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Baryon mass spectrum has been studied over decades, but theoretical re-
sults are still largely inconsistent with experimental data. No need to mention
the higher excited states, even the low-lying resonances, for example, theoreti-
cal works in the three-quark picture always predict a larger mass for the Roper
resonance N(1440) than for N(1520) and N(1535).

In our work baryon mass spectra are evaluated in the constituent quark
model with Cornell potential, assuming that baryons consist of the ¢ as well
as ¢*7 pentaquark component. The roper resonance N(1440) and the P-wave
excitation state N(1535) and other low-lying ¢* baryons are interpreted. N(1685)
could be the lowest non-strange pentaquark state. The ground pentaquark states
of hidden heavy ¢*QQ (q = u,d,s quark in SU(3) flavor symmetry; Q = ¢, b quark)

system are also studied.
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CHAPTER 1

INTRODUCTION

In recent decades, hadron physicists have expended great effort hunting for
evidence of the multiquark states. Since the arguable state of ©7(1540) was pro-
posed as the first observed pentaquark, tremendous progress on experimental and
theoretical explorations of the multiquark states has been achieved. Disregarding
the large number of XY7Z tetraquark candidates, in recent years the LHCb Collab-
oration has reported and confirmed the observation of three narrow pentaquark-
like states: P.(4312)%, P.(4440)%, and P.(4457)". All three pentaquark-like states
may have the quark content of uudcé (Aaij et al., 2015; Aaij et al., 2019), but
their internal structures as well as quantum numbers are still unclear.

Probably the most successful and complete description of hadron structure
is provided by the constituent quark model which was proposed by Murray Gell-
Mann and George Zweig in 1964 (Gell-Mann, 1964). Within this framework
quarks were introduced as algebraic entities acting as elementary and fundamental
constituents of matter. Since quarks are confined they do not appear as free
asymptotic particles but only as constituents of the color singlet hadrons. Hence,
there is only a qualitative understanding about the nature and dynamical origin
of the constituent quarks which occur as quasiparticles, believed to be current
quarks surrounded by a cloud of virtual quarks and gluons by which effective
quark masses are put into these current quarks. These dressed current quarks of
different flavor correspond to different constituent quarks effectively in the low

energy system, as well for heavy quarks like ¢ and b quark in heavy quark system.



Baryons and baryon resonances have been studied for decades, but theo-
retical results are still largely inconsistent with experimental data. The study of
baryon excitation states is the main way to reveal the baryon mass spectrum in
which the levels are labelled as: Nj»(mass), but even the lowest-mass nucleon
resonance, the Roper resonance Njjo+(1440) has been problematic. In the con-
stituent quark model of the three-quark picture with one-gluon-exchange (Cap-
stick and Isgur, 1986), for example, the Roper Ny o+ (1440) should have a mass
80 MeV above the first J = 1/2 negative-parity state Ny, (1535) mass, but not
almost 100 MeV below it as the level ordering shown in Figure 1.1.

From 1960s, the final breakthrough of the quark model was provided by
direct evidence for quarks in deep inelastic scattering experiments at SLAC in
1968 (Bloom et al., 1969). Despite the success of the quark model, detailed
observables related to spectrum, production and decay properties of observed
hadrons still pose major challenges to the theoretical understanding. A very
good review paper, “Baryon Spectroscopy” (Klempt and Richard, 2010) not only

introduces the newly discovered baryon and heavy baryon, but also explains the
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Figure 1.1 The level ordering produced in the constituent quark model.




experiments and relevant models.

The baryons are experimentally well established and studied in different
production processes where the most important ones are introduced in the fol-
lowing:

a. Pion- (Kaon-) nucleon elastic and charge exchange scattering:
The baryon spectroscopy was firstly defined from 7% N elastic scattering, large
numbers of baryon resonances are reported with ratings from one-star to four-
stars, practically only the four-star resonances are confirmed. The total and
differential cross section for several different center of mass energies are studied in
different accelerators, beams and detectors. The s, t, u-channel exchange in these
pion-nucleon scattering are counted theoretically for different particles. The kaon
nucleon elastic scattering which can produce hyperon spectrum is also studied
in the same way. Figure 1.2 courtesy of the COMPAS group, IHEP, Protvino,
Russia (Tanabashi et al., 2018) is an example. In this for example, the total cross
section for 77 p scattering exhibits three distinctive peaks at the Ag/y+(1232), at
1.5 GeV, and at 1.7 GeV; a fourth enhancement at 1.9 GeV is faint, a further
peak at 2.2 GeV leads into the continuum.

b. Inelastic pion and kaon nucleon scattering and other reactions:
inelastic scattering is a similar scattering process as elastic scattering just with the
kinetic energy of an incident particle not conserved, so the incident particle will
take certain values of momentum within a range above the threshold. N(1535)
is produced in the process of 7 scattering and N(1520) is weakly coupled to the
1NN channel but are also from N7 production which is a S-D wave interference
with the dominant N(1535) contribution (Arndt et al., 2005). Decay widths and
branching ratios are also largely studied in these reactions.

c. Photoproduction: Since quite some missing resonances decoupled



from the pion nucleon elastic scattering escape detection because of their low he-
licity amplitudes, photoproduction brought us a new method of studying baryon
spectrum. The missing ones may show up in photoproduction of multi-particle fi-
nal states. And the cross sections for photoinduced reactions shows the structures
of some baryon resonances. Photoproduction of pseudoscalar mesons include pi-
ons, 17, 1 and kaons; Photoproduction of multi-mesonic final states include vector
mesons, like p, w, ¢. And these couplings to the nucleon can be described by the
generalized parton distributions (GPDs) (Collins et al., 1997). 4N production

give us an access to the transverse and longitudinal helicity amplitudes of more
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resonances, roper for example, and photoproduction of 7, " mesons also show us
the helicity amplitude of more resonances like N(1535) and N(1520).

d. Partial-wave analyses: Partial-wave analyse is a very important tool
for determining masses, widths, and quantum numbers from the data of other
methods, the helicity amplitudes it provided are indispensable complements for
the complete information of the nucleon resonance. Most partial-wave analy-
ses are performed at a few places only like SAID group (Arndt et al., 2008),
MAID (Drechsel et al., 2007), EBAC (Julid-Diaz et al., 2008), the Giessen
model (Feuster and Mosel, 1999; Shyam et al., 2010) and the Bonn-Gatchina
model (Anisovich et al., 2005).

By applying the above approaches, more baryon resonances have been dis-
covered and confirmed and the internal structures of some resonance states have
been revealed by the properties like Breit-Wigner amplitudes, transitions ampli-
tudes, and form factors. In general, the theoretical models are also supposed to
explain the experimental phenomena and data observed in the above production
processes.

In this work, we propose to study the baryon spectrum, assuming that
baryons consist of the ¢* component as well as the ¢*g pentaquark component.
The research takes an advantage from the fact that we are one of few research
groups in the world, that is able to systematically construct the wave function
of multi quark system. Permutation groups are applied to analyze the symme-
tries of different multi-quark system including baryon, meson, tetraquark and
pentaquark, all possible quark configurations of the color, flavor, spin and spatial
degrees of freedom are worked out in the language of permutation groups, and
the corresponding wave functions are constructed systematically in the form of

Yamanouchi basis. The spatial wave functions of various symmetries are derived



in the harmonic-oscillator interaction.

The existence of multiquark components in hadrons has been raised re-
cently in quark models. For instance, the role of 5-quark components has been
explored in the pion and electromagnetic decays and transition form factors of the
Ny o+ (1440) resonance (Julid-Diaz and Riska, 2006). It is also revealed, in our
previous work on the annihilation reactions pp — ¢X and also a number of works
of others, that the proton may possess a considerable ¢*g component. This thesis
shows that the ordering problem of the Roper N(1440), N(1520) and N(1535)
may be solved by introducing the ¢* ¢ contribution.

a. Roper resonance

The Roper resonance N(1440)1/27 is a four-star resonance with pole mass
~ 1.37 GeV and width ~ 0.18 GeV (Burkert and Roberts, 2019). From the exper-
imental results of Figure 1.3, the transverse helicity amplitudes of the transition
Y*N — P11(1440) are calculated within the light-front relativistic quark model
assuming that the P;(1440) is the first radial excitation of the ¢ ground state
(Aznauryan, 2007). From the clear evidence in front, nowadays it’s widely judged
that the Roper is mainly the first radial excitation of the nucleon.

The experimental data on A/, are taken from: circles [blue] -analysis
of single-pion final states (Aznauryan et al., 2009); triangles [green] -analysis of
ep — € nta p (Mokeev et al., 2008; Mokeev et al., 2016); square [black] -CLAS
Collaboration result at the photoproduction point (Aznauryan et al., 2009); and
triangle [black] -global average of this value (Tanabashi et al., 2018).

b. N(1535) and N(1520)

A similar study of helicity amplitudes A{D/Q and S 52 for the electromagnetic
transition v*N — N*(1535) (Jido et al., 2008; An and Zou, 2009) showed ¢'g

component is more compact than ¢ component. The first one clearly shows
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Figure 1.3 Experimental date of the transverse helicity amplitudes for Roper-

resonance electroproduction v*p — N(1440)

that the A} /2 amplitude as a ¢® state is smaller than the experimental results,
while An and Zou bring us a much better description of the empirical results
by introducing 25% ~ 65% ¢*q component. The decay width of N(1535) —
Nn, U'nasssy—ny = (65 & 25MeV) (Tanabashi et al., 2018) is as large as the
decay width of N(1535) = N7, T'nsss)—nr = (67.5 £ 19MeV) (Tanabashi et al.,
2018), N(1535) must couple to the n meson much more strongly than predicted
by flavor symmetry concluded from (Olbrich et al.; 2018). Further more, only
flavor symmetry can’t describe the decays N(1535) — Nn and A(1670) — An
in corresponding baryon octet N(1535), A(1670),3(1620), while N(1650) — Nn
and A(1800) — An in N(1650), A(1800),3(1750) decays are in agreement with
flavor symmetry. Like the study (Parganlija et al., 2013) about the pseudoscalar
mixing angle of n and 7', 7 is mixed by two pure pseudoscalar isosinglet states,
ny = (uu + dd)/v/?2, 1y = 5s and 0p ~ —44.6°, we believe that N(1535) could
contain quite some amount of uudss pentaquark component.

On the contrary to Nijj-(1535), the S-D wave interference state



N3/o-(1520) branching ratio of I'yn /I'yo; is less than 1% almost zero. While the
study of N3/, (1520) which was reported in 2014 by the CBELSA /TAPS Collab-
oration (Hartmann et al., 2014) still did not draw the final conclusion, however
(Ramalho and Pena, 2017) states that YN — N(1520) form factors are dominated
by the meson cloud contributions which means N(1520) may not be pure ¢* state
as well. So we believe that N(1520) could couple to non strange pentaquark state.

This thesis is organized as follows. The construction of wave function of
multi quark system are in Chapter II and the details are presented in Appendix
B. All possible quark configurations of the color, flavor, spin and spatial de-
grees of freedom are worked out in the language of permutation groups, and the
corresponding wave functions are constructed systematically in the form of Ya-
manouchi basis. We estimation of the mass of low-lying ¢* states, low-lying light
¢*g and hidden heavy pentaquark states in Chapter III. The ordering problem
of the Roper, N(1535)and N(1520) are also discussed in this section. Chapter
IV discussed the possibility that N(1685) could be the lowest pentaquark state.

Finally, the conclusions are given in Chapter V.



CHAPTER 11
CONSTRUCTION OF WAVE FUNCTION OF

MULTI QUARK SYSTEM

2.1 ¢, ¢°Q Baryon Wave Functions

Permutation groups are applied to analyze the symmetries of baryon and
pentaquark states. All possible quark configurations of the color, flavor, spin and
spatial degrees of freedom are worked out in the language of permutation groups,
and the corresponding wave functions are constructed systematically in the form
of Yamanouchi basis. Here we present the ground ¢® baryon states for example,

the total wave function consists of the color, spatial, spin and flavor parts.

3 1 & (0]
v e ﬁwpmw[a(@quzm+¢[211p><[211p),

3
Where 9¢, 1°, ¢ and x are respectively the color, spatial, flavor and spin parts

of the ¢* cluster, same notation for pentaquark as well, and the specific wave

function in form of Yamanouchi basis as,

Pp1y, = \}G(Quud — duu — udu), ¢py, = %(udu — duu),
X = @ N, v, = (N -, (22)
Pl3)eym %(UUCZ + duu + udu), X3, =TT (2.3)
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W, = \}6 (RG— GR)B + (GB — BG)R + (BR— RB)G]  (2.4)

The spatial wave functions of various symmetries, which are derived in the
harmonic-oscillator interaction are described in are applied as complete bases
to evaluate the low-lying baryon resonances. The detailed are shown in Section
2.3.

