to the recording distance z.

Figure 2.4(a) shows a typical hologram of the rod-shaped particle with the
diameter 2a = 100 um, which was simulated by using Eq. (2.4) at a recording distance
z = 200 mm and the wavelength 4 = 543.5 nm with the length 2L = 8.30 mm. Figure
2.4(b) is the 1-D intensity transmittance scanned along the horizontal axis of the
hologram with a dc removal. The signal shows that as the position x is longer, the
frequency of the cosine chirp becomes higher. The maximum amplitude of the signal
is caused by the main lobe of the sinc function. Thus, it is apparent that the third term

of Eq. (2.4) is the dominant signal in the in-line particle holograms.
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Figure 2.4 (a) Simulated in-line hologram of the rod-shaped particle with diameter

2.3

2a = 100 pm produced at the recording distance z = 200 mm by using
coherent light with a wavelength 4 = 5435 nm and (b) its

intensity transmittance with dc removal.

Wigner-Ville Distribution

Wigner-Ville distribution (WVD) is a joint space-frequency signal

representation, which has been widely used for analyzing non-stationary signals
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(Boashash, 1988). In comparison with the Wigner distribution function, the WVD is
free from frequency artifacts (Hlawatsch, 1984; Widjaja, Uozumi, Ushizaka and

Asakura, 1992). The WVD of an analytic signal ga(x) is mathematically defined as
the Fourier transform of the instantaneous autocorrelation g,(x+&/2)g,(x—&/2)

(Boashash, 1988)
W, (%, f,)= [ ga(x+&/2); (x—&/2)exp(— j2rf,&)de. (2.5)

The WVD output gives information on how the local spatial-frequency f, varies with

the position x. In order to understand the WVD properties, an analysis of a cosine

chirp signal given by

7x? X—L/2
g(x):cos(Tjrect[ B j (2.6)

z

Is considered.

Figure 2.5 shows a plot of the signal with 4 = 543.5 nm, z = 300 mm and
L = 4.15 mm with the number of pixels N = 320. The plot depicts a characteristic of
the cosine chirp whose spatial frequency becomes higher as the position x increases.

By using the Hilbert transform, an analytic expression of Eq. (2.6) can be written as
s y2
jax x—L/ 2)
X)=ex rect . 2.7
9a(x) p[ - J [ 3 (2.7)

By taking the rectangular function into account, WVD of Eq. (2.7) can be written as

N O O T P T O i PR
W, (X, )= exp —(x+—j }exp{—[x——j }exp — j2Af )&
g _(L_Z{ ) { Az 2 Az 2

(L-2x-L/2)

. exp(zj;tifx— jzﬂfxgjdg. (2.8)

(-2x-L/2)
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Figure 2.5 A plot of Eq. (2.6) for given parameters of 4 = 543.5 nm, z = 300 mm

and L =4.15 mm.

The integration result of Eq. (2.8) is equal to

exp{Zj;r(L—Zx—LD(fx —Xﬂ—exp{—Zj;r(L—Z
2 Az

\Nga (X’ fx): X
j27z( ) —j

Az
L|).
= Z(L—Z 3 )smc{Z(L—Z

L X
X—— f.——1|| 2.9
2 jx[ ) ﬂzﬂ (2.9)
Equation (2.9) reveals that the output of the WVD of the cosine chirp signal is a

)

X ——]

modulation of the 2-D sinc function of the space and the spatial frequency by the
triangular function. The peaks of the two functions coincide at x = L/2. Since the
spatial frequency of the sinc function is given by x/Az, the modulation result gives
information of the instantaneous spatial frequency of the cosine chirp. This is the

important property of the WVD in signal analysis. In order to verify the above
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derivation, the WVDs of the cosine chirp shown in Figure 2.5 calculated by using Eq.

(2.6) and Eq. (2.9). They are plotted in Figure 2.6.

)

25
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Position x (mm)
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Figure 2.6 The WVDs of the cosine chirp shown in Figure 2.5. 3-D plots of (a)
Eq. (2.9) and (b) WVD of Eqg. (2.6). Top views of (c) Figure 2.6(a) and

(d) Figure 2.6(b).

In Figure 2.6, the x and the y axes are the position x and the spatial frequency
fx, respectively. The z axis in the 3-D plot corresponds to the amplitude of the WVD
coefficients. Here, the maximum and minimum amplitude values are represented by

the white and the black color pixels, respectively. Figure 2.6(a) is the 3-D plot of the
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WVD calculated by using Eqg. (2.9), while Figure 2.6(b) is the WVD result of Eq.
(2.6). Their top views are shown in Figures 2.6(c) and (d), respectively. It is obvious
that certain WVD coefficients have triangular amplitude variation. They are
distributed along a diagonal line with a slope 1/4z in the WVD plane. The comparison

of the plots validates the derivation of Eq. (2.9).



CHAPTER IlI

WVD OF IN-LINE HOLOGRAMS

This chapter discusses the extraction of particle size from in-line holograms by
using the WVD. The first section begins with the discussion of the characteristics of
the WVD of in-line holograms. In order to have better insight into the WVD, its
mathematical expression is derived and verified. The mathematical result is applied to
the particle sizing method. In order to improve the accuracy of the particle size
measurement, a flip and replication technique is subsequently described. In the last
section, measurement performance of the proposed particle sizing method is

theoretically studied.

3.1 WVD of In-Line Holograms

The WVD of the in-line hologram of a rod-shaped particle shown in Figure
2.4(b) is illustrated in Figure 3.1. This WVD output gives similar result as Figure 2.6
in that the WVD coefficients are concentrated along the instantaneous frequency x/Az
with the positive slope. Since the slope is inversely proportional to the particle
position, the steepness of the slope can be used to give quick information of the
particle depth, such that the steeper the slope, the closer the particle to the image
sensor. In addition, the slope is positive, because the local spatial-frequency of the

cosine chirp function of the hologram fringe in Eq. (2.4) becomes higher as the spatial
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position increases. Since the WVD provides information of the local spatial-frequency
fx, the measurement of the rate of change of the spatial frequency of the WVD along
the diagonal direction can be used to extract the position of the particle (Widjaja and

Chuamchaitrakool, 2013).

Spatial frequency (Ip/mm)

0 1 2 3 4
x (mm)

Figure 3.1 Plot of the WVD of the hologram signal along the positive x-axis shown

in Figure 2.4(b) with L = 4.15 mm.

In order to gain better insight into the WVD output of in-line particle
hologram shown in Figure 3.1, the mathematical expression of the WVD is
investigated. The hologram signal is simplified by considering only the third term of

Eqg. (2.4) along the positive direction of the x-axis as

. ( 2max L
oz sm(/IZJ X35
1(x)= cos( ——J rect TZ : (3.1)



19

The simplification is justified, because as discussed in Section 2.2, the third term is
the dominant signal in-line hologram. It is a well-known fact that the analytic
expression of the sinc function in Eq. (3.1) is difficult to express. Thus, the sinc

function is approximated with a product of cosine functions (Morrison, 1995)

R
sinc(2 f,x) = Hcos[ szroxj : (3.2)
r=1

where R denotes the number of the cosine terms and fo = a/Az. Figure 3.2 shows the

plots of the original sinc function compared with its approximations with R = 3 and

R=5.

‘::.'-_
— Sine(x)
;:\ +  ApproximationR =3
N o ApproximationR =5
3
£
g
o}
-0.3
0 1 2 3 4
x (mm)

Figure 3.2 Plots of the sinc function and its approximations by using R =3 and R = 5.

It is clear that the higher the number of cosine terms, the better the accuracy of the

approximation. In order to simplify the discussion, the approximation of the sinc
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function is done by using R = 3. Owing to this approximation, the simplified in-line

hologram becomes

1(x)= cos{ﬁz - Ej[cos( ZMOXJCOS( anox} cos( 2ﬂfoxﬂrect( x=L/ 2) . (33
2 4 2 4 8 L

By taking the property of the analytic function into account (see Appendix), the

analytical expression of Eq. (3.3) can be written as

1 . 7 %1 . 7 1
1 (x)=— 2| Lx+ X = 2| — x4+ X =
a(x) 16{exp{j ﬂfo(SX—i_Zfo 8f0ﬂ+exp{1 7zf0( 8x+2f0 81,
| . 5 21
j24g| —= X+ ————
8" 2f, 8f,

2
+exp j27ﬁ0[5x+ﬂxiﬂ+exp
, 3 1
j2rfy| ——x+t———
8 2fy 8fy

8" 2f, 8f,
2
Jzﬂfo —EX—G—&—L
8" 2f, 8fp

xrect(x_ll_'/zj, (3.4)

2
+exp| j24fg §x+ﬁx——i +exp
8 2fy 8fp

2
+exp| j2xf, 1x+ﬂx-——1— +exp
8 2fy 8fp

where g = 1/4z. The substitution of Eq. (3.4) into Eq. (2.5) gives the WVD output of

fifteen components, which can be mathematically expressed as (see Appendix)

W, (%, f,) = 2(L—2x— L/2|)xsinc{2(L - 2)x - L/2))x [, — f4(7/8)- px]} (3.5.a)

Wig,(x, 1) = {2cos[2afox(2/8)]}x 2(L 2~ /2]

xsine{2(L - 2x - L/2))x [ f, - f,(6/8)— px]} (3.5.b)
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W, (x, f,)= {L+2cos[27f,x(4/8)]}x [2(L - 2x - L/2])]

xsine{2(L - 2Jx— L/2)x [, - ,(5/8)— ]} (3.5.0)

W, (%, f,)= {2cos[2f,x(6/8)]+ 2 cos[27f,x(2/8)]} x [2(L — 2)x - L/2])]

xsinc{2(L - 2x - L/2))x [, - f,(4/8)— px]} (3.5.d)

W, (x, f,)= {L+ 2cos[24f,x(8/8)]+ 2 cos[2f,x(4/8)]}

x[2(L = 2Jx — L/2|)xsinc{2(L = 2x — L/2)x [, — £,(3/8)- Bx]}  (3.5.e)

W, (x, f,)= {2 cos[27f,x(10/8)]+ 2 cos[2f ,x(6/8)] + 2 cos[2f ,x(2/8)]}

x[2(L - 2x— L/2))|xsinef2(L = 2x — L/2))x [, - f,(2/8)- x|} (35.f)