The heavy baryon which includes two light quarks and one single charm
quark or bottom quark ¢?(Q) has the same color wave function as the low-lying
baryons. Requiring the ¢* in the heavy baryon to be antisymmetric, the general

wave functions are,

(@) _ sf
Vo = Yu¥p,
sf o s :
i,j=5,A

The possible \Ifg(jf) wave function are,

/54

[z]s

1 \IIE]S\IJ{?} fll]A\ij (2’6)

s’ (11]a

So the total ¢?(QQ wave function is the coupling of \Iffgf] with the single heavy quark,

which is,

\I’(qu) = ‘I’fln]‘p[o?)} (‘I’(qz)[saﬁs 2 ‘P(Q)Sf) (2.7)

2.2 ¢‘q, *QQ Pentaquark Wave Functions

The Young tabloid construction of the ¢*¢ configuration is shown as,

|
') =11 (9 ®H (q)
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The total wave function of the ¢* configuration may be written in the

general form,

Wiotar = Z Qi ¢f211]i¢§1ﬁj7 (2.8)

i,j=Pv)\777
with

osf o o sf

w[gl]p,m = Z bijw[X]i¢[Y]j’
1,7=S,A,p,A\,m

U= X it (2.9)

1,7=S,A,0,A,m

where ¢, 1°f 1/ 1)* and 1)/ are respectively the color, spatial-spin-flavor, spin-
flavor, spin, and flavor parts of the ¢* cluster. S, A, p, A, and 7 stand for fully
symmetric, fully antisymmetric, p-type, A-type, and n-type functions. The coef-
ficients in Eqgs. (2.8) and (2.9) can be determined by enacting the permutations
(12), (23) and (34) of the S, group on both sides of the general wave functions.

The fully antisymmetric wave function for the ¢* configuration is worked out as

w ’ % (¢f211]/\w§1€9 I d}[cml]pwﬁflﬁ)\ T ¢f211]71¢%s£n) <210)

After solving the general equations, the coefficients of all general wave
functions can be decided. The detailed configurations of the spatial-spin-flavor
as well as spin-flavor wave functions are worked out in the form of a Yamanouchi
basis, as shown in Appendix A.

All possible spatial-spin-flavor configurations in the form of Yamanouchi
basis are showed in Table 2.1 and ¢* configuration all possible spin-flavor config-

urations in Table 2.2:
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Table 2.1 All possible spatial spin flavor configurations ¢* in permutation sym-

metry.

131]osr

31]sr
211]sp
S
s

[ [
[ [
220 [3lsr, [211]sr
[ 31)sr, [211] s, [22] 55, [1111] 55
[ [

4]sr, [31]sr, [211]sF, [22]sF

Table 2.2 All possible spin-flavor configurations of ¢* in permutation symmetry.

[4]Fs

[4]rs[22]F[22]s

[4]ps[31]p[31]s

[4] rs[4] r[4]s

31] rs[31]F[22]5

131] ps[211]p[31]5

[31]1?5
[31]rs[31)#[31]s

[31] Fs[22] p[31]s

[31] ps[31]r[4]s

[31] rs[4] [31]s

[31] ps[211]#[22]s

[22] ps
22]rs[22]F[22]5 22]rs[22]r[4]5 22]rs4|F[22]s  [22]rs[211]p(31]s
122] ps[31]F[31]5

[211]1:5

211 ps[211] £[22] 5

211] ps[31][22]5

[211]p5[211] p[31]s

[211] ps[31]r[31]5

[211) ps[211] p[4] 5

211 ps[22] [31] 5

[1111] ps[211] p[31] s

[1111] g

[1111) Fs[22] #[22]5
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2.3 Spatial Wave Function

Here we introduce jacobi coordinates, a complete basis of certain symmetry

may be constructed with ¢® systems in the harmonic oscillator interaction.

2
R 2
H=o 24t C(A +0%) (2.11)

where

1 - 1
R K= (it —27) (2.12)

V6

In the center of mass system, with B = 1/v/3(r7 -+ 73 + 73), we have:

., o 1 N - . 1 . -
7’12:\/§p 7”13:ﬁ(,0+\/§)\) 7“23:ﬁ(—p+\/§)\) (2.13)

The spatial wave functions of the ¢° as well as the subsystem of ¢°QQ
pentaquarks with the permutation symmetries [3]g are listed in Table C.1 from
Appendix C up to N’ = 22, where [, [\, and are L’ are limited to 0, 1 and 2 only.

Note that we have set M’ = 0 and used the abbreviation,

Z Cnp,lp,mp,nk,lk,mAwnplpmp(p_’)z/}n)\l)\m/\(>\)

{ni,li,m;}

Z Cnmlpan)ul)\ np? l,lh oy, l)\)
{nals}

> Coptpnnin (s Ly mx, 1) (2.14)
{nals}

with N = 2(ny +n,) + Iy + 1, and U, 1., (1) = Ry,1, (r)Yi,m, (7), where the state

function reads,

2a3n!

1/2
)] (ar)le™ 27 LHF12(0202) (2.15)
where L:1/2 are the associated Laguerre polynomials. The ¢° spatial wave func-

tion of different permutation symmetry are specified in Appendix C and all of

them correspond to the real harmonic oscillator band.
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We construct the spatial wave functions of the ¢*¢ pentaquark systems in
the harmonic oscillator potential for the quark-quark interaction. The relative

Jacobi coordinates and the corresponding momenta may be defined respectively

as
7 = ¢ o1 T — )
‘ Vit mi+mg+..m; T
o= (2.16)

where u; are the reduced quark masses defined as

1+ 1 Loma)m;
= U DG g (2.17)
ZZj:1mj

)

where 7; and m; are the coordinate and mass of the jth quark. We assign z;, xo,
x3, and x4 to be p, A\, n, and & Jacobi coordinates, respectively.
We start from the ¢* cluster. The ¢* spatial wave function, coupling among

the p, A, and 1 harmonic oscillator wave functions, may take the general form,

q4[X]y

N'L'M' — Z A(npan)wnn’lpal)\?ln)
{nali}

X1, (F) @ Yrain (X) ® Uy, 1, (7))

— § OrL/),lp,TTLp,TL)\,Z/\,TTL)\,TLn,ln,Tan
{nilismi }

Xwnplpmp(ﬁ)wnAlAmA<X)¢nnlnmn (77) (2.18)
where 1,1, are just harmonic oscillator wave functions and the sum {n; [;}
is over n,,nx, Ny, l,, 0,1, N, L', and M’ are respectively the total princi-
ple quantum number, total angular momentum, and magnetic quantum num-
ber of the ¢* cluster. One has N’ = (2n, +1,) + (2n, + 1)) + (2n, + 1) and
Vo tom, (1) = Ryt (7)Y m, (7), the definition of the state functions are the same
as the ones in 3q states. The [X] and y in the superscript [X], represent the

irreducible representation [X| and the y-type symmetry of the representation.
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The coupling coefficients A(n,, nx, ny, l,, Ix, 1;) as well as Ch 1) m, i mosmdnsme
shall be determined according to the [X],, where the representation matrices of
the permutations of the S4 group are applied to both sides of the general form.
The explicit forms of the spatial wave functions for the ¢* cluster are presented in
Appendix C for the permutation symmetries {[4]s}. To save space, the other pos-
sible permutation symmetries {[31], ., [211],, and [22],} will not be specified
here.

The spatial wave function of pentaquark states is simply the product of the
q* wave function and the harmonic oscillator wave function for the fourth Jacobi
coordinate &, where the antiquark is assigned the coordinate 75. The permutation
symmetry of pentaquarks is simply represented by the ¢* cluster since Une e ({)
is fully symmetric for any permutation between quarks. The total spatial wave

function of pentaquarks may take the form,

—

X y 41X y
TP = ity @ P (€) (2.19)

where ¥, (5’) are the harmonic oscillator functions for the Jacobi coordinate &
and [X], stand for all possible permutation symmetries of the ¢* cluster, that
is, (X1, = {[ls, 31,0, [211],00, [22],2}. N, L, and M are respectively the
total principle quantum number, total angular momentum and magnetic quantum

number of the pentaquark, with
N:2np—|—lp—|—2n,\—|—l,\+2nn+ln+2n5+l§ (220)

In principle, one can construct the spatial wave functions of pentaquarks
to any order by applying the representation matrices of the permutations of the
Sy group to the general form in Eq. (2.18). Though we have been dealing with a
system where the quark-quark potential is the harmonic oscillator interaction, the

spatial wave functions grouped in this work according to the permutation symme-
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try can be employed as complete bases to study a system with other interactions.
The spatial wave functions of pentaquarks with the ¢* symmetry [4]5 are
. 4 .

shown in Table 2.3, where ¢%, .,y (L' = M’ = 0) and ;. (§) (I¢ = 0) are

the spatial wave functions of the ¢* subsystem and the harmonic oscillator wave

function for the E coordinate, respectively.

Table 2.3 Pentaquark spatial wave functions of symmetric type with principle

quantum number, N < 14.

Whod, o0, Yoo(£)

Whod, Voo, Y00(€), Yooy Y10(E)

Wioh, Voo, Y0.0(€): Yooy, 1), Yooy, ¥20(E)

Whoh, V00, Y0.0(€)s Vo0, 108, Yooy, ¥2.0(8), ooy, ¥30(E)

Wlod, o0, Y0.0(E): Yoo, wlo< ), Yooy, ¥20(8)s Yooy, ¥30(E),
%oo 1/140(3

Wodow, Voo, Y00(8)s ¥ooy V10(): Yooy, ¥20(E), Yooy, Ys0(E),
¢200 @/)40(3 %oo @/)50(3

Polo, Vo, Yoo(d), wmoow ¥10(€), Yooy, ¥2.0(): Yoo, ¥30(E),
10400 ¢40(3 ¥ @/)5,0(5) %oo %‘o(f)

Widon, oo, Y00(E): Yoo ¥10(€); Yooy 120(€), ooy, Yso(©),
Voo, V10(€): Voo, ¥5.0(E), Yooy, Y60(E): ooy, Pro()

We construct the spatial wave functions of ¢?QQ systems in the harmonic
oscillator potential for the quark-quark interaction. A new set of relative Jacobi
coordinates was introduced for the ¢*QQ system, different from the ones for ¢*q

system, the Hamiltonian for the harmonic oscillator potential is written as
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-2

px 2 2, 22 2
Hpge = 5C(\ 2.21
#Q 2 +2 +2“+2x+ (A +p" 4+ +X7) (2.21)

with u, being the reduced quark mass of the fourth Jacobi coordinate, defined

5mM
3m~+2M

as u, = m and M are the mass of light quark and heavy quark respec-
tively. C' is the coupling constant, and the relative Jacobi coordinates and the

corresponding momenta are defined respectively as

p=—7x(1 —7) A=—%(r + 7 — 275)
2 6
0=—(Ty—17 =8 — 3Ty +7
5 4 5) X \/% 1 2 3 4 5

|
5
s}
S,_.
(@)
=)
S
+
S
|
[\
=
&
s}
Q
%\
.,J;
|
Tl
“‘v

L V5 2M(py + pa + p3) — 3m(py +p5)
Py = —7=( )
NG 3m + 2M

where p; and 7; are the momenta and coordinate of ¢th quark, the antiquark
is assigned the coordinate 75, the fourth and fifth quark form the third Jacobi
coordinate o and the centers of first three quarks and the last two heavy quarks
form the fourth Jacobi coordinate y. The permutation symmetry of pentaquarks
is simply represented by the ¢ cluster since the 4, 4, (&) and ¥, ; (X) is fully
symmetric for any permutation between quarks. The total spatial wave function

of pentaquarks may take the form,

X [(X]y - o
Wi = L @ Y, 1, (3) ® Y (R) (2.22)

which is simply the product of the ¢* spatial wave function shown in Table C.1
and the harmonic oscillator wave functions vy, ;,(7) and ¢, ; (X') for the Jacobi
coordinate o and x. [X], stands for all possible permutation symmetries of the ¢*
cluster, where, [X], = {[3]s, [21],, [111]a}. N, L, and M are respectively the

total principle quantum number, total angular momentum and magnetic quantum



Table 2.4 ¢*QQ pentaquark spatial wave functions of symmetric type.
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WEES  Uing Y00(F )to0(X)
B0 ooy, Y00(F )00(X)s Yooy, ¥1.0(F )oo(X):s oo, Yoo(@)¥ro(X)
VI ooy, Y0o(F )0o(X):s ooy, ¥1.0(F )0o(X):s ooy, Yoo(@)¥10(X),

%oo L ¥20(0 )%Uo,o(f)ﬂ/)goom ¢1,0(5)¢1,0(>2)7¢3oo[3] 0,0(6 )¥1,0(X)

502 Woo Y00(F 00(X), Yooy Y10(F Woo(X), Yoy, Yoo(@ )1(X),
Voo, ¥20(5 )00(X)s oo ¥1.0(F )10(X): Yooy, Yoo )a0(X),
Yooy, ¥50(5 )W0.0(X ), Yooy, ¥20(5 )¥10(X), Yoo, ¥1.0(F )20(X),
Yooy, Y0.0(F s 0(X)

502 Whoog, Y0.0(F)¥00(X)s Yoo ¥10(8 JWo0(X), Yooy, Yoo(@ )1o(X),
Yoo, 1205 )¥0.0(X), Voo, ¥1.0(5 )¥10(X), Yoo, Yo.0(F)¥20(X),
Yooy ¥50(5 )W00(X ), Voo, ¥20(5 ¥10(X), Yoo, ¥1.0(5 )¥20(X),
Voo, Y00(5 )30 (X)s Yooy, Va0(8 )oo(X): Yooy, ¥s.0(F )10(X),
%oo ¢20( J¥2.0(X ), %oo ¢10( )¥3.0(X ), l/}ooo J00(0)¥a0(X)

number of the pentaquark (I, = 0, [, = 0), with

N &

2n, + 1, +2n\ + Iy + 2ne + Iy + 20, + 1,

(2.23)

The spatial wave functions of pentaquarks with the ¢°QQ symmetry [5]s

are listed in the Table 2.4 (Up to N = 14 energy level is sufficient for the numerical

0) ’ wnx,lx ()Z)

0) are the spatial wave functions of the ¢* subsystem and the harmonic

calculations), where w?\?,y w (L

(lx =

oscillator wave function for the & and ) coordinates, respectively. Without any

"= M = 0) and 9,1, () (I, =

limitation for n, and n,, all degenerate states of each pentaquark energy level up
to N = 14 served as a complete basis. N < 8 states are listed below, the higher

ones follow the rule that N = N + 2(n, + n,).