W, (x, f, )= {L+ 2cos[24f ,x(12/8)]+ 2 cos[2f ,x(8/8)]+ 2 cos[2f ,x(4/8)]}

x[2(L - 2x— L/2)|xsincf2(L — 2x — L/2))x [, - F,(/8)- Ax]}  (35.9)

W, (x, T, )= {2cos[27f,x(14/8)|+ 2 cos[27f,x(10/8)]+ 2 cos[2f,x(6/8)]
+ 2cos2,x(2/8)]1x [2(L - 2x - L/2))]

xsinc[2(L — 2Jx— L/2|)x (, - )] (3.5.h)

W, (%, T, )= {L+2cos[24f ,x(12/8)]+ 2 cos[2f,x(8/8)]+ 2 cos[2f ,x(4/8)]}

x[2(L - 2x - L/2|)]xsinc{2(L - 2x - L/2)x[ f, + f,(/8)- Ax]}  (3.5.0)
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W, (x, f,)= {2cos[24f,x(10/8)]+ 2 cos[2f ,x(6/8)]+ 2 cos[2f , x(2/8)]}

x[2(L - 2x— L/2)|xsinc{2(L - 2x — L/2))x [, + f(2/8)- Ax]}  (35.J)

W, (x, T, )= {1+ 2cos[27f,x(8/8)]+ 2cos[2f, x(4/8)]}

x 2(L - 2x - L/2)xsinc{2(L - 2x - L/2|)x[ f, + f,(3/8)- px]}  (3.5k)

W, (x, f,)= {2cos[24f,x(6/8)]+ 2 cos[2f,x(2/8)]}

x[2(L = 2Jx - L/2|)|xsinc{2(L - 2Jx — L/2)x [ f, + f,(4/8)- px]}  (35.)

W5 (%, £, )= {1+ 2 cos[27f,x(4/8)]} < [2(L - 2)x - L/2])]

xsinc{2(L — 2x — L/2))x [ f, + f,(5/8)— ]} (3.5.m)

Wiy (x, ) = [2008(2fx(2/8))]x [2(L - 2x - L/ 2]

xsincf2(L - 2x = L/2|)x[f, + ,(6/8) - Ax]} (3.5.n)

W6 (%, F,) = [2(L = 2Jx = L/2|)|xsinc{2(L - 2x — L/2)x [, + f4(7/8)- px]}  (3.5.0)

The first and the fifteenth WVD components have similar expressions as
shown in Eq. (2.9) in that they are equal to the product of the triangular and the two-
dimensional (2-D) sinc functions. However, the spatial frequency of the sinc function
is not only determined by g = 1/1z, but also by the scaled fo (Widjaja and

Chuamchaitrakool, 2013). The rests have their amplitudes modulated by a cosine,
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triangular and sinc functions. Therefore, the WVD of the in-line hologram appears
along a diagonal direction in the space spatial-frequency plane.
The summation of the fifteen WVD components can be expressed as Eq. (3.6),

where m is the natural number of 1, 2, 3, ....

W, (x, f,)= i{zk“(l)m +ZZCOS{2M{16 - ZQSB_ " +1)H}

k=1 | m=1 n
;]xsinc{Z(L—2x—;]x{fx—(ggk)fo—ﬂx}}- (3.6)

On the basis of this result, the general expression of the WV D of the simplified in-line

><2(L—2

hologram is given by

R | 2R+1—2QZR—n|+1)
W, (x, )= D0 <X ()" + " 2co0s{ 27xf, 57
k=1 |m=1 n
L 1 L 28—k
><2£L—ZX—E)xslnc{Z(L—Zx—E}{fx—(TJfo—ﬂx}, (3.7)

where the number of the WVD components is equal to 2%*1-1. The conditions and
index n in the summation of the cosine term in the above equation are expressed in

Table 3.1, where | is any of the natural number of 1, 2, 3, ... .

Table 3.1 Conditions for n in the summation of the cosine term in Eq. (3.7).

k n
even and < 27*1/2 21 <k
even and > 2%*1/2 k+2(1-1) < 2R*1-2
odd and < 2R*1/2 2-1< k

odd and > 2R*1/2 k+2(1-1) < 2”11
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In order to verify the derivation, the WVD output from Eq. (3.6) is employed
to compare with the one obtained from the in-line hologram generated by using Eq.
(2.5). Figure 3.3 shows the top-view of WVDs calculated from Eq. (2.5) and Eqg.

(3.6), respectively.
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Figure 3.3 The WVD outputs calculated from (a) Eq. (2.5) and (b) Eq. (3.6) for the

particle size a = 2,500 pm, respectively.
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The comparison is done on the given parameters z = 400 mm, A = 543.5 nm
and a = 2,500 um. It is noted that the bigger radius is employed to separate the 2-D
sinc functions from each other due to it provides higher value of factor fo. Figures
3.3(a) and 3.3(b) show the WVDs of Eq. (2.5) and Eqg. (3.6), respectively.

In comparison with Figure 3.3(a), Figure 3.3(b) shows clearly that the fifteen
components of the WVD appear along the same diagonal direction in the WVD plane.
This verifies that they have the same frequency rate of change. The components of the
WVD coefficients are now spread in the WVD plane, instead of being confined in the
narrow area as shown in Figure 3.1. This is because the particle radius used in the

generating of Figure 3.1 is approximately forty times smaller than that in Figure 3.3.

3.2 Particle Sizing by Using the WVD of In-Line Holograms

From the above fifteen WVD components in Eq. (3.5), the first and the last
components can be utilized to extract the particle size. This is due to the fact that their
mathematical expressions are simpler than the others. They can be further simplified
into a single sinc function by considering them at a particular position x = L/2. At the

particular position x = L/2, Egs. (3.5.a) and (3.5.0) can be expressed as

. 7a L
W,  =2Lsinc|2L| f, ———-— 3.8
a1 { (Xl 8z ZAzﬂ (38)
and
. 7a L
W, =2L 2L f ., +———||. 3.9
s Smc[ (Xﬁ&z 2,1zﬂ (3.9)

By taking the peak position of the sinc function into account, the peaks of Wa1 and

Wia1s are located at
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7a L

¢ 3.10
X8z " 27 (3.10)
and
—7a L
_ , 3.11
X2 847 " 2]z (3.11)

respectively. Therefore, scanning of the WVD output at the position x=L/2 along
the spatial-frequency axis gives the two frequency peaks. The separation between the
two peaks fxi and fx> can be expressed in terms of the number of pixels m in the

spatial-frequency axis

m = (fX1A_-f fxz)’ (3.12)

X
where Afy is the spatial-frequency resolution of the WVD given by
Afy = (fcep/2)IN
= (N/2L)/N
=1/2L, (3.13)

where fcep is the frequency of the CCD image sensor. The substitutions of Eq. (3.10)

and Eqg. (3.11) into Eq. (3.12), yielding the particle size as

L3 G)zzmAfx. (3.14)

3.3 Flip and Replication Technique

In preceding section, the particle sizing method by using the WVD has been
theoretically studied. However, the calculation of the particle size by using Eq. (3.14)
shows that the accuracy of measurement is determined by the spatial-frequency

resolution Afx. This equation implies that the accuracy of the particle size
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measurement can become higher, provided that the size of the spatial-frequency
resolution becomes finer.

Since the spatial-frequency resolution is inversely proportional to the length of
the signal being analyzed, long hologram signals are required in order to improve the
measurement accuracy. However, commercially available sensors generally have
limited size, thus, the accuracy improvement can be accomplished by extending the
length of hologram signals via flip and replication technique (FRT)
(Chuamchaitrakool, Widjaja and Yoshimura, 2018). By applying the one- and the
three-time FRTSs to the original signal shown in Figure 2.4(b), the extended hologram
signals whose lengths are one and three times longer than the original one can be
obtained as shown in Figures 3.4(a) and (b), respectively.

In Figure 3.4(a), the one-time longer hologram is obtained by connecting the
up-chirp signal of the original hologram with the down-chirp of the flipped hologram.
Consequently, the extended holograms do not become discontinuous and a frequency
artifact of the WVD can be minimized (Chuamchaitrakool, Widjaja and Yoshimura,
2015). For generating the three-time longer hologram signal shown in Figure 3.4(b),
the FRT process is repeated three times. The discontinuity can now be avoided by
connecting the down-chirp signal in Figure 3.4(a) with the up-chirp of its flipped
hologram. Figures 3.4(c) and (d) are the WVD outputs corresponding to the extended
hologram signals depicted in Figures 3.4(a) and (b), respectively. As a result of the
length extensions, the spatial-frequency resolutions of the WVDs of the extended
hologram signals shown in Figures 3.4(c) and (d) reduce to 1/4L and 1/8L,
respectively. Therefore, the three-time FRT has better spatial-frequency resolution

than that of the one-time FRT.
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Figure 3.4 Extended signals obtained by applying the FRT (a) one and (b) three times
to the original hologram shown in Figure 2.4(b). The WVD outputs of the
extended signals shown in (c) Figure 3.4(a) and (d) Figure 3.4(b),

respectively.

In Figure 3.4(c), it is apparent that the WVD coefficients are now concentrated
along two diagonal directions with opposite-sign of slopes. The first concentrated
WVD output with positive slope describes the increase of the local frequency of the
up-chirp signal of the original hologram. While the second one with negative slope
corresponds to the down-chirp signal. Since the extended hologram contains two chirp

signals, frequency artifacts caused by an interference between their instantaneous
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frequencies are generated in the midway x = L between the two corresponding WVD
coefficients. The reason that the artifacts are observable around low frequencies is
that low-frequency components contain most signal energy. This interference is an
inherent limitation of quadratic space-frequency signal representations (Kadambe and
Boudreaux-Bartels, 1992). In Figure 3.4(d), the WVD output exhibits four
concentrated WVD coefficients with the slopes alternate between positive and
negative, because the original hologram was extended three times by the FRT. The
existence of the frequency artifact can also be clearly observed from the figure.
Owing to the proposed particle sizing method requires a scanning of signal along the
spatial-frequency axis of the WVD output, therefore, it is important to study the
interference effect on the proposed particle size measurement.

The interference effect was studied by comparing signals scanned along the
spatial-frequency axis at x = 2.075 mm from the WVD outputs of the original and the
extended holograms simulated at the recording distances z = 200 mm and 300 mm.
The interference effect that is minimum, provided that the peaks fx1 and fx> of the
signals scanned from the WVD outputs of the extended holograms are identical to the
original one. Figure 3.5 illustrates signals scanned along the spatial-frequency axis at
x = 2.075 mm of the WVD outputs of the original and the extended hologram signals.

Figure 3.5(a) shows the 1-D scanned signals of the WVD outputs of the
hologram recorded at the distance z = 200 mm, while Figure 3.6(b) is for that
corresponds to the recording distance 300 mm. Since the WVDs of the extended
holograms contain more coefficients, their scanned signals are accordingly down
sampled to give the same number of pixels as that of the original hologram. The

comparisons show that the desired peaks of the three scanned signals appear at the
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same positions, regardless of the recording distances. This verifies that the frequency
artifact occurred in the extended holograms does not degrade the signals scanned at

the position x = 2.075 mm. Therefore, its effect on the particle size measurement is

insignificant.
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Figure 3.5 Signals scanned along the spatial-frequency axis at x = 2.075 mm of the
WVD outputs of the original and the extended hologram signals with the

recording distances (a) 200 mm and (b) 300 mm, respectively.
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3.4 Measurement Performance

The preceding sections found that the WVD coefficients in the WVD plane
encode information of the recording distance and the particle size. To analyze the
measurement performance of the proposed particle sizing method, it is assumed that
the hologram recording satisfies the Nyquist sampling theorem.

Figure 3.6 shows the distribution of the WVD coefficients of the hologram
recorded at the minimum recording distance zmin in the WVD plane. Thus, the WVD

output has the steepest slope.

Spatial frequency
NAf, Ag
q; m=4 | e The first component
4 & —— The middle component
K - -~ The last component
NN, | L
g » Position
x.=L/2

Figure 3.6 Distribution of WVD components of the hologram recorded at the

minimum recording distance.

At position A, the value of the maximum spatial frequency is NAfx. The dot, the solid
and the dash lines represent the first, the middle and the last WVD components. A, C

and B represent the local spatial-frequencies of the first, the middle and the last WVD
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components along the position x = L/2. In order to be able to measure the particle size,
the local spatial-frequencies at the points A and B have to be resolvable at the steepest
slope of the WVD output. In the case of the WVD output with fifteen components, the
frequencies fa and fg are equal to fx1 and fxz, respectively. The local spatial-frequency
at point C is defined as fc. In practice, the smallest separation of the two peaks fy1 and
fx2 IS mmin = 4. This value determines the minimum particle size that can be measured
by the proposed method. Furthermore, this implies that the highest fx1 is equal to the
maximum value of the spatial-frequency axis NAfy and fx2 = fxi—4Afy. Since fc belongs

to the 8" WVD coefficient, Eq. (3.5.h) gives

1 L
f. =] L2 == 3.15
¢ [xlzmmj 2 (315

Owing to position C is in the middle of positions A and B, the frequency at point C is

also given by

f. = fﬂ; | (3.16)

A substitution of Eq. (3.16) with fx1 = NAfx and fx2 = fxi—4Afy gives

; ~ NAf, +(N—4)Af, N-2 (317)
¢ 2 1la '

The substitution of Eq. (3.17) into Eq. (3.15) gives the shortest recording distance zmin

as

z. = . (3.18)

The smallest particle size that can be measured at the distance zmin IS Obtained by

substituting Eq. (3.18) into Eq. (3.14)
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8L
, = . 3.19
a‘mm@zmin 7(N _ 2) ( )

Figure 3.7 shows the distribution of the WVD output of the hologram recorded
at the maximum recording distance zmax. The maximum recording distance causes the
mildest slope of the WVD output with fx2 = Afx. By keeping the resolvable separation

between fx; and fx2 is m = 4, fx1 is equal to 5Afx. Thus,

5Af, + Af 3
fo— 22 x - 2 3.20
c > oL (3.20)

Spatial frequency

NAY,
---------- The first component
—— The middle component
- -~-  The last component
(N2)Af, =N \\77 1.7
Afy = » Position

Figure 3.7 Distribution of WVD components of the hologram recorded at the

maximum recording distance.

In Figure 3.7, the frequency at point C is inverse proportional to the maximum

recording distance zmax as

1)L
fc:(ﬂz j? (3.21)
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A substitution of Eg. (3.20) into Eq. (3.21) gives

L2
max — g (3.22)
The minimum measurable particle size at the distance zmax IS obtained by substituting
Eq. (3.22) into Eq. (3.14)

8L

a‘min@ Ioax z :

(3.23)

Figure 3.8 shows the distribution of the WVD output of the hologram recorded

at the critical recording distance Zritical.

Spatial frequency

9

NAY, 4

e The first component

—— The middle component
- =~ The last component

(NI2)Af,

.'.. '
-'.- f/(
A, o

» Position

Figure 3.8 Distribution of WVD components of the hologram recorded at the critical

recording distance.

Owing to the property of the proposed method, the maximum particle size that
can be measured corresponds to the highest separation mAfy between the peaks at

frequencies fx1 and fx2. This separation condition is achieved when the peaks appear at
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fiu = (N-1)Afx and fxo = Afx or mmax = N-2. Consequently, the frequency fc is
determined as

f.,+f N
footathe N 3.24
¢ 2 4L (3:24)

In Figure 3.8, the frequency at point C is inverse proportional to the maximum

recording distance zmax as

1 L
f. = —. 3.25
¢ (j‘zcritical J 2 ( )

A substitution of Eq. (3.24) into Eq. (3.25) gives a critical recording distance that

allows the measurement of the largest particle

212

I N 3.26
critical N ( )

z

Thus, the largest measurable particle size can be determined by substituting mmax and

Zeritical INtO EQ. (3.14)

4L( N -2
a =—|——|. 3.27

maX@ZcriticaI 7 ( N j ( )
It is worth mentioning that by taking mmin = 4 into account, it is possible to measure

the minimum particle size at the distance Zgitical

16L

amin@ Zeritical = m ! (328)



CHAPTER IV

EXPERIMENTAL VERIFICATIONS

This chapter discusses the experimental verifications of the proposed particle
sizing method by using the WVD and the improvement of its measurement accuracy
by using the FRT. Firstly, the experimental and the simulation results from the in-line
particle holograms are described. Secondly, the particle sizing from the hologram

signals extended by using the FRT is compared with that from the original holograms.

4.1 Experimental Verifications of the WVD-based Particle Sizing

Feasibility of the proposed particle sizing method was verified through the
computer simulations and the experiments. The holograms were experimentally
generated by using the setup shown in Figure 4.1. In the setup, a coherent light
generated from a He-Ne laser source (Melles Griot, 05-LGR-193, USA) with the
operating wavelength 4 = 543.5 nm was collimated by using a spatial filter and a
collimating lens. An optical fiber having a diameter of 124.96 pum was used as the test
object. Its interference patterns were recorded by a CCD image sensor (Hamamatsu
C5948) with resolution of 640x480 pixels in the area of 8.30x6.30 mm?Z.
The recording distances z were varied from 200 mm to 400 mm by an interval of 100
mm. The length of the holograms being analyzed was L = 4.15 mm consisting of 320

pixels.



37

\ .
\\ Beam steering

REATONS Laser source

u

v = -% o Collimating

Particle

el . ( ./“ holder CCB image
{ == " Spatial s W ——

filter : 1 ¥ ‘ “

lens

|

Figure 4.1 Experimental setup for generating in-line holograms.

Figure 4.2 shows the intensity transmittances of the simulated and the
experimentally generated in-line holograms of the optical fiber with a dc removal at
the recording distance z = 400 mm. They are represented by the broken and the solid
lines, respectively. Their analytic representations were generated by using the Hilbert
transform function of MATLAB. After calculating the WVD of the holograms by
using Eqg. (2.5), the output WVD coefficients were employed for extracting the
particle sizes.

In order to obtain the acceptable accuracy of the measurement, the WVD of a
product of five cosine functions was employed for the sinc approximation. Thus, the

first and the sixty-third components obtained from Eqg. (3.7) can be expressed as

L
X ——

Poha]

X ——

L jxsinc{Z(L—Z
2

Wlal(x' fx): 2('—_2

and
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X——

ijsinc{Z(L -2
2

X——

7R ] P

Wla63(x7 fx) = Z[L -2

respectively.
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Figure 4.2 Normalized intensity transmittances of the simulated and the
experimentally generated in-line holograms of the optical fiber with a

diameter of 124.96 um at the distance z = 400 mm.

At the particular position x = L/2, Eqgs. (4.1) and (4.2) can be expressed as

] 3la L
W, =2Lsinc/2L| f, ———— 4.3
a1 { (Xl 324z uzﬂ (43)
and
. 3la L
W, _=2Lsinc| 2L]| f —_— . 4.4
lags = <51 [ (X2+32/12 2,1zﬂ (44)

Therefore, the peaks of the both sinc functions are located at

3la L

_ L 45
X324 24z (45
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and

—3la L
_ b 4.6
273207 24z (4.6)

respectively. Finally, the substitutions of Egs. (4.5) and (4.6) into Eq. (3.12) give the
particle size as

a= (gjﬂzmAfx. (4.7)
31

Owing to the sixty-third WVD components, the measurement performance at zmin and
Zmax Can be re-expressed as

32L

a_. =7 4.8
@z 31(N - 2) (48)
and
32L
Anin@ 2y — E (4.9)
While amin and amax at Zeritical are given by
64L
amiﬂ@ Zeritical 31N (410)
and
16L( N -2
amax@ Zcritical A H( N j ' (411)

Performance of the proposed particle sizing from the hologram recorded for
given parameters 4 = 543.5 nm, L = 4.15 mm and N = 320 pixels is depicted in
Table 4.1. It is obvious that the particle sizing performance depends mainly on the
resolution of the array sensors. Figure 4.3 shows a plot of tetragonal shape

representing the measurable particle sizes corresponding to the recording distances.
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Although there are three minimum particle sizes that can be measured by the

proposed method, amin@zmin Shown in Figure 4.3 is the smallest size.

Table 4.1 Performance of the proposed particle sizing from the holograms recorded

for given parameters 4 = 543.5 nm, L =4.15 mm and N = 320 pixels.

5 2 212
Ziin = m Zmax = 37 Zritical = l_N
=99.65 mm =10,562.71 mm =198.05 mm
32L 32L 64L
; ——— =13.47 um —— =1427.96 um —— =26.77 um
BN -2) o3 ST "
16L

Amax -

16L(N-2 =2128.55 um
310 N

a (um)
2,128.55 1
g
1,427.96 -
26.77 -
13.47 1 ¢ | NP
T T T = T v
99.65 198.05 10,562.71

Figure 4.3 Performance of measurable particle size as a function of the recording

distance.