CHAPTER III
ESTIMATION OF THE MASS OF
LOW-LYING (Q° STATES AND GROUND

STATE PENTAQUARKS

3.1 Constituent Quark Model and Model Parameters

We apply, as complete bases, the full wave functions of pentaquarks worked
out in the previous section to study the pentaquark system described by the

Hamiltonian,

H = Hy+ Hpo"

hyp >
N B
HO = Z(mk + o~ + Z _*)\C AC Aurij — l),
k=1 1<J rij
)\C )\C
Hya® = —Cogr ), —— 0 - 0, (3.1)
Y i

where A;; and B;; are mass dependent coupling parameters, taking the form,

mij my,

Ai=a]—2, Bi=b 3.2
j= o[l By (32)
with m;; being the reduced mass of ith and jth quarks, defined as m;; = T;'quzj

HOGE

The hyperfine interaction, Hj, ~

includes only one-gluon exchange contribution,

where Cogr = C,, m?, with m, being the constituent u quark mass and C,, a

u?
constant. A{ in the above equations are the generators of color SU(3) group. Refer
the detailed calculations of hyperfine contributions in different configurations in

Appendix A.
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The model parameters are determined by fitting the theoretical results to
the experimental data of the mass of all the ground state baryons, namely, eight
light baryon isospin states, seven charm baryon states, and six bottom baryon
states as well as light baryon resonances of energy level N < 2, including the first
radial excitation state N(1440) with mass at 1.5 GeV and a number of orbital
excited [ = 1 and [ = 2 baryons. All these baryons are believed to be mainly
3¢ states whose masses were taken from Particle Data Group (Tanabashi et al.,
2018). The least squares method is applied to minimize the weighted squared

distance 62,

N Merp — Mcal)Q
6 = wl-( (3.3)
iz::l Me:vp2

where w; are weights being 1 for all the states except for N(939) and A(1232)
which are set to be 100, M and M are respectively the experimental and
theoretical masses. M are taken from PDG (Tanabashi et al., 2018). Listed in
Tables 3.1, 3.2, 3.3, and 3.4 are the theoretical masses which are calculated in the
Hamiltonian in Eq. (3.1) in the ¢* picture and fitted to the experimental data.
The last column in Table 3.1 shows the deviation between the experimental and
theoretical mean values, D = 100 - (M — M<)/MP. Possible assignments
of the theoretical results of excited nucleon and A resonances below 2.2 GeV to
all the known baryon states are presented in Tables 3.2, 3.3, and 3.4 following
the SU(6)sr representations. The orbital-spin-flavor wave functions of ¢* baryon
states are listed in Appendix B.

The 3 model coupling constants and 4 constituent quark masses are fitted,

My = mg = 327 MeV , m, =498 MeV ,
me = 1642 MeV , my = 4960 MeV ,

C,, =183 MeV, a = 49500 MeV?, b =0.75



Table 3.1 Ground state baryons applied to fit the model parameters.

Baryon MeP(MeV)  M4(MeV) D (%)

N(939) 939 939 0

A(1232) 1232 1232 0

A(1116) 1116 1129 -1.16
$(1193) 1193 1163 2.56
% (1385) 1385 1372 0.97
=(1318) 1318 1329 -0.83
=*(1530) 1533 1510 1.49
Q(1672) 1672 1662 0.62
Ac(2286 2286 2272 0.62

2454 2428 1.06
2518 2486 1.26
2469 2489 -0.82
2646 2633 0.47

2695. 2751 -2.07

(2286)
(2455)
(2520)
(2470)
(2645)
(2695)

(5 (2770) 2766 2789 -0.84
(5620) 5620 5599 0.37
(5811) 5811 5781 0.51
(5832) 5832 5801 0.54
(5792) 5792 5819 -0.47
(5945) 5950 5953 -0.05
(6046)

6046 6097 -0.84
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Table 3.2 Nucleon resonances of positive parity applied to fit the model param-

eters.

(0,%T1D N, LP) Status JP Me<P(MeV) M (MeV)

+

N(56,28,0,07) *rxkiey 8 939 939
N(56,28,2,0%)  *ex 1T N(1440) 1499
N(56,28,2,2F)  eex 5T N(1720) 1655
N(56,28,2,2F)  Feex 3T N(1680) 1655
N(20,%1,2,17) e LT N(1880) 1749
N(20,41,2,1%) E 3T missing 1749
N(70,210,2,0%)  *ec 1T 0 N(1710) 1631
N(70,410,2,0%)  *eex 3T N(1900) 1924
N(70,210,2,27) - 3T missing 1702
N(70,210,2,2%)  ** 5T N(1860) 1702
N(70,410,2,2%§) ) =55 114 4111 1159(2206) 1994
N(70,410,2,2+) * 3T N(2040) 1994
N(70,%10,2,2%)  ** 5T N(2000) 1994
N(70,%10,2,2%)  ** IT  N(1990) 1994




Table 3.3 Resonances of negative-parity applied to fit the model parameters.

(0,21 D N, LP) Status JE Me<P(MeV) M (MeV)

N(70,210,1,17)  *k*k 3 N(1520) 1380
N(70,210,1,17)  **F 17 N(1535) 1380
N(70,%10,1,17)  ** 17 N(1650) 1672
N(70,%10,1,17)  *#* 57 N(1675) 1672
N(70,%10,1,17)  *0 37 N(1700) 1672
A(70,%10,1,17) ¥ 17 A(1620) 1380
A(70,210,1,17)  FxFx 37 A(1700) 1380

Table 3.4 A resonance of positive parity applied to fit the model parameters.

(0,%+1D N, LP) Status JI Me<P(MeV) M (MeV)

A(56,18,0,07) I R 1232
A(56,48,2,07) e 3T A(1600) 1791
A(56,18,2,27) TN AU LERUS) 1947
A(56,18,2,2%) weee 1T A(1910) 1947
A(56,18,2,27) e 3T A(1920) 1947
A(56,18,2,27) ok T A(1950) 1947
A(70,210,2,0%) * 1T A(1750) 1631
A(70,210,2,2%) - 3T missing 1702
A(70,210,2,2%) - 3T missing 1702
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(3.4)

Similar model parameters were obtained in the previous work (Xu et al., 2019).
The parameters fixed in the work are slightly different from the preliminary ones
since charm and bottom baryons are included and more accurate method is used
for the model fixing. And the u and d constituent quark mass is closer to the
quark mass, 330 MeV which was determined by the baryon magnetic moments
(Rujula et al., 1975).

In general, all the ground state baryons are well described, with the max-
imum deviation less than 3%. For excited baryon states, the Roper resonance as
the first radial excited state gets a mass around 1.5 GeV which does not agree
well with the pole mass on PDG (Tanabashi et al., 2018), but has a 0.56 GeV
gap between the ground state nucleon, close to the gap 0.55 GeV between the
two lowest-magnitude J¥ = 1/2% poles in Refs. (Segovia et al., 2015; Burk-
ert and Roberts, 2019). The lowest negative-parity nucleon states turn out to
be lower than the Roper resonance just as other predictions of the conventional
constituent quark models. We assume that the lowest negative-parity baryon
resonances may consist of the ¢* component as well as the ¢* ¢ pentaquark com-
ponent. The spin-orbit interactions are not included in this work, so the states
in the same spatial-spin-flavor configuration as shown in Appendix B have the
same mass value. Except for the two missing A(70,210,2,27) states and the two
missing nucleon states N(20,21,2,1%) and N(70,210,2,2"), most positive-parity

states are reasonably reproduced.

3.2 Light Pentaquark Spectrum

The mass spectra of the ground state ¢*q and ¢s5 pentaquarks are eval-

uated in the Hamiltonian in Eq. (3.1), by applying the complete bases of the
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pentaquark wave functions derived in our previous work (Xu et al., 2019).

In Table 3.5, ¢*¢ ground state pentaquark masses are presented.

Table 3.5 ¢*¢ ground state pentaquark masses of numerical calculation results.

q*q configurations Jr M(q*q) (MeV)
‘I’[Cég{nc[31}ps[4}p[31]s(q4§) i, 3 2562, 2269
Volneprsueas (@0 33 2025, 2269
Voloirsies (€D 33 2105, 2033
Vi yepiespiepas (€D 3 2025
Vil nostesiepys (@D 355 1683, 2049

In Table 3.6, ground state ¢°s5 pentaquark masses are showed in ¢*g con-

figuration.

Table 3.6 ¢®s5 ground state pentaquark masses of numerical calculation results.

¢*q configuration JE M (q*q)(MeV)

Wity ooy stal s (4°55) | i 2762, 2586
Vilionnpsanems(@*s8) 5,57 <2420, 2546
‘IJ[Czs{l]c[31}FS[31]F[31}S(qgsg) 5 .5 2443, 2414
\I/fS{l]C[31}FS[31]F[22}S(q35<§) : 2393

Vilyepieseiess (@55 5 03 2032, 2243
Wit a1 f211] 221 (4°55) 5 2165

Vi cfon)pstzle oi)s (4°55) 305 2135, 2354
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3.3 Possible Mixtures of ¢® and ¢* g States

Ground state pentaquarks always have a negative parity, thus only [ = 1
nucleon and A orbitally excited states could mix with ground state pentaquarks.
Considering the low theoretical masses for the N(1535) and N(1520) resonances
in the ¢® picture and their quantum numbers, it is natural to assume that the
two baryon resonances may include both the ¢® and ¢* ¢ pentaquark component
contributions. The wave function of these baryon resonances may be expressed
as linear combinations of the ¢* state and ¢* ¢ pentaquark states which have the

same quantum numbers as the ¢* state,

aolq”) + X aalg'a)” (3:5)

In principle, one can determine the coefficients a,, by solving the coupled equations
of all channels including not only the coupling between the ¢ and ¢* ¢ states and
the coupling between the ¢* ¢ states, but also the contributions of hidden chan-
nels such as meson-baryon ones. The mass matrix is usually not Hermitian but
complex, thus the bare states and physical states cannot be linked by an unitary
transformation. In this work we simplify the problem to the simplest case that
the ¢® state mixes with only one ¢* 7 pentaquark state which has the lowest mass,
eliminating other pentaquark states and meson-baryon channels. As a result, the
2 x 2 mass matrix will be highly complex, which may be eigendiagonalized by the

transformation,

Y1 = cosb|¢®) —sinflg'q) ,
Yy = sind|¢®) + cosh|q*q). (3.6)
where 1, and 1), are respectively the lower and higher negative-parity physical

states, and the mixing angle 6 between the ¢* and ¢*g states is generally complex.
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Table 3.7 The mixture of ¢® and ¢* g components. All four ¢ states take the
same mass, 1380 MeV. The chosen pentaquark states and masses are listed as

q*q configuration and ¢*q Mass (in MeV) from Tables 3.5 and 3.6.

iy State J¥ 0 1y State ¢*q configuration ¢*q Mass

1530 17 435.2° 1882 ¢®551211) 131 2032
1515 37 432.6° 1899 T T30 415 2025

i31.7° 1914 0 Q2] p31] 5 2049
1610 17 i46.4° 1893 0 Q31)p31] 5 2123
1710 375150 2024 0*$522] p 31 2354

The masses of the physical states, My, and M, are derived as follows:

My, = Mpcos’d+ Muagsin®0 —m;
My, = Mpsin?0 + Mgagcos®0 +m;,
M1z — M
my = (‘14(12(13) tan 20sin26 (3.7)

The mixing angle 6 in Eq. (3.7) is determined by adjusting the lower negative-
parity states ¢; to N(1535), N(1520), A(1620), and A(1700). With both the
real and imaginary part of the mixing angle in the domain of (0,7/2), the mixing
angle and the My, can be determined without duplication from Eq. (3.7). Thus,
one gets four pairs of mixed states as shown in Table 3.7 with all Re(#) = 0.
N(1520)3/2~ and N(1875)3/2~ form a nonstrange pair, and the N(1535)1/2~
and N(1895)1/2~ form a strange pair for the nucleon resonances while the
A(1620)1/2 and A(1900)1/2~ form a nonstrange pair, and the A(1700)3/2~ and
A(1940)3/2~ form a strange pair for the A resonances. For the pair of N(1520)
and N(1875), we have shown in Table 3.7 the results with both the pentaquark

states ¢*q31],4s (2025 MeV) and ¢* 9,315 (2049 MeV) mixed with the ¢* state.
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In the present model one can not rule out either of them.

Table 3.8 Masses of negative-parity resonances after including ground state pen-
taquark components. The theoretical masses of N(1535), N(1520), A(1620), and
A(1700) states take the mean values of their Breit-Wigner mass from (Tanabashi

et al., 2018).

Resonance Status JP  MeP (MeV) M (MeV)

N (1520) wREE 3T 1510-1520 1515
N(1535) ok 17 1515-1545 1530
N(1650) ok 1T 1645-1670 1672
N(1675) PRk 5T 1670-1680 1672
N(1685) * 177 1665-1675 1683
N(1700) R 37 1650-1750 1672
N(1875) Pk 371850-1920  1899/1914
N(1895) wRkx 1T 1870-1920 1882
A(1620) ¥Rk 27 0 1590-1630 1610
A(1700) PRRk 37 1690-1730 1710
A(1900) Rk 17 1840-1920 1893
A(1940) B 8~ 1940-2060 2024

The mass spectrum of the negative-parity nucleon and A resonances are
listed in Table 3.8 in the ¢ and ¢*g picture. N(1650), N(1675), and N(1700) are
assumed to be mainly pure ¢® states since the ¢ picture reproduces their masses
well, as shown in Table 3.3, and hence there is no mixing with pentaquark states.
N(1685) could be the lowest pure pentaquark state. The others are ¢* and ¢* ¢
mixing states taken from Table 3.7.

The mass spectrum of the negative-parity nucleon and A resonances are
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listed in Table 3.8 in the ¢ and ¢*q picture. N(1650), N(1675), and N(1700) are
assumed to be mainly pure ¢® states since the ¢ picture reproduces their masses
well, as shown in Table 3.3, and hence there is no mixing with pentaquark states.
N(1685) could be the lowest pure pentaquark state. The others are ¢* and ¢* ¢

mixing states taken from Table 3.7.

3.4 ¢*QQ Pentaquark Spectrum

Motivated by the hidden-charm pentaquark candidates recently found by
the LHCb Collaboration (Aaij et al., 2019) we also calculate the mass spectra
of hidden heavy pentaquarks of ¢*Q@Q systems. The quark configurations and
wave functions of the ¢®QQ systems are derived in Appendix B. The spatial wave
functions, which are derived in the harmonic oscillator quark-quark interaction
and grouped in Appendix C according to the permutation symmetry, are employed
as complete bases to study the ¢?QQ systems described with the color dependent
Hamiltonian in Eq. (3.1). The mass spectra of the hidden charm and hidden
bottom pentaquarks of the ¢® color octet configuration are presented in Tables
3.9 and 3.10 separately.

It’s noted that the hidden-charm pentaquark mass spectra in this work is
slightly higher than the three narrow pentaquarklike states, P.(4312)", P.(4440)",
and P.(4457)% measured by LHCb. The predicted values of 4483 and 4495 MeV
for the lowest hidden-charm pentaquark in the [21]¢[21]rs[21]r[21]s configura-
tion are close to the experimental values of 4440 and 4457 MeV, but still about
100-200 MeV higher than the P.(4312)" state. The higher predicted P. masses
may result from the compact spacial configuration in our pentaquark picture.
The observed P. may probably be baryon-meson molecular states or mixtures of

compact pentaquark states and molecules. For the hidden-bottom pentaquarks,
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Table 3.9 Ground hidden-charm pentaquark ¢®c¢ mass spectrum, where the ¢*

and QQ components are in the color octet states.

¢*QQ configurations Jr S M(gPce)(MeV)
\IJ[C;{]C[21]FS[21}F[21]S(qgcé) 3 0 4483

3 s 1 4452, 4495
Wil 1) s 205 (4°€0) 'l 0 4702

> | F 1 4701, 4701
Uil rs i) fa)s (4°€0) ol 0 4556

N ot

1 4481, 4525, 4598

Table 3.10 Ground hidden-charm pentaquark ¢*bb mass spectrum, where the ¢°

and QQ components are in the color octet states.

7*QQ configurations g gbb M (q*bb)(MeV)
Vi)t esiene or)s (4°00) r 0 10964
-8 1 10954, 10968
\IJ[CQS{]C[QHFSB]F[?HS(q3b6) %_ 0 11183
178 1 11183, 11183
V5o 1] s 21101315 (4°00) 3" 0 11037
173757 1 11012, 11027, 11051

the work predicts the mass of the ground states to be 10.9-11.2 GeV, lying below
the threshold of a single bottom baryon and B(B*) mesons, which is consistent

with other work (Gutsche and Lyubovitskij, 2019).



CHAPTER IV
THE LOWEST PENTAQUARK STATE:

N(1685) OR NOT?

In our calculation one non-strange pentaquark with mass 1683 MeV, 1/2~
in \ijgl]ps[22}p[31]s(q4q) configuration was got. Normally, for the resonance mass
less than 1.8 GeV, all states are clear in experiment, so where is this state?

Unlike all the other nucleon resonances of low energy the Breit-Wigner
(BW) full width is at least 120 MeV, A narrow structure of BW width around
30 MeV was firstly announced in photoproduction of 7 mesons off the quasi-free
neutron by the group (Kuznetsov et al., 2007), the nucleon was observed in the
~vd — nn(p) excitation by another two different groups (Jaegle et al., 2011; Akondi
et al., 2014). The observations were introduced under the heading of a new one-
star isospin 1/2 nucleon resonance N(1685) since 2012, but was removed from
the listings from 2016. From the recent results on N(1685) (Anisovich et al.,
2017), a full partial wave analysis without any narrow resonance leads to an
excellent description of the data, so it could not be 1/2% positive parity state.
During the same period of time group (Kuznetsov et al., 2017) not only observe
the narrow resonance N (1685) decaying into np final state, but also witness
another isospin-1/2 N°(1685) resonance decaying into nn in the yN — mnN
reactions. For the L = 1 ¢ configuration 70(1,17) multiplets with spin 3/2,
N(1650), N(1700), N(1675) which all are well located, we have no possible space
to let N(1685) sit in. We may firstly make an assumption that N(1685) could be

the lowest ground pentaquark state.
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Actually, with very few exceptions, for most combination of quantum num-
bers experimentally only the lowest lying state is known, while models predict a
lot of higher lying states. However, at higher excitation energies not only the or-
dering but also the match in simple number counting is poor; and above 1.8 GeV
the 56 and 70 multiplets have more mixture effect as an old paper (Forsyth and
Cutkosky, 1980) mentioned. [56,17] and [70,17] states for N = 3 band could be
mixed together with great complexity:.

The mass spectrum of the negative-parity nucleon and A resonances are
listed in Table 3.8 in the ¢ and ¢*q picture. N(1650), N(1675), and N(1700) are
assumed to be mainly pure ¢® states since the ¢* picture reproduces their masses
well, as shown in Table 3.3, and hence there is no mixing with pentaquark states.
N(1685) could be the lowest pure pentaquark state. The others are ¢® and ¢*¢
mixing states taken from Table 3.7. Only N = 1 oscillator band of Octet states
sit wrongly in the nucleon resonance because they couple with other ground state
pentaquarks of same quantum numbers, and a better understanding of N (1440),
N(1520) and N(1535) may be achieved by studying the helicity amplitude of
N (1440), N(1520) and N(1535) with both ¢* and ¢* § state contributions since
there are much more sensitive experimental data available.

While we can’t locate N(1685) in the ¢ negative party spectrum. The
lowest pentaquark mass we get is 1683 MeV with J¥ = 1/2 right in this region,
even though we can’t prove that 1683 MeV is just this N (1685) state, to study the
property of N(1685) as a non-strange pentaquark state may give us a good under-
stand in experiment at least its low BW width like the charmonium pentaquark

P.(4450)" (Aaij et al., 2015) with width 39 £ 5 £ 19 MeV.



CHAPTER V

CONCLUSIONS

In the thesis we have worked out all the spatial-spin-flavor as well as spin-
flavor configurations of pentaquark systems, and derived explicitly the spatial-
spin-flavor as well as spin-flavor wave functions. Spatial wave functions of various
permutation symmetries have been constructed for the pentaquark systems where
the quark-quark interactions are of the harmonic oscillator type. The constructed
spatial wave functions can serve as complete bases for studying systems in other
interactions.

The masses of low-lying ¢® states and ground ¢q states are evaluated,
where all model parameters are predetermined by fitting the theoretical masses
to the experimental data for the baryons which are believed to be mainly 3¢
states. In the work we have assumed that the Roper resonance is the first radial
excitation state of nucleon.

It is interesting that the theoretical work predicts the pentaquark state
with the [31]ps[22]¢[31]s configuration and the quantum numbers I(J¥) = 1(37)
has the lowest mass, about 1680 MeV. One may make a bold guess that this ¢*q
pentaquark state could be the isospin-1/2 narrow resonance N1 (1685) which can
not be accommodated as a ¢ particle.

The work shows that the ordering problem of the N(1440), N(1520)
and N(1535) may be solved by introducing the ¢*¢ contribution.  The
same calculation leads to that the N(1895)1/2, N(1875)3/2~, A(1900)1/2~,

and A(1940)3/2~ resonances may pair respectively with the N(1535)1/27,



34

N(1520)3/27, A(1620)1/27, and A(1700)3/2~ in the ¢* and ¢'g interpretation.
A better understanding of N(1440), N(1520) and N(1535) may be achieved by
studying the helicity amplitude of N(1440), N(1520) and N(1535) with both ¢*
and ¢* g state contributions since there are much more sensitive experimental data
available.

The mass spectra of ground hidden heavy pentaquark states ¢*QQ are ac-
curately evaluated using the same predetermined model parameters. It is found
that the hidden charm pentaquark states with the [21]¢[21]r5[21]¢[21]s configu-
ration have the lowest masses which are slightly larger than the LHCDb results. In
this communication, however, the work can not draw any conclusion about the

nature of P. states.
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APPENDIX A

GROUP THEORY APPROACH

Pentaquarks are states of four quarks and one antiquark, ¢*g. Pentaquark
wave functions contain contributions of the spatial degrees of freedom and the
internal degrees of freedom of color, flavor and spin. The internal degrees of
freedom are taken to be the three light flavors u, d and s with spin s = 1/2 and
three possible colors r, g and b.

The quark transforms under the fundamental representation of SU(n),
whereas the antiquark transforms under the conjugate representation of SU(n),
with n = 2,3,3,6 for the spin, flavor, color and spin-flavor degree of freedom,
respectively. The algebraic structure of multiquark state consists of the usual
spin-flavor and color algebras SU,(6) @ SU,(3) with SU,s(6) = SU(3) @ SUs(2).
The n-quark state |g1)|q2) « - - |g,) forms an m™ dimensional direct product basis
of SU(m) (m =3, 3, 3, 2 for the color, spatial, flavor, and spin), which can be
decomposed according to the S; permutation group.

The construction of ¢*¢ states follow the rules that a ¢*q state must be
a color singlet and the ¢*¢ wave function should be antisymmetric under any
permutation between identical quarks.

In the language of group theory, the permutation symmetry of the four-
quark configuration is characterized by the S, Young tabloids [4], [31], [22], [211]
and [1111].

The total pentaquark wave function should be a color singlet demands that

the color part of the pentaquark wave function must be a [222]; singlet.
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Since the color part of the antiquark in pentaquark states is a [11]3 an-

titriplet

Vi (@) = H (A1)
the color wave function of the four-quark configuration must be a [211]3 triplet

%U[le] <Q4) = (A.2)

The total states of ¢* is antisymmetric implies that the orbital-spin-flavour

part must be a [31] state

vl =+ (A3)

31]

which is obtained from the Young tabloid of the colour part by interchanging rows
and columns.

Total wave function of the ¢* configuration may be written in the general
form

Y= 3 cayiin i, (A4)
LI=Apm

The coefficients can be determined by operating the permutations of S on the
general form, using the [31} and [211] representation matrices.