In order to verify the measurement performance shown in Table 4.1, three

holograms of the original sinc function were simulated by using Eq. (2.4) at the
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corresponding recording distances and particle sizes. Figures 4.4(a) and (b) show the
WVDs of the holograms at the particle sizes 13.47 um and 1,427.96 um, respectively.
The holograms were simulated at the minimum and the maximum recording distances
Zmin = 99.65 mm and Zmax = 10,562.71 mm.

In comparison with Figure 4.4(b), the slope of the WVD output in Figure
4.4(a) is higher, because its recording distance is shorter. Since both holograms record
the particles with the minimum sizes, their WVD coefficients are concentrated along
the diagonal direction. Their corresponding WVD coefficients scanned along the
spatial-frequency axis at x = L/2 are depicted in Figures 4.4(c) and (d), respectively.
It is apparent that the two frequency peaks fyx1 and fx. are clearly separated.

In the case of the holograms of the particle with the minimum and the
maximum sizes recorded at the critical recording distance, the analyses by using the
WVD gave the outputs shown in Figures 4.5(a) and (b), respectively. The significant
coefficients of the WVD output in Figure 4.5(a) concentrate in the narrow area, while
those in Figure 4.5(b) spread in the WVD plane. Thus, the separation of the two
frequency peaks, fx1 and fyo, in Figure 4.5(a) is narrower than that in Figure 4.5(b).
In summary, the results verify the analysis of the sizing performance of the proposed

method.
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Figure 4.4 WVD outputs of the in-line holograms of the particles with minimum
sizes (a) a = 13.47 um recorded at zmin = 99.65 mm and (b) a =
1,427.96 pm recorded at zmax = 10,562.71 mm. The corresponding
WVD coefficients of (c) Figure 4.4(a) and (d) Figure 4.4(b) scanned

along the spatial frequency at x = L/2, respectively.
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Figure 4.5 WVD outputs of the in-line holograms of the particles with the minimum
size (a) a = 26.77 um and (b) the maximum size a = 2,128.55
pm recorded at Zeitca = 198.05 mm. The corresponding WVD
coefficients of (c) Figure 4.5(a) and (d) Figure 4.5(b) scanned along the

spatial frequency at x = L/2, respectively.

Figure 4.6 shows the WVD coefficients scanned from the WVDs of the
simulated and the experimentally generated holograms of the optical fiber at x = 2.075
mm along the spatial-frequency axis. They are compared with the WVD components
Wiar and Wiae3 given by using Eq. (4.1) and Eq. (4.2), respectively. The plots show

obviously that the maximum peaks of Wia1 and Wiass overlap with those obtained
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from the WVDs of the simulated and the experimentally generated holograms. By
determining the number of pixels m between the peaks Wia1 and Wias3, the particle

size can be calculated by using Eq. (4.7).
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Figure 4.6 A comparison of the coefficients scanned at x = L/2 along the spatial-
frequency axis from the WVDs of the experimentally

generated hologram compared with the WVD components of W, al and

W|a63'

Table 4.2 shows the errors in the particle size measurements from the
simulated and the experimentally generated holograms recorded at the distances 200,
300 and 400 mm by using the proposed particle sizing method. Unlike the case of the
simulated holograms, the experiment has higher errors for the short recording
distance. This may be caused by the fact that speckle noise inherently occurring in the

experiment degrades the recorded holograms. Moreover, the undersampling effect is
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stronger for the short recording distance, and the amplitude of the second term of Eq.
(2.4) increases as the recording distance becomes shorter. The amplitudes of the 2"
and the 3 terms in Eq. (2.4) are determined by the factors 4a%/Az and 4a/(1z)°%,
respectively. Their values and ratios for different distances shown in Table 4.3 reveal
that as the recording distance is shorter, the maximum amplitude of the 2" term
increases. For this reason, the second term could be presented as a noise in the
hologram signal recorded at a shorter recording distance. Consequently, the WVD of
the corresponding hologram will differ from the WVD of the simplified hologram.

Therefore, the measurement errors become higher.

Table 4.2 Errors in the size measurement of the optical fiber by using the WVD.

L Measurement errors (%
Recording distance (%)

z (mm) Simulated in-line  Experimentally generated
holograms in-line holograms
200 4.508 5.409
300 1.078 1.078

400 0.9044 0.9044
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Table 4.3 The amplitudes of the 2" and the 3 terms in Eq. (2.4).

a=50pum
z=20cm z=30cm
Max of 2" term 0.09200 0.06130
Max of 3" term 0.6066 0.4953
Ratio of 2" to 3" terms 0.1517 0.1238

4.2 Experimental Verifications of the FRT

The verifications of the FRT were done by experimental generating the
holograms of a polycarbonate microtube with a diameter of 100 um (Paradigm
Optics, Inc., USA). The microtube was placed along the vertical direction in front of
the same CCD sensor used in the setup shown in Figure 4.1. The recording distances
were varied from 200 mm to 300 mm with an interval of 20 mm. The hologram
signals along the positive axis x with the length L of 4.15 mm and consisted of 320
pixels were used as the original holograms. One- and three-time FRTs were then
applied to the original holograms. After removing the dc signals, Hilbert transform
function of MATLAB was used to generate their analytic functions. The WVDs of the
simulated and the experimentally generated holograms were computed, yielding the
spatial-frequency resolutions of 120.4, 60.20 and 30.10 Ip/m for the original, the one-
time and the three-time extended holograms, respectively. The same particle sizing
was calculated by using Eq. (4.7).

Table 4.4 shows a comparison of the errors in the size measurements of the

polycarbonate microtube from the simulated and the experimentally generated
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holograms with and without FRTs. The results show that firstly, the measurement
errors from both types of holograms reduce as the recording distance becomes longer,
regardless of the hologram lengths. This is due to the fact that at the shorter recording
distance, the cosine chirp signal has higher frequency.

Figure 4.7 shows plots of the two hologram signals obtained from the
experiments after the dc background removal at the recording distances z = 200 mm
and z = 220 mm. In Figure 4.7(a), it can be observed that the signal suffers from the
undersampling effect starting around x = 2.080 mm. For Figure 4.7(b), the
undersampling effect starts after x = 2.350 mm. For this reason, the WVD coefficients
obtained from the hologram recorded at the distance z = 200 mm gives higher
measurement errors than those from the longer recording distances. Thus, an effect of
undersampling on the hologram recordings is more significant.

Secondly, the measurement errors for all recording distances decrease by
using the three-time FRT. This is understandable since the three-time FRT reduces the
spatial-frequency resolution of the WVD outputs more than the others. Finally, the
measurement errors from the experimentally generated in-line holograms appear
slightly higher than those of the simulated holograms, because speckle noise is

inherently present in the experiment.
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Table 4.4 Errors in the size measurement of the polycarbonate microtube

by using the WVDs of the simulated and the experimentally generated

holograms.

Measurement errors (%)

Recording
Simulated Experimentally generated
distance z in-line holograms in-line holograms
(mm) Without ~ One-time T,[?:r?ee' Without  One-time Tt?:r?:'
FRT FRT ERT FRT FRT ERT
200.0 5.432 4.307 2.167 8.077 4.700 2.167
220.0 4,024 2.167 1.548 4.024 3.406 1.548
240.0 2.730 1.322 1.322 2.730 2.673 1.322
260.0 2.448 0.9847 0.9847 2.448 1.942 1.211
280.0 2.280 0.7040 0.7040 2.280 0.7040 0.7040
300.0 1.322 0.3663 0.3663 1.322 0.3663 0.3663
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CHAPTER V

CONCLUSIONS

This thesis has proposed and verified experimentally a new method for
extracting the size of an object with high aspect ratio from an in-line hologram by
using the WVD. The proposed method is based on the mathematical derivation of the
WVD of the in-line hologram. The derivation result shows that the size of the object
being studied can be obtained from the local frequencies scanned at the half length of
the hologram being analyzed. The proposed method has advantages over the
conventional numerical reconstruction in that first, it is free from iterative processes.
Secondly, the method can extract the object size and its position by using a single
computation of the WVD. Thirdly, the conventional numerical reconstruction
methods measure the particle size from the reconstructed images. Therefore, the
sizing accuracy depends on the spatial resolution of the image sensor. In order to have
high sizing accuracy, the conventional methods require a sensor with high spatial
resolution. In contrast, the WVD performs the particle sizing in the spatial-frequency
domain. Consequently, the sizing accuracy is determined by the spatial-frequency
resolution Afy. In this thesis, the method for improving the measurement accuracy by
using the FRT has also been studied.

The theoretical analysis of the particle sizing method shows that the accuracy
of the calculated particle size is dependent upon the spatial-frequency resolution of

the WVD. In order to improve the accuracy of the particle size measurement via the
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proposed method, the FRT has been proposed and experimentally verified. By the flip
and the replication processes, the hologram length can be extended without
discontinuity. The experimental results verify that although the frequency artifact
caused by the signal extension occurs in the WVD plane, its effect on the size
measurement is minimum. Therefore, the accuracy in the particle size measurements
can be improved by using the proposed FRT. The proposed method is suitable for

particle sizing from holograms recorded by using small size image sensors.
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DERIVATION OF Eq. (3.4) - Eq. (3.7)

Recall the simplified in-line hologram given by Eq. (3.1) is

) (27zax) L
sin| = X
Az 2

e 7
_ mo_r Al
1(x) cos( - 4J 5 [rect (A1)
Az
Approximation of the sinc function by a product of three cosine terms gives
3
sinc(2 f,x) = Hcos( sznoxj = cos[ Zfloxjcos( sz;x}cos( 27;30)() : (A2)
n=1

where fo = a/Az. The sinc and the cosine chirp functions can be re-written by using the

Euler’s identity as
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i 8 ] ¥ 8
+exp j27z(§ fojx +exp —j27z(§ fojx
i 8 i | 8
(1] (1
+exp 127{5 fojx +exp| — j27r(§ fojx (A3)
2C_7) e j(ﬂﬂxz—fj +exp —j(ﬁ 2 (A4)
Az 4) 2 4
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respectively, with g = 1/4z. Substitutions of Egs. (A3) and (A4) into Eq. (Al) result in

the simplified hologram as

-l -5]
o)
o o

e

i

}rect(
Equation (A5) can be further expressed as

1 . s 1 by
I(x):E{exp[JZm‘{é—XJr -y H+exp[12m‘ £§x+

oo|\|

o | o

+exp +exp

Xx—L/2

+exp +exp

)