For example, applying the permutation (12) first by using

10 0 1 0 0
D2y =0 1 o |, DPYa2y=| 0o -1 o (A.5)
00 —1 0 0 -1

One gets

(12)y = "‘aMlﬁanhQﬁgﬂA - a/\pﬁbfmlh%sﬁp + a/\nl/’[cmlhqﬁgﬁcn

_%A‘I’[cm]ﬂf?l@ + apptﬁfmpwf;sﬂp - “ﬂn¢f211]pwésf;n
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os

—ap Wi, Vi, + nporny, ¥t — Gmtforn, Vi),

An antisymmetric ¢ requires ayy = ax, = a,, = a,, = 0. Therefore, we have

= aAp¢[211]A¢[31]p + ap/\@b[211]p¢ 31y T @on¥ann) @Z)[zﬂ],7
+an/\¢[211]n¢ Bi]y T annl/)[zn]n?ﬁ?lﬁn
The action of the permutation (13) of Sy on the above equation and the application

of the antisymmetric restriction, (13)¢ = — lead to a,» = a,, = 0 and a,) =

—ay,, and hence

Y= anWhu, Ui, = Gy, Vi, + Wi, YT,

Applying the permutation (34) of Sy to the above equation, we have

(B34 = _a)\Pw[CQll]Aw[O;lﬁp
1 c 2\/§ 0s 2\/§ 0s
+ apa <—3¢[211} 3 ¢[211],,> ( 7#[31?A w[31€n>

3
2 1 2
( \/_w[ml B \ 3¢211 ) (\3/_77/}0310 ¢F3$1]]cn> (A.6)

+ ayy

Here we have used the [31] and [211] representation matrices for the permutation

(34),

o

1/3
DPIBH =1 o

2v/2/3 —L\"0 0
0 | DPPMBY =0 -1/3 2v2/3 [AT)

2v2/3 0 —1/3 0 2v2/3 1/3

—_

1/3 2v/2/3 -1 0 0
DB (34) = DPI(34) = A8
(34) 0 1 0 , (34) 0 —1/3 2y2/3 [A8)

2v/2/3 0 —1/3 0 2v2/3 1/3

An antisymmetric ¢ demands ay, = a,,. Finally, we derive a fully antisymmetric

o

wave function for the ¢* configuration

1
Y o= % (w[zll} wSl]p w[zn]pw 31, T Y21y, ¥ 311]c ) (A.9)
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The spatial-flavor-spin wave function of the ¢* cluster may be written in
the general form
vl = S by U (A.10)
i,j=5,A\,p,n
Applying the permutations of S; on the general form leads to all the possible
spatial-spin-flavor configurations:
The flavor-spin wave function of the ¢* cluster may be written in the general
form
\IJE}C] = Z Cz‘jq){x]iX[SY]j (A.11)
i,j=5,A\,p,1
Applying the permutations of S; on the general form leads to all the possible
spin-flavor configurations.
For the pentaquark states with isospin I = 0 and strangeness S = 1, the

q* flavor-spin wave function of must be as follows:

31 = W ® 31
31] 22] [31] (A.12)
SU;¢(6) SU¢(3) SU,(2)
Again, the spin-flavor wave functions of various permutation symmetries take the
general form,

V=30 D ay dpa X, (A.13)

1=Xp J=Apm

a;; can be determined by acting the permutations of Ss on the general form. In
this appendix we list explicitly the spatial-spin-flavor as well as spin-flavor wave
functions for all the configurations in Tables 2.1 and 2.2. Oxj, Fix), Six), £'9x),
and OFS[x) in the content below stand respectively for the spatial, flavor, spin,
spin-flavor, and spatial-spin-flavor symmetries. OF Sz and F'Spy), F'Si31), F'Sp1),
F'Sja9), F'Sp1111) wave functions are listed separately in Tables A.1, A.2, A.3, A4,

A5 and A.6.



47

Table A.1 Explicit OF S[3; wave functions in Ox) and F'Six] configurations.

Oix) F'Six)  OFSja Type Explicit wave function
O Sy p s P,
A AR
1 O,
0[1111}FS[211] P ¢[1111 ¢2fn}
A Phr11)4 ¢2f11}
n ¢[1111 Cbszfn},
Oz F'Si3y p 50021, O, T 590, S, — T30, 9,
A ~5 0% P, T 3902, P, — 7502, O,
U = 3% S, — 3%k, 90,
OpyFSpiy  p 5¢([)22]p¢[211 2925 22] ¢[211 7925022 (15[82f11
A _%¢022 ¢[S211]A 2¢ 22]p¢f2fl1 f¢[22]p¢[211]n
n \[¢[22 ¢211 \[¢22]p¢211]
OpiF'Spy  p Z5 P, B, + v50hm, 9,
A 75,9, — 7%, G,
y — 7500, O, — 730k, O,
Op1F'Spiy p \/¢[211]A¢[211]p+\/¢ 211] Gb[zn]A f¢[211 Cbgfn]A
J5hm, 90,
A T 1), Sy, T o5 Hhonr), i), + o Py, o), —
F%fun, i,
n f¢[211]>\¢[211]>\ \[¢[211]p¢ 211] +f¢ 211]n¢[;11]n
Op11)F'Spp2p - p §¢f211 ¢[22]p 2¢ 211],,¢[22]A f‘b 211]n¢[22]>\
A — 5%, @bzg]A 30hu1] ¢[22 ﬁ(b[ozu]nﬁbfm]p
77 V30h, 0, + 7%, S,




Table A.1 (Continued)
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Oix) FSix;  OFS3; Type Explicit wave function
Opy F'S| p o, Plis
A N ¢4]s
n ¢f31} ¢84
OpyFSpy  p T30, ¢S:{1],, + Z5o, ¢[31 \}g¢f31}n¢f§c1}p +
\f¢[31 ¢[31
A ~ 300 Gy, + 750, O, + 75, O, T
\f¢[31 ¢S:{1]7,
n \/¢[31 ¢31]A %@31],,05[?1],,—%¢[31]n¢fyﬁ]n
OpylF'Spuy  p 7¢f31]x¢[211 &¢[31 ¢[211]p
A 75,90, — V5, b,
n \[¢5[31]A¢5.‘z11]A f¢[31 ¢[211]p
Op31)£"Sl22) P 2¢[31]A¢[22 2¢[31]p¢[22]A f¢[31]n¢[22]p
A —~50%, 9%, + 398,88, — V5%, P,
U ~ 00,9 — 7590, O,

Table A.2 Explicit F'Sy; wave functions in Fjx] and Spx) configurations.

Fix) Six FSpy Type Explicit wave function
FlayStay S Plals X[d]s
F[31]S[31] S \/¢[31 X[31]x \/<Z5[31],) 131, \[¢31 X[31],
Fig91S]22] S T3P X220, + 501221, X2,

Table A.3 Explicit F'S[3;) wave functions in Fy) and S|xj configurations.

Fix) Six)

FSpzy; Type

Explicit wave function

FlaSpay

p Py X[31],
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Table A.3 (Continued)

Fix) Six FSiz1y Type Explicit wave function
A D) X[31]
L Pa)s X[31,
FlanSy p P11, X4
A P13 X4l
U P11, X [4)s
Fi31)S}311 p \/¢[31 [31], T \/05[31],, 31, T \[¢[31],7 [31], T
%¢[31}pX[31]n
A —%¢[31]AX[31]X \/¢31]pX[31 f¢31 X[31], T
75 P XB,
Ui \/925[31]AX[31 \/¢ [31], X[31],, \/45[31 X[31],
Fi31F'Spag) p SO XR, + 3P31], X220 \[925 31, X[22],
A —%¢[31]AX[22]A 2¢ 31],X[22], ¢[31],7X[22]A
n —%Gﬁ[suﬁqzz]A 5 %@31}9{[22],,
Fpo1118531) P %5¢[211]WX[31]A i \/L§<25[211],,X[31}77
A \/Lgd)[Qll],\X[fﬂl],, < %¢[211}7,X[31],3
n —%¢[211]AX[31]A = —¢[211 X[31],
F[211}S[22} P %¢[211}AX[22] 2¢[211]pX[22 f¢[211 X[22]x
A —%¢[211}AX[22}A + %¢[211],)X[22]p - ﬁ¢[211],7X[22],,
n %¢7[211]AX[22]A + %925[211],)([22],)
Flao)Spay p 3PRAX[31], T 5P221, X311, — 5122, X 31,
A —%¢[22]AX[31]A 2¢[22]pX[31 \[¢[22]XX[31

1 — 302 X[31], — 5012, X3,




Table A.4 Explicit F'Sp1q) wave functions in Fixj and Spx) configurations.

Fix) Six FSpiy Type Explicit wave function
F[31]S[31] P \/65[31],7 [31], 925 31], X[31]
A f¢[31],, [31] 5 \[¢[31]AX[31],,
n ﬁ¢[31]AX[31]p - ﬁ¢[3l]pX[31h
Fi31)S)22] p %¢[31]AX[22]9 + %¢[31]pX[22]A + %¢[31}T,X[22],,
A ¢[31 X[22]x 2925[31 X[22], T ﬁ¢[3l]nx[22]/\
n %¢[31]pX[22]A - %¢[31]AX[2z]p
F[211]S[4] P ¢[211}pX[4}S
A P11, X[4]s
n ¢[211]7,X[4]S
Fi211)Sp31] p %¢[211]AX[3119 + ;/Lgfb[zn]p)([sm + %ﬁb[zu}n)([sm -
%@211],3)([31]7,
A _\}g¢[211}>\X[31 \/¢[211]p [31], \[Qﬁ 211), X[31], —
%¢[211]AX[31]”
n \/LgQS[le],\ X[31], fﬁb [211], X[31] %¢[211]7,X[31}7,
F[211]FS[22] P ¢[211]XX[22 2¢[211 X[22]x — ﬁﬁb[zn]n){pzh
A —%¢[211]AX[22]A 2¢[211]pX[22 \f¢[211],, [22],
U] — 50111, X[22), T 3PP, X2,
Flag1S31 p SR X[31), + P22, X[31]y T %@22},)([31],7
A 2¢[22 X[31] 2¢[22 X[31], T %¢[22}AX[31],,
n - \1[¢[22]pX[31 \[¢[22]AX[31],,

Table A.5 Explicit 'Sy wave functions in Fy) and S|x) configurations.

Fix) Six F'Sja9) Type Explicit wave function

FlaSpa p D1 X221,
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Table A.5 (Continued)

Fix) Six FSja9) Type Explicit wave function
A Plajs X[22]
F[31]S[31] P %¢[31}AX[31}F, + %¢[31}pX[31]A - %@31%)([31],, -
751811, X1,
A —%¢[31]AX[31]A + %¢[31],,X[31]p - %¢[31]WX[31]A -
Z5 0B XE1,
F[211}S[31] P %¢[211]AX[31],, + %¢[211],)X[31h - ﬁqﬁ[zn]n)([mh +
75 Pl211), X311,
A —%¢[211]AX[31]A + %Cb[zn]p){[mp + %@211],7)([31][, +
%¢[211]AX[31],,
Flaz Sy p P22, X[4)s
A P22 X[4]s
Fla2) 522 P T5P122, (22l + 50122, X[22],
A _%QS[ZQ],\X[ZQ]X y- %Cb[Qz]pX[zz}p

Table A.6 Explicit F'Sj;111) wave functions in Fix) and S|xj configurations.

Fix) Six FSpin Type Explicit wave function
Fio111531) A —%ﬁb[zn}p){[zﬂh + %QS[ZH],\X[&],, + %ﬁb[ml]n)([zﬂ]?7
F[22}S[22] A —%Qb[zz]pX[th + %Qb[zz]AX[Qz]p

The hyperfine contributions AMOP“E(¢*g) in Eq. (A.14) show the detailed
dependence of pentaquark hyperfine interaction on the color-spin-flavor wave func-

tion.
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Table A.7 Expectation values of spin configuration [22] with pentaquark spin

s=1/2

g0 12 13 23 14 24 34 15 25 35 45

o?-a?)y -3 0 0 0 0 -3 0 0 0 0
(R

(77-03) 0 —V3 V3 V3 =3 0 0 0 0 0
(@7 1 2 2 2 2 1 0 0 0 0

AMO“F(q"q) = (¥(q"9) | Hoar (4D (4'7))

Gl (W, A - AT M, 1 1)
Smam, G \\Wpn A - A W], /W31, 194 951¥ 31,

_2<1/)[6211]A|)‘z‘c ’ )‘JC|¢[C211}p><¢F3];]A|5i ’ 5j|wf3f1]p>

+2<¢f211]A|A¢C ’ )‘jc|¢f211]n><¢f§fl]p|5i ) 6j’¢ﬁ¥1},,>

+<¢[6211}p‘)‘zc ’ )‘]‘CW[Czn]p)(w[ssﬁ]A’&i ’ 5’j|¢[s3flh>

_2<w[6211]p’)‘ic ’ )‘]'Clw[c211],,><w[93f1h’5i I 5j"¢[83fl]n>

+<¢[6211],7|)‘z‘c ) Af‘¢f211]n><w[s3];]n|5i 4 ﬁj’wfsfl}n»

(A.14)

Where the expectation values <w[€21111|A§ . /\jc|wf211]y> for [211] color con-
figuration and wﬁf{l}z’&i : ijéﬁm for different spin configurations are simplified
as \{ - )\]C and &, - 6;. The s quark mass m; is different from u and d quark
mass for the flavor correction, so as for the heavy quark masses m. and my;. The
expectation values for each quark pair in pentaquark state for spin configuration
[22] and [31] are listed in Tables A.7, A.8 and A.9.