IBXZ
2f,

ﬂXZ
2f,

2 2
+exp| j24f, 3 +ﬁ’x L1 +exp| j2af, ] +’BX L
i 8  2f, 8f,)] | 8 2f, 8f,
i 2 ] [ 2
+exp| j2af, Zx—ﬁx +—1— +exp| j24f, Sy L
i 8 2f, 8f;)] i 8 2f, 8f,
i 2 i 2
+exp| j2af, §x—ﬁ+L +exp| j2af, lx—&-i-i
i 8 2f, 8f, i 8 2f, 8f,
i 2 i 2
+exp| j2af, —Zx+ﬂx ——— | [+exp| j2, —§x+ﬂx _ 1t
i 8 2f, 8f, i 8 2f, 8f,
i 2 i 2
+exp| j2af, _Ex+ﬁ_i +exp| j2af, —£x+ﬁx Lt
i 8 2f, 8f, i 8 2f, 8f,

(AS)
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2 2
+exp J'Zﬂfo(—zx—'gx +i} +exp jZdO(—Ex_ﬂX +iﬂ
_ 0

2 2
+exp jZdo(—gx—ﬁx +LJ +exp jZﬁo(—lx—ﬁx +iﬂ}

(A6)

In order to obtain the analytic expression of Eq. (A6), the values of g, fo and x

are substituted into each exponential component. The maximum value of

mm, which corresponds to the hologram size being analyzed. As x i

xisL=4.15

ncreases, the

exponential components that give the positive value are determined for the analytic

function. For simplicity of the derivation, the amplitude factor of I(x)

Thus, the analytic function of the simplified in-line hologram becomes

2 2 ]
1, (x)={exp| j2f, 7 o DX +exp| j2Af, LAY S
8 2f, 8f, 8" 2f, 8f)

2 2
vexp| j2rf| Sx+ 2% _i] woxpl jorfy| —2x+ 2 L

2
+exp| j24, —»x+ﬁx -

2
+exp| j24, §x+’8X —

is neglected.

21, 8" 2f, 8fg

2
+exp JZﬂfo[—x+———ﬂ+exp J27zf0{—lx+ﬂx__i

(X—L/Zj
x rect .
L

The WVD output of the in-line hologram is derived by substituting

function of Eq. (A7) into Eq. (2.5)

(A7)

the analytic
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while 17(x—&/2) can be expressed as
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x rect( X_ll_‘/zj . (A10)

For the sake of simplicity, Egs. (A9) and (A10) are re-expressed as

EN, B (&) L
M(X+Ej+2fo(x+2j 8f0:|}

x rect( X —||_-/2j A1)

Ia(x""f/z):iexp{jZﬂfo

m=1

and
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ool o 514

x rect( X_II_'/ZJ , (A12)

respectively. The factor An and B are defined as {2“" ~fi+ 2(m—1)]}/ 2™ | where M
is equal to 3 and m is the natural number 1,2,3,..., 2™. Consequently, the

autocorrelation 1, (x +&/2)1.(x—&/2) can be expressed as

|a(X+f§/2)|;(X—f§/Z)=exp{jZﬁo[(Am—Bm)x+(Am+B )é: ﬁ:f}}
0

x rect( X_ll_'/ 2) , (A13)

which consists of sixty-four exponential terms.

The WVD of Eq. (Al) is calculated by taking Fourier transform of Eqg. (A13)
with the boundary of the integration from —(L—2|x— L/2|) to (L —2x - L/2|). Thus,

the WVD of the simplified hologram is

L-2|x-L/2|
Wy, (x, )= _[ exp{jZm‘o[(/-\n—Bm)x+(%+5m)£+ﬁ}}
—(L—=2[x~=L/2]) 2 fo
xexp(— j2rf E)déE. (A14)
The solution of Eq. (A14) is shown as follows.
Wla(x' fx): EXp[j27Zf0(Am - Bm )X]
L-2x-L/2| ¢
x j exp{_ J27T§[ 1:x - (Am + Bm)_o_ :BX:|}d§ (A15)
L2x-1/2 2

= —exp|j2f,(A,, - Bm)x]/j27{ fo—(An + Bm)fzo‘ﬁx}
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_ | explj2y (A, =By ¥]
ﬂ[fx—(Am +Bm)f°—ﬂX}

2

b fn o]

01 il o]
N = e

]

j{fx—(ANBm)%—ﬁx}. (A16)

=[2[L—2‘x—L
2

W, (x, f,)=exp[j2zf,(A,, —Bm)x]{z(L—zx—

L

xsinc{Z[L—Zx——
2




Table Al shows the values of An+Bm and Am—Bnm.
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WVD Values
component of Values of An—Bnm

Wia Am+Bm
1 14/8
2 12/8 +2/8
3 10/8 +4/8
4 8/8 +2/8 +6/8
5} 6/8 +4/8 +8/8
6 4/8 +2/8 +6/8 +10/8
7 2/8 +4/8 +8/8 +12/8
8 0/8 +2/8 +6/8 +10/8 +14/8
9 -2/8 +4/8 +8/8 +12/8
10 -4/8 +2/8 +6/8 +10/8

11 -6/8 +4/8 +8/8

12 -8/8 +2/8 +6/8

13 -10/8 +4/8

14 -12/8 +2/8

15 -14/8
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A substitution of An—Bm into the exponential term of Eq. (A16) results in a conjugate
pair of exponential functions. This indicates that Eq. (A16) can be further simplified
into a cosine function. The WVD output of a simplified in-line hologram can be

expressed as

W, (x, f,)=2cos[24f,x(A,, - Bm)]x[Z L-2

e

By substituting the values of An+Bm and An—Bm in Table Al into Eg. (Al7), the

LN - fo _
X—EmX_fX (Am+Bm)2 ﬁx}} (AL7)

fifteen WVD components become
W, (%, f,) = 2(L - 2x - L/2|)sinc{2(L = 2|x — L/2)x [ f, — f,(7/8)- Ax]} (A18.1)

W, )= f2cosl2rtx2/8x oL 2k~ /2]

xsinc{2(L - 2x - L/2))x [ f, — f,(6/8)— px]} (A18.2)

W, (x, f,)= {L+2cos[27f,x(4/8)]}x [2(L - 2)x - L/2])]

xsine{2(L - 2x - L/2))x [ f, - f,(5/8)— ]} (A18.3)

W, (%, f,)= {2cos[27f,x(6/8)]+ 2 cos[2f,x(2/8)]} x [2(L — 2)x - L/2))]

xsincf2(L—2x— L/2)x[f, - f,(4/8)- Ax]} (A18.4)



68
W, (%, f,)= {L+2cos[24f,x(8/8)]+ 2 cos[2f,x(4/8)]}

x[2(L - 2x— L/2)|xsinc{2(L - 2Jx - L/2])x [, — f,(3/8)- px]}  (A18.5)

W, (x, f,)= {2 cos[24f,x(10/8)]+ 2 cos[2f ,x(6/8)] + 2 cos[2f ,x(2/8)]}

x[2(L - 2x— L/2)|xsincf2(L - 2x - L/2))x [, — f,(2/8)- ]} (A18.6)

W, (x, f, )= {L+ 2cos[24f ,x(12/8)]+ 2 cos[2f ,x(8/8)]+ 2 cos[2f ,x(4/8)]}

x[2(L = 2)x - L/2|)xsinc{2(L - 2Jx - L/2)x [, - f,(1/8)- px]}  (A18.7)

W, (x, T )= {2cos[27f,x(14/8)]+ 2 cos[2f,x(10/8)] + 2 cos[2f,x(6/8)]
+2cos[27f,x(2/8)]}x [2(L = 2)x — L/2])]

xsinc[2(L - 2Jx — L/2])x ( f, - Ax)] (A18.8)

W,(x, f,)= {L+2cos[22f,x(12/8)] + 2cos[2f ,x(8/8)]+ 2 cos[2f , x(4/8)]}

x[2(L = 2x= L/2))]xsinc{2(L - 2x - L/2)x[*f, + f,(/8)- ]} (A18.9)

W, (%, T, )= {2c0s[2f,x(10/8)]+ 2 cos[2f ,x(6/8)]+ 2 cos[2f ,x(2/8)]}

x[2(L - 2x— L/2)]xsinc{2(L - 2)x — L/2))x [, + ,(2/8)— Ax]} (A18.10)

W, (x, T, )= {1+ 2cos[27f,x(8/8)]+ 2cos[2f , x(4/8)]}

x 2(L - 2x — L/2)xsinc{2(L - 2Jx — L/2|)x[ f, + f,(3/8)- px]} (A18.12)
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W, (x, f,)= {2cos[24f,x(6/8)]+ 2cos[24f,x(2/8)]}

x[2(L - 2x— L/2)|xsinc{2(L - 2/x — L/2))x [, + ,(4/8) - Ax]} (A18.12)

W5 (%, £, )= {1+ 2cos[27f,x(4/8)]} < [2(L - 2)x - L/2])]

xsinc{2(L - 2x— L/2))x [ f, + f,(5/8)— ]} (A18.13)

Wiy (x, £, ) = [2008(2fx(2/8))]x [2(L - 2x - L/ 2]

xsinc{2(L - 2/x - L/2))x[ f, + f,(6/8)— px]} (A18.14)
Wos (%, £, )= [2(L = 2)x = L/2])]xsincf2(L — 2|x = L/2)x [f, + f,(7/8)— px]} (A18.15)

In the case of the sinc approximation by using N cosine terms, the general expression

of the WVD components is given by

W, (x, f,) Zgl{i " +22cos{2ﬂxf [2N+1 ZQZN ”|+1)”

k=1 | m=1

x2(L—2|x—L/2 |)><sinc{2(L2|x L/2 |)[ f, —[ZNzN‘k fo—ﬂX]}, (AL9)

For the case of N = 5, there are sixty-three WVD components that are

W, (%, f,) = [2(L - 2x = L/2))|xsinc{2(L - 2 — L/2|)x [ f, - ,(62/64)— px]} (A19.1)
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W,o, (%, )= {2cos[27f,x(2/32)]}x [2(L - 2|x - L/2))]

xsinc{2(L —2|x - L/2|)x [, - f,(60/64)— sx]} (A19.2)

Wq(x, f,) = {L+2cos[27fx(4/32)]}x [2(L - 2x — L/2])]

xsinc{2(L —2|x - L/2|)x [, - f,(58/64)- sx]} (A19.3)