Spin configuration [4] with total pentaquark spin 5/2 have all expectation
values as 1 between every quark pair in pentaquark state, while all expectation
values of the quark-antiquark pair change to -1 when total pentaquark spin equal

3/2.
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Table A.8 Expectation values of spin configuration [31] with pentaquark spin

s=1/2

Gi-0; 12 13 23 14 24 34 15 25 35 45
(07 -a7) -3 0 0 0 0 1 0 0 -2 -2
2\ 2\ 2 2 1 4 4 2
(07-a7) 1 2 23 3 -3 T3 T3 3 -2

5 5 5 5 5 5
{0/ -0f) 1 1 1 -5 3 —3 —3 —3 —3 1
@) 0 V3 V3 -k L0 2 2 g g
@0 00 a0 f
2N = 2v2 22  4/2 V2 V2 2v2
(@-a) 00 0 -5 5 5y 35 5 —35 0
The expectation values for each quark pair in pentaquark state for color

configuration [211] is listed in Table A.10.
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Table A.9 Expectation values of spin configuration [31] with pentaquark spin

s=23/2

g0 12 13 23 14 24 34 15 25 35 45

—

(G7-a) -3 0 0 0 0 1 0 0 1 ]
@) 1 2 2 2 2 _1 2 2 1
(ol -al) 1 1 1 -5 -2 3 5 5 -1
(@-a}) 0 -3 V3 - % 0 20 0
(@) 0 0 0 -HREHE 0 ¥ 0 0
@6 0 0 0 -2 _nEoaE LV _v3ovI

Table A.10 Expectation values of color configuration [211]

i Aj 12 13 23 14 24 34 15 25 35 45

wop -3 Wlagneplaytor 1 -y g
SO TE T  T S S S N B
A7y -8 2 8 0 0 0 0 0 -3
WX 0 VB VS - 0 F —F 0 0
R I I e i i i e o
(A7)0 0 0 %5~ 0 -% w0 0




APPENDIX B
¢> AND ¢‘g FULL WAVE FUNCTION IN SU(3)

FLAVOR SYMMETRY

B.1 ¢ Color-spin-flavor Wave Functions

In this Appendix the ¢ color-spatial-spin-flavor wave functions with the
principle quantum number NV < 2 are listed in Table B.1, where y;, ®;, and gbg/M,y
are the spin, flavor, and spatial wave functions, respectively. And flavor singlet 20
supermultiplets are not discussed here. The SU(3)p singlet states are excluded
since only nucleon and A resonances are discussed. The wave functions of baryon
octet and decuplet states refer to group theory lecture notes in our group.

Out of the 3% x 22 = 216 baryonic supermultiplets, derived are 56 symmet-

ric, 70 p-type, 70 A-type, and 20 antisymmetric states listed as follows:

A (10,4) + (8,2) = 56
A: (10,2) +(8,4) +(8,2) +(1,2) = 70 (B.1)
p: (10,2)+(8,4)+(8,2)+(1,2) = 70
A: (8,2) +(1,4) = 20
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Table B.1 Explicit ¢* orbital-spin-flavor wave functions.

SU(6)sr r SU(6)spx0(3) wave functions
N Rep. 0(3) SU(3)F octet SU(3)r decuplet
0 56 0t JP =1 JP = 3%
T5000s(Pxp +Ppxn) s Psxs
- _ 14l 3- _ 1 3~
L 1 JP=3".3 JP=3 .3
5[0 (Paxp + Ppxa) + %®s(¢%mxm+¢%mpxp)
DL (PoXp — Paxa)]
P_1- 3= 5-
JU=5 .9 03
T5X (DPLma®r + P11y @)
V2 1mA = A Imp=p
2 56 0t Jr = Jr=3"
5 P05 (@axp + PpX2) DsPosXs
PG T pP_ 1t
70 0t TS g =1
31800, @axp + Ppxn) + %@S(%OAX/\JF%OPX;:)
¢(2)0>\(q)po r (I))\X)\)]
& __ |8
JU=3
%XS(QZ’%O/\CDA + ¢(2)0p(1)p>
2 CY B I ol p_1+t 3+ 5+ 7+
256 2" JU=53 JP=5",5".8 .3
L2 (Pox, + Paxn) #3, P
V2 %2ms (PoXp + PAXA 2msPsXs
p_ 3t 5t p_ 3t 5+
70 2+ JE=5",3 JU=5 .3

%[gb%mp((p)\xp + ¢pX>\) +

30 (PpXp — PaX)]

<
|
I
NO|—=
\S][eV)
[\el[e38
+
[NGIEN
+

%XS((b%m)\q))\ + (b%mpq)ﬂ)

%(ps(gb%m)\)()\ + ¢%mep)
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B.2 ¢'G Color-spin-flavor Wave Functions

For ¢* systems, the projection operators according to Young tableaux of p,

A and 7 types, for example,

The projection operator of

Pow, = 6—6(12) +3(13) — 5(14) + 3(23) — 5(24) — 2(34)

+2(12)(34) — 4(14)(23) — 4(13)(24)

—3(123) + 5(124) — 3(132) — (134) + 5(142) — (143) — (234) — (243)
(1234) + (1243) + 4(1324) + (1342) + 4(1423) + (1432),

2+ 2(12) — (13) — (14) — (23) — (24) — 2(34)

P,
—2(12)(34)
—(123) — (124) — (132) + (134) — (142) + (143) + (234) + (243)
(1234) + (1243) + (1342) + (1432),

Pory, = 3—3(12) = 3(13) + (14) — 3(23) + (24) + (34)

—(12)(34) — (14)(23) — (13)(24)
+3(123) — (124) + 3(132) — (134) — (142) — (143) — (234) — (243)

+(1234) 4 (1243) 4 (1324) + (1342) + (1423) + (1432). (B.2)

q* color wave functions can be derived by applying the M-, p- and n-type

projection operators of the S; IR[211] in Yamanouchi basis,

12| R

Y

R
> = Pp1), (RRGB) = w[cmm(R) :

G
B

3
14
(2lRRGB) — 2|RRBG) — |GRRB) — |RGRB) — | BRGR)

V16
—|RBGR) + |BRRG) + |GRBR) + |RBRG) + |[RGBR))

3

1
2] .
14

R|
> = Po11),(RGRB) = ¢f211},,(R) :

@[Q=
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1
/48
—2|BGRR) — |BRGR) + |RBGR) + |GRBR) — |RGBR))

(3|RGRB) — 3|GRRB) + 3|BRRG) — 3|RBRG) + 2|GBRR)

4]

I

R
>=f@m4RGBR>=¢¢@mAR%

@]Q=

—(|RGBR) + |GBRR) + |BRGR) — |[RBGR) — |GRBR) — |BGRR))

S

The singlet color wave function ‘I’fzn]j (7 = A, p,n) of pentaquarks is given

. 1

[211); — \/§

For the flavor wave function of ¢*, for example, isospin and isospin projec-

(¢, (R) B +fo11),(G) G + ¥y, (B) B) .

d

tionas I = 1,1z =1, for

P, (vudu) = iy, (1,1) = | 2uudu — duvu — uduu )

D

Py, (uduu) = épu,(1,1) = —= | uduu — duvu )

V2
1
23

The isospin of pentaquark state / = %,

Py, (vuud) - = ¢y, (1, 1) = | Buuud — duvu = uduu — vudu \B.3)

. 3 3 _ _
¢(Q4Q)[31]A(§, 5) =o(Iq" = 1,mp = 1)1, 0(1q = 1/2, 12 = 1/2)
1
= — | 2uuduu — duvuu — uduui )
V6
_ 3 3 N _
¢<q4q)[31]p(§’ 5) = ¢(Iq* = Lmg = 1)31,0(Iq = 1/2,12q = 1/2)

1
= 7 | uduun — duuui )

33

¢(q467)[31]7,(§a 5) =¢(Iq" =1, mpu = Dy, (Iq=1/2,12q = 1/2)

| Buvudu — duuvu — uduut — vuduii ) (B.4)

1
= 72\/5
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To be noticed, for flavor configuration [211], there is no possible choices

for non-strange ¢* states.

For the flavor wave function of ¢*, for example, S = 1, m, = 1, for T[]

Pany (1) = Xy (L1) = = |2 14 = 411 = 1411

P[31]p(T~LTT) — X[31]p(1, 1) = \}E | A — )

S

Py, (M1)) = X[su,,,u,l)—;g |31 — UM — 1t — M1 )(B.5)

The spin of pentaquark state in ¢*g configuration is the coupling of the
q* spin with the antiquark spin with corresponding Clebsch-Gordan coefficients.
The pentaquark states of a certain spin and the same ¢* and antiquark spins but
different spin projection m, have the same expectation values. In this work all

the spins take the maximum spin projections.

X(q4§)[3l](1/2> 1/2) = _\/39([31](3!1‘l =1,mg = 1)xq(—1/2)

1

a §X[31](5q4 = 1,mg = 0)xq(1/2) (B.6)

For hidden heavy pentaquark states, the ¢*QQ (¢3cc,¢®bb) color singlet

young tabloid construction is,

(a')) = @ (@) ® @ (QQ)

the ¢*QQ (¢*cc,q®bb) hidden color octet young tabloid construction is

@) = 1 @ o))

The construction of the ¢*QQ pentaquark state follows the rule that ¢*QQ

state must be a color singlet and the ¢*QQ wave function should be antisym-

metric under any permutation between identical quarks. Requiring the ¢*QQ
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pentaquark to be a color singlet demands that the color part of the ¢® and QQ
must form a [222]; singlet state, there are two possible color configurations: the
color part of the ¢* is a [111] singlet and the QQ is also a singlet and the color
part of the ¢ is a [21] octet and QQ is also an octet. The pentaquark state
in the ¢?QQ system with the ¢* color singlet configuration corresponds to the
hadronic molecular pentaquark state which is not confined in our Hamiltonian.
And the ¢*QQ system in the compact pentaquark picture takes the ¢ color octet
configuration. Requiring the wave function of the three-quark configuration to
be antisymmetric, the spatial-spin-flavor part of ¢* is required to be [21] state by
conjugation, and directly couples with the spatial-spin-flavor part of QQ. First we

study the total antisymmetric wave function for the ¢* color octet configuration,
1
_ c osf c osf
Y31, = E (1/)[21}A1/)[21}p - ¢[21]p¢[21h) (B.7)

with

osf B ) sf
w[?l]p)\ - Z bqu/}[x]zw[Y]j’

1,j=S5,p,A
A R LA A
1,7=5,p,A
w[sX]l — {1/}[%]5’2#?21]9,)\}’
_ f
Wy, = Ve Y, ¥in,50 (B.8)

The total color wave function for ¢*QQ pentaquark state takes the form,

8
\Il[cm}j:p,A = \}g;q/’[cm];(qs)@/][cm];(QQ) (B.9)
where the p and A stand for the types of [21]g color octet configuration in Eq.
(B.7). The detailed color wave function for both color singlet and color octet
states for the ¢® and QQ are listed in Table B.2.
The spin-flavor wave function of hidden heavy pentaquark states are the
direct product of spin and flavor parts of ¢* and QQ quark-antiquark pair. And

the detailed will not be specified here.



Table B.2 ¢*QQ color wave functions.
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color list

q® color WF p type

q® color WF ) type

color singlet %(RGB — GRB + GBR — %(RR + -
BGR + BRG — RBG) GG + BB)
color octet 1 —5(RGR — GRR) BR 7 (2RRG — RGR —
GRR)
color octet 2 %(RGG — GRG) BG %(RGG + GRG —
2GGR)
color octet 3 5 (RBR — BRR) ~GR 75(2RRB— RBR —
BRR)
coloroctet 4 3(RBG + GBR — BRG — 5(RR  — —-(2RGB +
BGR) GG) 2GRB — GBR —
RBG — BRG -
BGR)
color octet 5 75 (GBG — BGG) RG 7 (2GGB—GBG -
BGG)
color octet 6 —=(2RGB 2GRB — %(QBB ;(RBG + BRG —
GBR+BGR—-BRG+RBG) RR—-GG) BGR- GBR)
color octet 7 %(RBB — BRB) -GB %(RBB + BRB —
2BBR)
color octet 8 %(GBB — BGB) RB %(GBB + BGB —

2BBG)




APPENDIX C

SPATIAL WAVE FUNCTION

In this appendix the spatial wave function of ¢* and ¢*¢ in the harmonic
oscillator basis are displayed, all the principle quantum number N stands for the
real harmonic oscillation band which means the physical state since all functions
fulfill the permutation symmetry of corresponding configuration. For L = 0, 56
multiplets till N = 40 states are showed below, while 70 multiplets is till N=20.
And L =1, 70 multiplets is for N=19 and L = 2, 56 multiplets show N=20.

For ¢3 permutation symmetry, p and \ type spatial wave function is listed

below. The total principle quantum number is N is written as:
N:2np+lp+2nA+l,\ (Cl)

Chpi,may i the normalization factor.

Table C.1 Normalized ¢* spatial wave functions with quantum number, N = 2n

and L = M = 0, 56 multiplet

NLM Cnp,lp,n)\,b\ (nm lp; ny, l)\)

000z, (0,0,0,0)

20031, 5(1,0,0,0), 5(0,0,1,0)

4003, ¥%2(2,0,0,0), \/2(1,0, 1,0), ¥2(0,0,2,0)

600k, Y21(3,0,0,0), ¥I3(2,0,1,0), ¥I3(1,0,2,0), ¥1(0,0,3,0)

800ms  Y12(4,0,0,0), ¥4(3,0,1,0), ¥15(2,0,2,0) , ¥11(1,0,3,0),
¥2(0,0,4,0)

10005, ¥23(5,0,0,0), ¥5(4,0,1,0), ¥22(3,0,2,0), ¥(2,0,3,0),
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Table C.1 (Continued)

NLM Crptpmnids (s Loy Mixs 1)
Y15(1,0,4,0), ¥2(0,0,5,0)

12005, ¥Y222(6,0,0,0), ¥29(5,0,1,0), Y5 (4,0,2,0), ¥17(3,0,3,0),
YOT5(2,0,4,0), ¥3%4(1,0,5,0), ¥22(0,0,6,0)

14003, ¥2139(7,0,0,0), Y2%%2(6,0,1,0), VZ?T(5 0,2,0), Y2154 0, 3,0),
215030, 4,0), YZ10(2,0,5,0), ¥292(1,0,6,0), ¥110(0,0,7,0)

16005,  ¥A562(8.0,0,0), ¥229(7,0,1,0), Y222 (6,0,2,0), ¥23(5,0,3,0),
220540, 4,0), ¥332(3,0,5,0), Y222(2,0,6,0), Y122(1,0,7,0),
5502(0,0,8,0)

1800, Y4199 0,0,0), Y297 (8,0, 1,0), A%5(7,0,2,0), Y211(6,0,3,0),
938 (5,0,4,0), YI58(4,0,5,0), Y11(3,0,6,0), YIT55(2,0,7,0),
Y27(1,0,8,0), ¥529(0,0,9,0)

2000, Y2610, 0,0,0), @(9,0,1,0), VI950,8 0,2, 0), Y8257, 0, 3, 0),
VOG5 (6 (), 4,0), Y2919 (5.0, 5,0), Y255 (4,0, 6,0), YB25(3,0,7,0),
VIR0 (9 ), 8,0), Y299 (1 0,9,0), Y350, 0,10, 0)

22005, Y2293(11,0,0,0), 513 (10,0, 1,0), V35259, 0,2,0), Y8158, 0,3, 0),

VIBBR0 (7 )4, 0), MAWT2 (6 5.0), MAE22 (5 ) 6 (), VIO (4 0, 7,0),

19(?2147 (3,0,8,0), ¥38825(2,0,9,0), ¥2013(1,0, 10, 0), fggf (0,0,11,0)

Table C.2 Normalized ¢* spatial wave functions with quantum number, N = 2n

and L = M =0, 70 multiplet

NLM Crplpmnin(py Loy 1x, 1)

200215,  (0,1,0,1)

2001, 5(1,0,0,0), =-5(0,0,1,0)
400(213,, 7(1,1,0 1), %(0,1,171)
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Table C.2 (Continued)

NLM

Crptpmnis (s Loy 1, 1)

4002y,

2,0,0,0), —=(0,0,2,0)

5

600521,

60021

A

.
YI2(2,1,0,1), ¥I5(1,1,1,1), ¥22(0,1,2,1)

YT(3,0,0,0), 1(2,0,1,0), —1(1,0,2,0), —47(0,0,3,0)

80021y,

80021,

(
!i( ),42?(2,1,1,1% Y5(1,1,2,1), ¥3(0,1,3,1)
224, (

0,0), %2

1000(211,

1000[21]A

w

=f &
—~
=
;_n
;.lk
—_
~—

ch

ﬁ

350(5,0,0 0),9;f(4 0,1,0)

2(1,0,4,0), —¥3%(0,0,5,0)

¥5(3,0,2,0) , —¥2(2,0,3,0),

» 16

K

12000211,

1200213,

|

5(5,1,0,1), 286(4,1,1,1), 2¥21(3,1,2,1), 2¥2L(2,1,3,1),

V838 (0,1,5,1)

e
—_
~

‘Cﬂ
wﬁ
SN
1<)
— —~ —

‘ﬁ
03]
(=]

Y1(5,0,1,0), 22(4,0,2,0), —2/2(2,0,4,0),

‘=
o
o
=

W

11(1,0,5,0), —¥25(0,0,6,0)

1400211,

1400213,

-

AL, 1), LTRENINO),

—~

6(6,1,0,1), 210(3,1,3, 1),

g8
\/7(]‘7 17 ) )

jw

0(2,1,4,1),

“ﬁ

6 (O 17671)

VIOL(7.0,0,0), 412(6,0,1,0), 243(5,0,2,0), ¥35(4,0,3,0),

ﬁ

55(3,0,4,0), —2£3(2,0,5,0), V”}5(1,0,6,0), —¥2991(0,0,7,0)

1600(211,

1600[21]A

j

L(7,1,0,1), ¥85(6,1,1,1), 13(5,1,2,1), Y2504, 1,3,1),

50(3,1,4,1),Z%§§(2,1,5,1) VA% (1,1,6,1), ¥221(0,1,7,1)

j

1(8,0,0,0), 2Y7(7,0,1,0), ¥21(6,0,2,0), 2(5,0,3,0),

’ 64

K

(305@-A@@ﬂﬁﬁx—ﬂ@uﬁjﬁx—Q?ma&m

1800211,

[\v)
01
=
@

2191(8,1,0,1), ¥B2(7,1,1,1), 130(6,1,2,1), 23(5,1,3,1),

7§;;(4:j1 4,1), ™(3,1,5,1), 7§§ff(2 1,6,1), ¥2815(1,1,7,1),

V19 () 1,8, 1)
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Table C.2 (Continued)

NLM Crpitpmnis (Tps Loy s 1))

18001,  ¥V2297(9,0,0,0), 7¥221(8,0,1,0), 245(7,0,2,0), 243(6,0,3,0),
1v6(5,0,4,0), —1¥5(4,0,5,0), —2213(3,0,6,0), —222(2,0,7,0),

—T2L(1,0,8,0), —Y1297(0),0,9,0)

20005, ¥2261(9,1,0,1), Y85 (8,1,1,1), YII5(7,1,2,1), 245(6,1,3,1),
222 (5,1,4,1), 22¥22(4,1,5,1), 2¥5(3,1,6,1), ¥I5(2,1,7,1),
IEE(1,1,8,1), YZ01(0,1,9,1)

20001,  Y2E%(10,0,0,0), @(9,0,1,0) 985(8,0,2,0), Y219(7,0,3,0),
2v2(6,0,4,0), —2¥2(4,0,6,0), —¥219(3,0,7,0), —255(2,0,8,0),

—Y815(1.0,9,0), —YLB% (0,0, 10,0)

256

Table C.3 Normalized ¢*

spatial wave functions with quantum number, N =

2n+1and L = M =1, 70 multiplet

NLM M i, iy

11gy,  (0,1,0,0)

111y, (0,0,0,1)

31y,  “YI9(1,1,0,0), %8(0,1,1,0)

311y, Y19(0,0,1,1), ¥8(1,0,0,1)

511y, %1(2,1,0,0), ¥5(1,1,1,0), ¥2(0,1,2,0)

5llpy,  %1(0,0,2,1), ¥5(1,0,1,1), ¥2(2,0,0,1)

Ty,  ¥24(3,1,0,0), ¥24(2,1,1,0), ¥I5(1,1,2,0), ¥(0,1,3,0)

Ty, ¥240,0,3,1), ¥21(1,0,2,1), ¥5(2,0,1,1), %4(3,0,0,1)

Ollpy,  ¥99(4,1,0,0), ¥I8(3,1,1,0), ¥5(2,1,2,0) , ¥0(1,1,3,0)
¥8(0,1,4,0)

Ollpy,  ¥95(0,0,4,1), ¥28(1,0,3,1), ¥5(2,0,2,1) , ¥1%(3,0,1,1)




Table C.3 (Continued)

NLM Crpitpmnis (Mps Loy s 1))
YI8(4.0,0,1)

Mgy, ¥3%(5,1,0,0), 2419(4,1,1,0), 15(3,1,2,0), 27(2,1,3,0),
18v2(1.1,4,0), 222(0,1,5,0)

Wllpgy  ¥3%(0,0,5,1), 2419(1,0,4,1), 15(2,0,3,1), 2(3,0,2,1),
18v2(4,0,1,1), 22(5,0,0,1)

1311y, ¥5(6,1,0,0), ¥358(5,1,1,0), 223(4,1,2,0), 247(3,1,3,0)
5V21(2,1,4,0), ¥390(1,1,5,0), ¥18(0,1,6,0)

1311y Y25(0,0,6,1), ¥3%(1,0,5,1), 233(2,0,4,1), 22(3,0,3,1),
521(4,0,2,1), ¥20(5,0,1,1), ¥£(6,0,0,1)

15110,  Y281(7,1,0,0), 3% (6,1,1,0), Y293 (5 1,2,0), 55 (4,1,3,0)
2V5(3,1,4,0), 7B (2,1,5,0), YI0L(1,1,6,0), ¥129(0,1,7,0)

1511, Y281(0,0,7,1), ¥3%5(1,0,6,1), ¥ (2,0,5,1), m(3,0,4,1),
Av5(4,0,3,1), B2(5,0,2,1), “0%(6,0,1,1), ¥129(7,0,0,1)

1711,  Y33%(8,1,0,0), ¥8%(7,1,1,0), @(6,1,2,0) ™I3(5,1,3,0),
2V5(4,1,4,0), 2(3,1,5,0), 228(2,1,6,0), Y25(1,1,7,0),
V13260, 1,8, 0)

1711y Y33%8(0,0,8,1), Y995(1,0,7,1), ¥252(2,0,6,1), 713(3,0,5,1),
25(4,0,4,1), 2(5,0,3,1), 25(6,0,2,1), ¥2%(7,0,1,1),
VISX(3 0,0,1)

1911, Y233%(9,1,0,0), 29(8,1,1,0), 2105(7 1 2 0), 71%5(6,1,3,0),
2178 (5,1, 4,0), 2Y56(4,1,5,0), 2W13(3,1,6,0), 245(2,1,7,0),
V05 (1 1,8,0), YA22(0,1,9,0)

1911y Y253%(0,0,9,1), 2419(1,0,8,1), 241052 0, 7,1), 7195(3,0,6,1),
2178 (4,0, 5,1), 22Y56(5,0,4,1), 2W13(6,0,3,1), 2485(7,0,2,1),
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Table C.3 (Continued)

NLM Cnp,lp,nA,ZA (npa lpan)n l)\)

S5(8,0,1,1), ¥499(9,0,0,1)

Table C.4 Normalized ¢* spatial wave functions with quantum number, N =

2n+2 and L = M = 2, 56 multiplet

NLM Onp,lp,n)\,lA (npa lp’nka l)\)

222[3]s  —=(0,2,0,0), 1(0,0,0,2)

ﬁ

422[3]s  ¥3(1,2,0,0), ¥15(0,2,1,0), ¥15(1,0,0,2), £5(0,0,1,2)

622[3]s 105(2,2,0,0

~—

\H

[o¢]
—~
—
o
—_
(o)
Nt

VI8(0,2,2,0), £(2002)

822[3]s  ¥339(3,2,0,0), »@(2,2,1,0) £(1 2,2,0),

1022[3]s Y2904, 2,0,0), Y9903 2, 1,0), £(2,2,2 0), £(1,2,3 0),
v18(0,2,4,0), ¥8(4,0,0,2), ¥11(3,0,1,2), ¥27(2,0,2,2),
V990 (1, 3,2), @(0,0,4,2)
133

1222[3] 5

/\
Cﬂ
l\')
O
o

—

VIA3(4,2,1) 0), £( 3,2,2,0), £(2230)

1422[3]s  ¥A2555(6,2,0,0), YI870(5 2 1,0), %(4,2,2,0) £(3 2,3,0),

320
V189(2,2,4,0), ¥219(1,2,5,0), ¥15(0,2,6,0), %15(6,0,0,2),

j

2310
320

1287 (1707572)’ V12155 (0 O 6 2)

320 320

5,0,1,2), ¥18(4,0,2,2), ¥7(3,0,3,2), ¥12(2,0,4,2),

]

.