W,o, (%, )= {2cos[27f,x(2/32)] + 2 cos[2afyx(6/32)]} x [2(L — 2x - L/2])]

xsinc{2(L - 2Jx— L/2))x [, — f,(56/64)— x| (A19.4)

Wi (%, f,) = {L+ 2c0s(24fyx(4/32))+ 2 cos(27f,x(8/32))}x [2(L - 2|x - L/2))]

xsinc{2(L — 2|x - L/2))x [f, - f,(54/64)- px]} (A19.5)

W,.(x, f,)= {2 cos[2f,x(2/32)] + 2 cos[24f,x(6/32)] + 2 cos[2f,x(10/32)]}

x[2(L - 2x— L/2)|xsinc{2(L - 2)x— L/2)) , — f,(52/64)- px]} (A19.6)

W,.,(x, f,)= {L+ 2cos[27f,x(4/32)]+ 2 cos[24f ,x(8/32)]+ 2 cos[2f ,x(12/32)]}

x[2(L - 2x — L/2|)xsinc{2(L - 2)x — L/2|)x [ f, — f,(50/64)~ px]} (A19.7)

W,.5(x, f,)= {2cos[24f,x(2/32)] + 2 cos[2f,x(6/32)]+ 2 cos[2f,x(10/32)]
+2cos[27f,x(14/32)]1x [2(L - 2x — L/2))]

xsinc{2(L - 2|x - L/2|)x [, - f,(48/64)— px]} (A19.8)
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W,o(x, f,)= {1+ 2cos[24f,x(4/32)]+ 2 cos[2f,x(8/32)] + 2 cos[24f ,x(12/32)]
+ 2cos[2f,x(16/32)]} < [2(L - 2x — L/2))]

xsinc{2(L —2|x - L/2))x [, - f,(46/64)— px]} (A19.9)

W, (X, T, )= {2cos[24f,x(2/32)]+ 2 cos[2f,x(6/32)] + 2 cos[24f,x(10/32)]
+ 2cos[27fyx(14/32)]+ 2 cos[2f,x(18/32)]}x [2(L - 2x — L/2)

xsinc{2(L - 2x— L/2))x [, — fo(44/64)— px]} (A19.10)

W, (, f,) = {L+ 2 cos[2f ,x(4/32)] + 2 cos[2f 1 x(8/32)] + 2 cos[24f,x(12/32)]
+ 2cos[27f,x(16/32)] + 2 cos[2f,x(20/32)]} x [2(L - 2}x - L/2))]

xsinc{2(L - 2x— L/2))x [, — f,(42/64)- px]} (A19.11)

Wi, (x, T, )= {2cos[27f,x(2/32)]+ 2 cos[24f,x(6/32)] + 2 cos[2f,x(10/32)]
+ 2 cos[27f,x(14/32)] + 2 cos[24f ,x(18/32)] + 2 cos[2f ,x(22/32)]}

x[2(L = 2x— L/2))]x sinc{2(L — 2)x — L/2))x [ f, ~ f,(40/64)— px]} (A19.12)

W,p5(x, f, )= {L+2cos[27f,x(4/32)]+ 2 cos[2f,x(8/32)] + 2 cos[2f,x(12/32)]
+ 2 cos[2f,x(16/32)]+ 2 cos[27f,x(20/32)] + 2 cos[2f,x(24/32)]}

x[2(L - 2|x - L/2|)|xsinc{2(L - 2Jx — L/2)x[ £, — f,(38/64)- px]} (A19.13)
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W, (x, f,)= {2cos[24f,x(2/32)]+ 2 cos[2f ,x(6/32)] + 2 cos[2f,x(10/32)]
+2cos[27f,x(14/32)]+ 2 cos[2£,x(18/32)]+ 2 cos[24f,x(22/32)]
+2cos[2x(26/32)]}x [2(L - 2x - L/2))]

xsinc{2(L - 2)x - L/2))x [f, - f,(36/64)— px]} (A19.14)

W, (X, f,) = {L+ 2 cos[2f yx(4/32)] + 2 cos[2f ,x(8/32)] + 2 cos[24f,x(12/32))]
+2c0s[27f ,x(16/32)] + 2 cos[2f,x(20/32)] + 2 cos[2f  x(24/32)]
+2cos[27f,x(28/32)]}x [2(L — 2|x — L/2))

xsinc{2(L - 2x— L/2|)x [, — f(34/64)— px]} (A19.15)

W, (%, T, )= {2cos[24f,x(2/32)]+ 2 cos[2f,x(6/32)]+ 2 cos[2f,x(10/32)]
+ 2 cos[27f,x(14/32)]+ 2 cos[27£,x(18/32)] + 2 cos[24fyx(22/32)]
+ 2cos[27£x(26/32)]+ 2 cos[2f,x(30/32)]}x [2(L - 2x - L/2))]

xsinc{2(L — 2)x - L/2))x [f, - f,(32/64)- px]} (A19.16)

Wi, (x, T,)= {L+ 2cos[24f,x(4/32)]+ 2cos[24f,x(8/32)] + 2 cos[24f,x(12/32)]
+ 2cos[27f,x(16/32)]+ 2cos[24f,x(20/32)] + 2 cos[24f ,x(24/32)]
+ 2cos[2f,x(28/32)] + 2cos[24£x(32/32)]} x [2(L - 2x — L/2))]

xsinc{2(L - 2)x - L/2))x [f, - f,(30/64)- sx]} (A19.17)
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W, (x, f, )= {2cos[24f,x(2/32)] + 2 cos[2f,x(6/32)] + 2 cos[2f,x(10/32)]
+2cos[2f,x(14/32)]+ 2 cos[24f x(18/32)]+ 2 cos[2f yx(22/32)]
+ 2 cos[2f,x(26/32)]+ 2 cos[2f x(30/32)] + 2 cos[24f ,x(34/32)]}

x[2(L - 2x— L/2)]xsinc{2(L - 2)x — L/2])x [, — f,(28/64)— px]} (A19.18)

W,1(X, f,) = {L+ 2cos[27fx(4/32)]+ 2 cos[2f,x(8/32)]+ 2 cos[2f,x(12/32)]
+2cos[27f,x(16/32)]+ 2cos[24f,x(20/32)] + 2 cos[2f ,x(24/32)]
+2cos[2f,x(28/32)]+ 2 cos[24f,x(32/32)] + 2 cos[ 24, x(36/32)]}

x[2(L - 2)x - L/2))|xsinc{2(L - 2Jx — L/2)x[ f, — f,(26/64)— Ax]} (A19.19)

W, (X, f, )= {2cos[27f,x(2/32)]+ 2 cos[2f,x(6/32)] + 2 cos[2f ,x(10/32)]
+ 2 cos[2f,x(14/32)]+ 2 cos[24f,x(18/32)]+ 2 cos[2f yx(22/32)]
+ 2cos[2f,x(26/32)]+ 2cos[27£,x(30/32)]+ 2 cos[24F,x(34/32)]
+2cos[2£,x(38/32)]} x [2(L - 2x - L/2|)

xsinef2(L - 2x— L/2|)x [, - f,(24/64)- px]} (A19.20)

W, (X, T, )= {1+ 2cos[27f,x(4/32)]+ 2 cos[27£,x(8/32)]+ 2 cos[2f ,x(12/32)]
+2cos[27£,x(16/32)]+ 2 cos[27f,x(20/32)]+ 2 cos[2f,x(24/32)]
+ 2cos[2f,x(28/32)]+ 2cos[24f,x(32/32)] + 2 cos[2f,x(36/32)]
+2cos[27f,x(40/32)] < [2(L - 2x — L/2))]

xsinc{2(L —2|x - L/2|)x [, - f,(22/64)- px]} (A19.21)
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W, (X, f, )= {2cos[27f,x(2/32)]+ 2 cos[2f ,x(6/32)]+ 2 cos[2£,x(10/32)]
+ 2 cos[2f,x(14/32)]+ 2 cos[24f x(18/32)]+ 2 cos[2f yx(22/32)]
+ 2cos[2f,x(26/32)]+ 2cos[27£,x(30/32)]+ 2 cos[24f,x(34/32)]
+ 2cos[27fx(38/32)]+ 2 cos[2f,x(42/32)]x [2(L - 2|x — L/2))]

xsinc{2(L - 2x — L/2))x [ f, - f,(20/64)— px]} (A19.22)

W,p5(X, T, )= {1+ 2cos[2f x(4/32)] + 2cos[2f,x(8/32)] + 2 cos[2f,x(12/32)]
+ 2cos[2f,x(16/32)]+ 2 cos[2f ,x(20/32)] + 2 cos[2f x(24/32)]
+ 2cos[2f,x(28/32)]+ 2 cos[2f,x(32/32)] + 2 cos[24f,x(36/32)]
+ 2cos[27f,x(40/32)] + 2c08[24f x(44/32)]}x [2(L — 2|x - L/2|)

xsinc{2(L - 2x— L/2)x [, — f,(18/64)— px]} (A19.23)

W, (X, T,) = {2cos[22fyx(2/32)]+ 2 cos[2f ,x(6/32)]+ 2 cos[2£,x(10/32)]
+2cos[2f,x(14/32)]+ 2 cos[2f x(18/32)] + 2 cos[24f,x(22/32)]
+ 2cos[27f,x(26/32)]+ 2 cos[27£,x(30/32)]+ 2 cos[2f,x(34/32)]
+ 2cos[2f ,x(38/32)] + 2 cos[2f ,x(42/32)] + 2 cos[2f , x(46/32)]}

x[2(L = 2Jx— L/2|)|xsinc{2(L - 2x - L/2|)x[ f, - f,(16/64) - px]} (A19.24)

W5 (%, T, )= {1+2cos[27f,x(4/32)]+ 2 cos[2f ,x(8/32)]+ 2 cos[2f ,x(12/32)]

+ 2cos[27f,x(16/32)]+ 2cos[27f,x(20/32)] + 2 cos[2f ,x(24/32)]
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+2cos[2f,x(28/32)]+ 2 cos[24f,x(32/32)] + 2 cos[24f,x(36/32)]
+2cos[27f,x(40/32)]+ 2 cos[2f,x(44/32)] + 2 cos[2f,x(48/32)]}

x[2(L - 2Jx - L/2))|x sinc{2(L - 2Jx - L/2|)x[ f, - f,(14/64)- px]} (A19.25)

W,6(X, T, )= {2cos[22f,x(2/32)]+ 2 cos[24f,x(6/32)]+ 2cos[2f,x(10/32)]
+2cos[27f,x(14/32)]+ 2 cos[2£,x(18/32)] + 2 cos[24f,x(22/32)]
+ 2cos[27f,x(26/32)]+ 2cos[27£,x(30/32)]+ 2 cos[24f,x(34/32)]
+2cos[27f,x(38/32)] + 2 cos[24f,x(42/32)] + 2 cos[2f,x(46/32)]
+2cos[27£(x(50/32)]}x [2(L - 2|x — L/2))]

xsinc{2(L — 2x— L/2)x [, — f,(12/64)— px]} (A19.26)

W7 (X, T, )= {1+2cos[27f,x(4/32)]+ 2 cos[2f ,x(8/32)]+ 2 cos[2f ,x(12/32)]
+ 2cos[274,%(16/32)]+ 2cos[24f,x(20/32)] + 2cos[24f,x(24/32)]
+ 2c08[276,x(28/32)]+ 2cos[246,x(32/32)]+ 2 cos[24f,x(36/32)]
+ 2cos[27f,x(40/32)]+ 2cos[2f,x(44/32)] + 2cos[2f,x(48/32)]
+2co0s(27f,x(52/32))}x [2(L - 2x — L/2])]

xsine{2(L - 2x— L/2)x [, — f,(10/64)— px]} (A19.27)

W5 (X, T, )= {2cos[22f,x(2/32)]+ 2 cos[2f ,x(6/32)]+ 2 cos[2£,x(10/32)]
+2cos[2f,x(14/32)]+ 2cos[2f ,x(18/32)] + 2 cos[24f ,x(22/32)]

+2cos[2f,x(26/32)]+ 2 cos[2f,x(30/32)] + 2 cos[2f ,x(34/32)]
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+2cos[27f,x(38/32)]+ 2 cos[2f , x(42/32)]+ 2 cos[24f,x(46/32)]
+ 2cos[27f,x(50/32)] + 2 cos[2fx(54/32)]} < [2(L — 2|x - L/2])]

xsine{2(L - 2Jx— L/2)x [, — f,(8/64)— px]} (A19.28)

W,00(X, T, )= {1+2cos[27f,x(4/32)]+ 2 cos[2f ,x(8/32)]+ 2 cos[2f ,x(12/32)]
+2cos[2f,x(16/32)]+ 2 cos[27f,x(20/32)] + 2 cos[24f ,x(24/32)]
+2cos[2f,x(28/32)]+ 2 cos[2f,x(32/32)]+ 2 cos[24f,x(36/32)]
+2cos[27f,x(40/32)]+ 2 cos[2f ,x(44/32)] + 2 cos[24f ,x(48/32)]
+ 2cos[27fyx(52/32)] + 2 cos[2fx(56/32)]} < [2(L — 2|x - L/2])]

xsinc{2(L - 2)x - L/2|)x [, — f,(6/64)— sx]} (A19.29)

W .00 (X, F, ) = {2cos[24f,x(2/32)]+ 2 cos[2f yx(6/32)] + 2 cos[2£,x(10/32)]
+2cos[27f,x(14/32)]+ 2 cos[27£,x(18/32)] + 2 cos[24f,x(22/32)]
+ 2c08[27f,%(26/32)]+ 2cos[24£,x(30/32)]+ 2 cas[24f,x(34/32)]
+2c08[278,%(38/32)] + 2 cos[24f ,x(42/32)]+ 2 cos[2f ,x(46/32)]
+ 2 cos[2f,x(50/32)] + 2 cos[24f ,x(54/32)]+ 2 cos[24f,x(58/32)]}

% [2(L - 2x - L/2||xsinc{2(L — 2x - L/2|)x[ , - f,(4/64)— ]} (A19.30)

W, (X, f,) = {L+2cos[22f,x(4/32)]+ 2 cos[2£,x(8/32)] + 2 cos[2£,x(12/32))]

+ 2cos[27f,x(16/32)]+ 2cos[24f,x(20/32)] + 2 cos[24f ,x(24/32)]
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+ 2cos[27f,x(28/32)]+ 2cos[24f,x(32/32)] + 2 cos[24f,x(36/32)]
+ 2cos[27f,x(40/32)]+ 2cos[27f,x(44/32)]+ 2 cos[2f,x(48/32)]
+ 2 cos[2f,x(52/32)] + 2 cos[24f ,x(56/32)]+ 2 cos[24f,x(60/32)]}

x[2(L - 2x - L/2))]xsinc{2(L - 2x — L/2))x [f, - fo(2/64)— px]} (A19.31)

W, (X, f,) = {2cos[27f,x(2/32)]+ 2 cos[2f ,x(6/32)]+ 2 cos[2£,x(10/32)]
+2cos[2f,x(14/32)]+ 2 cos[24f x(18/32)]+ 2 cos[2f yx(22/32)]
+ 2cos[27f,x(26/32)]+ 2 cos[2£,x(30/32)]+ 2 cos[24f,x(34/32)]
+ 2cos[2f,x(38/32)] + 2cos[22f,x(42/32)] + 2 cos[2f ,x(46/32)]
+ 2cos[27f,x(50/32)] + 2cos[24f,x(54/32)] + 2 cos[2f x(58/32)]
+2cos[2x(62/32)]} x [2(L - 2x - L/2)

xsinc{2(L - 2Jx - L/2) f, — )} (A19.32)

W,a33(%, T, )= {1+ 2cos[27f,x(4/32)]+ 2 cos[2f,x(8/32)] + 2 cos[2f ,x(12/32)]
+2c08[27f,x(16/32)]+ 2cos[27f,x(20/32)] + 2 cos[2f,x(24/32)]
+ 2cos[27f,x(28/32)]+ 2cos[274,%(32/32)]+ 2 cos[24f,x(36/32)]
+ 2cos[27f,x(40/32)]+ 2cos[27f,x(44/32)]+ 2cos[2f,x(48/32)]
+2cos[27£,x(52/32)]+ 2 cos[2f,x(56/32)]+ 2 cos[2£,x(60/32)]}

x[2(L - 2Jx - L/2))|xsinc{2(L - 2Jx - L/2|)x[ f, + f,(2/64)- px]} (A19.33)

W,a34(x, T,) = {2cos[27fx(2/32)]+ 2 cos[2f ,x(6/32)]+ 2 cos[ 2, x(10/32)]

+2cos[2f,x(14/32)]+ 2 cos[2f x(18/32)]+ 2 cos[2f ,x(22/32)]
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+ 2cos[27f,x(26/32)]+ 2 cos[24£,x(30/32)]+ 2 cos[24f,x(34/32)]
+2cos[27f,x(38/32)] + 2 cos[2f x(42/32)] + 2 cos[2f ,x(46/32)]
+2cos[2f,x(50/32)] + 2 cos[24f ,x(54/32)]+ 2 cos[24f,x(58/32)]

)
x[2(L - 2x — L/2)]xsinc{2(L - 2x — L/2))x [f, + fo(4/64)— px]} (A19.34)

W, (X, T, )= {1+2cos[27f,x(4/32)]+ 2 cos[2f ,x(8/32)]+ 2 cos[2f ,x(12/32)]
+ 2cos[27f,x(16/32)]+ 2cos[2f,x(20/32)] + 2 cos[24f ,x(24/32)]
+ 2cos[27f,x(28/32)]+ 2cos[24f,x(32/32)] + 2 cos[24f,x(36/32)]
+ 2c0s[27f,x(40/32)]+ 2 cos[27f,x(44/32)] + 2 cos[2f,x(48/32)]
+ 2cos[27fx(52/32)] + 2cos[2f,x(56/32)]} x [2(L — 2|x - L/2])]

xsinc{2(L — 2x — L/2)[ f, + f,(6/64)— px]} (A19.35)

W6 (X, T, )= {2cos[27f,x(2/32)]+ 2 cos[2f,x(6/32)]+ 2 cos[2f ,x(10/32)]
+ 2 cos[2f,x(14/32)]+ 2 cos[24f ,x(18/32)] + 2 cos[2f ,x(22/32)]
+ 2cos[27f,%(26/32)]+ 2 cos[24£,x(30/32)]+ 2 cos[24f,x(34/32)]
+ 2cos[27f,x(38/32)] + 2 cos[2f ,x(42/32)] + 2 cos[2f ,x(46/32)]
+2cos[27fx(50/32)]+ 2 cos[2f,x(54/32)]}x [2(L - 2)x — L/ 2|

xsinc{2(L - 2x - L/2|) f, + f,(8/64)— ]} (A19.36)

W, (X, T, )= {1+2cos[27f,x(4/32)]+ 2 cos[2f ,x(8/32)]+ 2 cos[2f ,x(12/32)]

+2cos[27f,x(16/32)]+ 2cos[24f,x(20/32)] + 2 cos[24f ,x(24/32)]
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+ 2cos[27f,x(28/32)]+ 2cos[24f,x(32/32)] + 2 cos[24f,x(36/32)]

+ 2cos[27f,x(40/32)]+ 2 cos[27f,x(44/32)]+ 2cos[2f,x(48/32)]
+2c0s(27f,x(52/32))}x [2(L - 2x — L/2])]

xsinc{2(L — 2x— L/2))x [ f, + f,(10/64)— px]} (A19.37)

W,.5(X, f,)= {2cos[24f,x(2/32)]+ 2cos[24f,x(6/32)]+ 2 cos[24f,x(10/32)]
+2cos[2f,x(14/32)]+ 2 cos[2f x(18/32) ]+ 2 cos[2f yx(22/32)]
+2cos[27f,x(26/32)]+ 2 cos[2£,x(30/32)]+ 2 cos[24f,x(34/32)]
+ 2cos[27f,x(38/32)] + 2cos[22f,x(42/32)] + 2 cos[2f ,x(46/32)]
+2cos[27f,x(50/32)]}x [2(L - 2x - L/2))]

xsine{2(L — 2x— L/2))x [f, + ,(12/64)— px]} (A19.38)

W,56(X, T, )= {1+2cos[27£,x(4/32)]+ 2 cos[2f ,x(8/32)]+ 2 cos[2f ,x(12/32)]
+ 2cos[27f,x(16/32)]+ 2cos[27£,x(20/32)] + 2 cos[2f,x(24/32)]

+2cos[27f,%(28/32)]+ 2 cos[24f,x(32/32)] + 2cos[24f,x(36/32)]
+2cos[2f,x(40/32)]+ 2 cos[24f,x(44/32)]+ 2 cos[24f,x(48/32)]}

x[2(L - 2x— L/2)]xsinc{2(L — 2Jx — L/2))x [, + f,(14/64)- px]} (A19.39)

W0 (X, T,) = {2cos[27f,x(2/32)]+ 2 cos[2£,x(6/32)]+ 2 cos[2f ,x(10/32)]
+2cos[2f,x(14/32)]+ 2 cos[2f x(18/32)]+ 2 cos[2f yx(22/32)]

+ 2cos[2f,x(26/32)]+ 2cos[27£,x(30/32)]+ 2 cos[24f,x(34/32)]
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+2c0s[2f ,x(38/32)] + 2 cos[2f ,x(42/32)] + 2 cos[2f , x(46/32)]}

x[2(L = 2|x - L/2))|xsinc{2(L - 2x — L/2|)x [ f, + f,(16/64)- px]} (A19.40)

W, (X, T, )= {L+2cos[27f,x(4/32)]+ 2 cos[2f,x(8/32)]+ 2 cos[ 2, x(12/32)]
+ 2cos[27f,x(16/32)]+ 2cos[24f,x(20/32)] + 2 cos[24f ,x(24/32)]
+ 2cos[2f,x(28/32)]+ 2 cos[24f,x(32/32)] + 2 cos[24f,x(36/32)]
+ 2cos[27f,x(40/32)] + 2cos[2f,x(44/32)]} < [2(L - 2x - L/2))]

xsinc{2(L — 2Jx — L/2)x [ f, + f,(18/64)— px]} (A19.41)

W, (X, f, )= {2cos[22f,x(2/32)]+ 2 cos[2f,x(6/32)] + 2 cos[2f ,x(10/32)]
+ 2 cos[2f,x(14/32)]+ 2 cos[2f ,x(18/32)]+ 2 cos[2f yx(22/32)]
+ 2cos[27f,x(26/32)]+ 2cos[27£,x(30/32)]+ 2 cos[24f,x(34/32)]
+2cos[27fx(38/32)]+ 2 cos[2f,x(42/32)]kx [2(L - 2|x - L/2))]

xsinc{2(L - 2x — L/2])x [ f, + f,(20/64)- sx]} (A19.42)

W,,.5(X, T,)= {1+ 2cos[27f,x(4/32)]+ 2 cos[27£,x(8/32)]+ 2 cos[2f ,x(12/32)]
+ 2cos[2f,x(16/32)]+ 2cos[24f,x(20/32)] + 2 cos[24f ,x(24/32)]
+ 2cos[27f,x(28/32)]+ 2cos[24f,x(32/32)] + 2 cos[24f,x(36/32)]
+ 2cos[27f,x(40/32)] < [2(L - 2x — L/2))]

xsine{2(L - 2x - L/2])x [ f, + f,(22/64)- px]} (A19.43)
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W, (X, f, )= {2cos[22f,x(2/32)]+ 2 cos[2£,x(6/32)]+ 2 cos[2f,x(10/32)]
+2cos[2f,x(14/32)]+ 2 cos[24f x(18/32)]+ 2 cos[2f yx(22/32)]
+ 2cos[2f,x(26/32)]+ 2cos[27£,x(30/32)]+ 2 cos[24f,x(34/32)]
+2c0s[27f,x(38/32)]} x [2(L - 2|x - L/2))]

xsinc{2(L - 2x - L/2|)x [ f, + f,(24/64)- px]} (A19.44)

W,,.5(X, T, )= {1+2cos[27f,x(4/32)]+ 2 cos[2f ,x(8/32)]+ 2 cos[2f ,x(12/32)]
+2cos[27f,x(16/32)]+ 2cos[24f,x(20/32)] + 2 cos[24f ,x(24/32)]
+2cos[2f,x(28/32)]+ 2 cos[24f ,x(32/32)] + 2 cos[2f,x(36/32)]}

x[2(L - 2x— L/2|)|xsinc{2(L = 2)x — L/2))x [, + f,(26/64)— px]} (A19.45)

W6 (X, T, )= {2cos[2f,x(2/32)] + 2 cos[2fyx(6/32)] + 2 cos[2f,x(10/32)]
+ 2 cos[2af,x(14/32)]+ 2 cos[24f ,x(18/32)]+ 2 cos[2f ,x(22/32)]
+2cos[27f,x(26/32)]+ 2 cos[27£,x(30/32)] + 2 cos[2f,x(34/32)]}

x [2(L = 2x—L/2|)xsinc{2(L - 2|x — L/2)x [, + f,(28/64)— px]} (A19.46)

W, (%, f,)= {L+2cos[22f,x(4/32)]+ 2 cos[2f,x(8/32)] + 2 cos[2f,x(12/32)]
+2cos[27f,x(16/32)]+ 2cos[24f,x(20/32)] + 2 cos[24f ,x(24/32)]
+ 2cos[2f,x(28/32)] + 2cos[24£x(32/32)]} x [2(L - 2Jx — L/2))]

xsinc{2(L - 2x - L/2])x [ f, + f,(30/64)— px]} (A19.47)
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W5 (X, T, )= {2cos[24f,x(2/32)]+ 2 cos[2f,x(6/32)]+ 2 cos[2£,x(10/32))]
+ 2 cos[27f,x(14/32)]+ 2 cos[27£,x(18/32)] + 2 cos[24fyx(22/32)]
+2cos[2f(x(26/32)]+ 2 cos[2f,x(30/32)]}x [2(L - 2x — L/2])]

xsinc{2(L - 2x - L/2|)x [ f, + f,(32/64)— px]} (A19.48)

W,,0(X, T, )= {1+ 2 cos[27f,x(4/32)] + 2 cos[2£,x(8/32)] + 2 cos[2f yx(12/32)]
+2c0s[27f ,x(16/32)] + 2 cos[2f,x(20/32)] + 2 cos[2f  x(24/32)]
+2cos[27fx(28/32)]}x [2(L - 2|x — L/2))

xsinc{2(L - 2x — L/2|)x [ f, + fo(34/64)— px]} (A19.49)

W, (X, T, )= {2cos[24f ,x(2/32)]+ 2 cos[2f ,x(6/32)] + 2 cos[2£,x(10/32)]
+ 2 cos[27f,x(14/32)]+ 2 cos[24f,x(18/32)]+ 2 cos[24f,x(22/32)]
+ 2cos[2fyx(26/32)]}x [2(L - 2Jx - L/2])]

xsinc{2(L - 2x - L/2|)x [ f, + f,(36/64)— px]} (A19.50)

W,o, (X, f,)= {L+2cos[27f,x(4/32)]+ 2 cos[2f,x(8/32)] + 2 cos[2f,x(12/32)]
+2cos[27f,x(16/32)]+ 2 cos[27f,x(20/32)] + 2 cos[24f,x(24/32)]}

x[2(L - 2x— L/2))|xsinc{2(L - 2)x — L/2))x [, + f,(38/64)— px]} (A19.51)

W, (%, T, )= {2cos[24f,x(2/32)]+ 2 cos[2f,x(6/32)]+ 2 cos[2f ,x(10/32)]

+2cos[27f,x(14/32)]+ 2 cos[ 2 ,x(18/32)] + 2 cos[24f ,x(22/32)]}



83

x[2(L - 2x— L/2))]xsinc{2(L - 2Jx — L/2))x [, + f,(40/64) - px]}(A19.52)

W,s5(X, T, )= {1+ 2 cos[27f,x(4/32)] + 2 cos[27£,x(8/32)] + 2 cos[2f yx(12/32)]
+ 2cos[27f(x(16/32)] + 2 cos[2f,x(20/32)]} x [2(L - 2x - L/2])]

xsinc{2(L - 2x — L/2|)x [, + f,(42/64)- px]} (A19.53)

W, (x, T, )= {2cos[22f,x(2/32)]+ 2 cos[2f,x(6/32)]+ 2 cos[2f,x(10/32)]
+ 2cos[27fyx(14/32)]+ 2 cos[27f,x(18/32)]}x [2(L - 2x — L/2)

xsinc{2(L — 2x - L/2|)x [ f, + fo(44/64)— px]} (A19.54)

W,.o(x, f,)= L+ 2cos[2f,x(4/32)] + 2 cos[24f,x(8/32)]+ 2 cos[24f,x(12/32)]
+2cos[2f,x(16/32)]}x [2(L — 2x - L/2))

xsinc{2(L — 2Jx - L/2))x [ f, + f,(46/64)— px]} (A19.55)

W, (%, T, )= {2cos[27f,x(2/32)]+ 2 cos[24f,x(6/32)] + 2 cos[2f,x(10/32)]
+2cos[27f,x(14/32)]hx [2(L ~ 2)x— L/2])]

xsinc{2(L — 2x - L/2))x [ f, + f,(48/64)— px]} (A19.56)

W, (X, f,)= {1+ 2 cos[27f,x(4/32)]+ 2 cos[2f,x(8/32)] + 2 cos[24f,x(12/32)]}

x[2(L - 2x— L/2))|xsinc{2(L - 2)x — L/2))x [, + f,(50/64) - px]} (A19.57)
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W,.q (X, f, )= {2 cos[27f,x(2/32)]+ 2 cos[2f ,x(6/32)] + 2 cos[2f,x(10/32)]}
x[2(L - 2x— L/2))|xsinc{2(L - 2x — L/2))x [, + f,(52/64) - px]} (A19.58)

Wiso (X, f,)= {L+2c0s(27fx(4/32)) + 2 cos(2f,x(8/32))} x [2(L - 2x — L/2|)
xsinc{2(L - 2x — L/2|)x [ f, + f,(54/64)— px]} (A19.59)
W60 (X, )= {2cos[27f,x(2/32)]+ 2 cos[2f,x(6/32)]x [2(L — 2)x - L/2))]
xsinc{2(L — 2|x - L/2)x [, + f,(56/64)— ]} (A19.60)
Woae1 (%, )= [L+ 2 cos[24fox(4/32)]]x [2(L - 2|x - L/2|)]

xsinc{2(L — 2|x = L/2))x[ f, + ,(58/64)— ]} (A19.61)

W2 (X, )= 2cos[2fx(2/32)]x [2(L - 2} - L/2])]

xsinc{2(L - 2|x - L/2|)x[ f, + ,(60/64)— Ax]} (A19.62)

Wioes(%, F )= sinc{2(L = 2x — L/2)x [ f, + f,(62/64)— px]}

x[2(L - 2)x - L/2))]. (A19.63)
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