1622[3]5 @1390(7,2,0,0) VAGIIO (6 9 1,0), VIS3 (5,9, 2,0), YI2T4(4,2,3,0),

582(3,2,4,0), Y1330(2 9 5 0), Y8101 2 6,0), ¥78(0,2,7,0),

ﬁﬁ

5(7,0,0,2), Y8106, 0, 1,2), ¥13250(5 (), 2,2), ¥852(4 ), 3,2),
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Table C.4 (Continued)

NLM Cnp,lp,nA,ZA (npa lp? ny, l/\)
VI2T1(3,0,4,2), %528(2,0,5,2), ¥=849(1,0,6,2), ¥499(0,0,7,2)

1822[3]s  ¥329965(8,2,0,0), vgg%(m@,()) VIR1(6,2,2,0), L2H4(5,2,3,0),

V3823(4,2,4,0), YIIT0(3 2 5,0), Y9555 (2 2,6,0), ¥152(1,2,7,0),

%(o, 2,8,0), ¥221(8,0,0,2), ¥182(7,0,1,2), Y55 (6 (,2,2),
a0 (5,0,3,2), YE2(4,0,4,2), ¥5H(3,0,5,2), 1XT(2,0,6,2),

VAL990(1,0,7,2), Y3999 (0,0,8,2)

2022[3]s  Y320030(9 2 (,0), VSIIM (g 9 1 0),

VESLL(7.9,2,0), Y986, 2, 3,0),

256

\_/

53 (5,2,4,0), Y2165 (4,9 5 0), Y5103 2 6,0), VI (2 2 7,0),
V2112 (1 9,8,0), 5550, 2,9,0), ¥025(9,0,0,2), Y212(8,0,1,2),
VIBL(7 (0, 2,2), YI8510 6 0,3 2), V2T (5 () 4,2), 83(4,0,5,2),
VA998 (3.0, 6,2), Y2511(2,0,7,2), YSIIO (1 (8 2), v520080( () 9 2)

Table C.5 Normalized ¢* spatial wave functions with quantum number, N =

2n+ 2 and L = M = 2, 70 multiplet

NLM Crop tymnsis (Tps Loy i, 12)

2221,  (0,1,0,1)

2221 5(0,2,0,0), —5(0,2,0,0)

422p1,  5(1,1,0,1), 5(0,1,1,1)

422p,  ¥35(1,2,0,0), ¥12(0,2,1,0), —¥25(1,0,0,2), —¥35(0,0,1,2)

62201,  Y12(2,1,0,1), ¥22(1,1,1,1), ¥22(0,1,2,1)

622p1n  YA%5(2,2,0,0), ¥°(1,2,1,0), 1(0,2,2,0), —1(2,0,0,2),
—¥10(1,0,1,2), —¥1%(0,0,2,2)

82201,  Y2(3,1,0,1), ¥3(2,1,1,1), ¥3(1,1,2,1), ¥(0,1,3,1)

822pmy  ¥229(3,2,0,0), ¥21(2,2,1,0), ¥I5(1,2,2,0), ¥(0,2,3,0),




Table C.5 (Continued)

69

NLM Crpitpmnis (Mps Loy s 1))

V330(3,0,0,2), ©22(2,0,1,2), ¥0L(1 0,2,2), =330, 0, 3, 2)

102201, ¥2(4,1,0,1), ¥5(3,1,1,1), ¥2(2,1,2,1), @5(1,1,3,1),
L( 4,1)

1022000 Y2904 2.0,0), ¥3%0(3,2,1,0), ¥27(2,2,2,0), ¥11(1,2,3,0),
9(0,2,4, 0), —¥18(4,0,0,2), —¥11(3,0,1,2), —¥27(2,0,2,2),
—Y990(1,0,3,2), Y290, 0,4, 2)

1222p1, Yo38(5,1,0,1), YI80(4,1,1,1), ¥¥25(3,1,2,1), L2(2,1,3,1),
VIGO0 (1 1,4,1), Y3580, 1,5,1)

122200 Y283(5,2,0,0), Y18 (4,2,1,0), 410(3,2,2,0), ¥0(2,2,3,0),
¥35(1,2,4,0), “L(0,2,5,0), —4LL(5,0,0,2), —%5(4,0,1,2),

—¥10(3.0,2,2), —¥110(2.0,3,2), —¥183(1,0,4,2), —¥18(0,0,5,2)

14221, ¥Y25(6,1,0,1), ¥8(5,1,1,1), £(4,1,2 1), ¥210(3,1,3,1),
VT (2, 1,451), YE8(1,.1,5, 1),.425(0, 1, 6,1)

1422p1y  Y22195(6,2,0,0), VI8 (5 2 1,0), F(4 2,2,0), %7(3,2,3,0),
VIS (9 2,4,0), YB10(1 2.5,0), ¥15(0,2,6,0), ~%15(6,0,0,2),
—YBI0(5.0,1,2), —¥18(4,0,2,2); =¥17(3,0,3,2), —¥12(2,0,4,2),
VAW ) 5,2), V1250 0,6,2)

162201, Y221(7,1,0,1), £(6,1,1,1) VI35 (5,1,2,1), Y25(4,1,3,1),
VI%5(3,1,4,1), ¥18(2,1,5,1), ¥87(1,1,6,1), ¥221(0,1,7,1)

1622p1,  YI990(7 9 0, 0), @(6,2,1,0), VIBSS (5. 9.2,0), YI2T (4,2, 3,0),
V882(3,2,4,0), Y130(2 9 5 0), Y8101 2 6,0), YI5(0,2,7,0),

—YT8(7,0,0,2), —¥810(6,0,1,2), —YI3230(5 0,2, 2),
—¥882(4.0,3,2), Y1213, 0,4,2), —¥I88 (2 0, 5,2),
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Table C.5 (Continued)

NLM Cnp,lp,nA,ZA (npa lpan)n l)\)

—Y85(1,0,6,2), —¥E3%(0,0,7,2)

18221, Y2194(8,1,0,1), ¥315(7,1,1,1), YI9110(5, 1,2, 1), ¥837(5,1,3, 1),

VIR (4,1,4,1), YO(3,1,5,1), VI8I0(2,1,6,1), Y3I5(1,1,7, 1),
S (0,1,8,1)

18221, YA29995(8,2,0,0), YE220(7,2,1,0), ¥247(6,2,2,0), %24(5,2,3,0),

VI8 (4 9,4,0), YIOL0 (3 9 5 0), Y855(2,2,6,0), ¥1%2(1,2,7,0),
V21(0,2,8,0), —“22L(8,0,0,2), —¥12(7,0,1,2), —¥&5(6,0,2,2),
VIS0 (5 (), 3,2), —¥3822(4 0, 4,2), —Y12T4(3 0, 5,2),

— Y5179 0,6, 2), — Y407 ,7,2), — VIG5 () ( g 2)

20221, Y2261(9,1,0,1), Y8158, 1,1, 1), YIT85(7 1,2,1), ¥2%(6,1,3, 1),
VOT02 (51,4, 1), Y2T02(4,1,5,1), ¥2%(3,1,6,1), YIT5(2,1,7,1),
VA8I5 (1 1,8,1), ¥2281(0,1,9,1)

2022, 320030 (9 9 0, 0), V81U (g 9 1,0), ¥2814(7 2 2,0), VL% (6, 2, 3,0),
53 (5,2,4,0), Y254 9 5 0), VI510(3 9 6,0), Y113 (2 2, 7,0),
V2121 9.8,0), Y55(0,2,9,0), —8%(9,0,0,2), ~¥2122(8,0,1,2),

— Y147 2 ), —vA810 (5 .3 9) VIS5 () 4 2),
—55.(4,0,5,2), —VA9%5(3 (,6,2), —¥311(2,0,7,2),
—YBL0IT0 (1 () g 9), V320050 () (), 9, 2)

Table C.6 Normalized ¢* spatial wave functions with quantum number, N =

2n+1and L = M =1, 20 multiplet

NLM Crptymnds (Mps Loy 1ix, 1))

2113194 (0,1,0,1)

Apga —(1,1,0,1), 5=(0,1,1,1)

V2 V2
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Table C.6 (Continued)

NLM Criptpimnids (M Loy 1ix, 13)

611ga ¥22(2,1,0,1), ¥25(1,1,1,1), %22(0,1,2,1)

811pga %2(3,1,0,1), ¥2(2,1,1,1), ¥3(1,1,2,1), ¥3(0,1,3,1)

10110 ¥23(4,1,0,1), ¥5(3,1,1,1), ¥0(2,1,2,1) , ¥5(1,1,3,1),
V33(0,1,4,1)

12110 YS8(5,1,0,1), 3¥80(4,1,1,1), 22L(3,1,2,1), 2¥2(2,1,3,1),
086 (1,1,4,1), ¥3%(0,1,5,1)

1411 ¥25(6,1,0,1), YI8(5,1,1,1), @(4,1,2 1), ¥219(3,1,3, 1),
VIT0(2,1,4,1), YI3(1,1,5,1), ¥25(0,1,6,1)

1611004 Y2L(7,1,0,1), ¥85(6,1,1,1), ™I(5,1,2,1), Y250(4,1,3,1)
21503 1, 4,1), ™13(2,1,5,1), ¥2%(1,1,6,1), ¥221(0,1,7,1)

181100 Y294(8,1,0,1), ¥2315(7,1,1,1), T¥3%(6,1,2,1), ™13(5,1,3, 1),

V55 (4,1,4,1), 43(3,1,5,1), T¥8%0 (2 1 6, 1), ¥B15(1 1,7,1),

2011014 Y2221(9,1,0,1), %242(8,1,1,1), (7,1,2 1), f(6,1,3 1),

222 (5 1 4,1), 21@(4,1,5,1>, <3,1,61)v 5(2,1,7,1),

In this part the spatial wave functions of the ¢* subsystem of pentaquarks
with the permutation symmetries [4]g are listed in Table C.7 up to N’ = 22
where [,, [y, [, and are L' are limited to 0 and 1 only. Note that we have set
M’ = 0 and used the abbreviation,

Z C’np,lp,mp,n)\,l)\,m)\,nn,ln,rn77 wnplpmp (ﬁ)wnAZAmA ()\ )wnnlnm17 (ﬁ)

{ni,li;m;}

= Z Cnp,lp,nk,lk,nn,ln Q;D(npa lp7 ny, l)\, Ny, ln)
{ni,li}
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= Z Cnp,lp,nk,lk,nn,ln (npv lpu ny, l)\a nn: ln)
{ni7li}
(C.2)

Table C.7 Normalized pentaquark (¢* symmetry) spatial wave functions with

quantum number, N' =2n and L' = M’ =0

NLM Onp:lpvn)\:lhnn:ln (np7 lP’ TN, l)” nn’ l"])

00045 (0,0,0,0,0,0)

20045 (1,0,0,0,0,0), 5=(0,0,1,0,0,0), 7(0,0,0,0,1,0)

7 V3
20031,  5(0,1,0,0,0,1), /5(0,1,0,1,0,0)
200, 5(0,0,0,1,0,1), ——=(0,0,1,0,0,0), 7(1,0,0,0,0,0)
200, —/2(0,0,0,0,1,0), 2(0,0,1,0,0,0), 1=(1,0,0,0,0,0)
200pz,  —==(0,1,0,1,0,0), 1/2(0,1,0,0,0,1)
20022) \/g(o,o, 0,1,0,1), (0,0.1,0,0,0), —(1,0,0,0,0,0)
40045 2(2,0,0,0,0,0), 1/2(0,0,2,0,0,0), \/2(0,0,0,0,2,0),
VZ(1,0,1,0,0,0), /2(1,0,0,0,1,0), ,/2(0,0,1,0,1,0)
40031, /3(0,1,0,0,1,1), y/Z(0,1,0,1,1,0), -4=(0,1,1,0,0,1),
19(0,1,1,1,0,0), /3(1,1,0,0,0,1), ,/23(1,1,0,1,0,0)
400 /5(0,0,0,1,1,1), —4(0,0,1,0,1,0); /£(0,0,1,1,0,1),

—/2(0,0,2,0,0,0), -1(1,0,0,0,1,0), —=(1,0,0,1,0,1)

il
w

(2,0,0,0,0,0)

40031, —/23(0,0,0,0,2,0), ——(0,0,1,0,1,0), {/2(0,0,2,0,0,0)

o5
[No)[es]

w

V26 9

——=(1,0,0,0,1,0), 1/5(1,0,1,0,0,0), /55(2,0,0,0,0,0)

400221, \/g(O,l,0,0,l,l), f(,1,0,1’1’0) 2(0,1,1,0,0,1),
—/5(0,1,1,1,0,0), \/2(1,1,0,0,0,1), —/2(1,1,0,1,0,0)

40020 1/53(0,0,0,1,1,1), %(0,0,1,0,1,0 ). /29(0,0,1,1,0,1),

V/5(0,0,2,0,0,0), —4-(1,0,0,0,1,0), \/2(1,0,0,1,0,1)

—_
w

ﬁ\
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Table C.7 (Continued)

NLM Croplp sty Ty Loy Toxs D, 1, 1)
V/2(2.0,0,0,0,0)

6005 1/25(3,0,0,0,0,0), /22(0,0,3,0,0,0), /2(0,0,0,0,3,0),
Vi2(2,0,1,0,0,0), /15(2,0,0,0,1,0), /1(1,0,2,0,0,0),

12(0,0,2,0,1,0), 1/15(1,0,0,0,2,0) \/7 0,0,1,0,2,0),
Vi (1,0,1,0,1,0)

60031,  /75(0,1,0,0,2,1), \/2(0,1,0,1,2,0), ,/2(0,1,1,0,1,1),
25(0,1,1,1,1,0), -45(0,1,2,0,0,1), \/:5(0,1,2,1,0,0),
\/;(1,1,0,0,1,1), %(1,1,0,1,1,0 =(1,1,1,0,0,1),
VE(1,1,1,1,0,0), /15(2,1,0,0,0,1), \/L(2,1,0,1,0,0)

6000 /75(0,0,0,1,2,1), 5(0,0,1,0,2,0), /2(0,0,1,1,1,1),
—25(0,0,2,0,1,0), /£=(0.0,2,1,0,1), —\/Z(0,0,3,0,0,0),
—5(1,0,0,0,2,0), /2(1,0,0,1,1,1), /2(1,0,1,1,0,1),

—55(1,0,2,0,0,0), 25(2,0,0,0,1,0), %(2,0,0,1,0,1),
75(2,0,1,0,0,0), 1/55(3,0,0,0,0,0)

600311, 14(0,0,0,0,3,0), —/2(0.0,1,0,2,0), ,/£(0,0,3,0,0,0),

—2-(1,0,0,0,2,0), -(1,0,2,0,0,0), 1/£(2.0,1,0,0,0),
V/%(3.0,0,0,0,0)
6001, /£5(0,1,0,0,2,1), =45(0,1,0,1,2,0), 2(0,1,1,0,1,1),
—/2(0,1,1,1,1,0), ,/2(0,1,2,0,0,1), —/{%(0,1,2,1,0,0),
VE(1,1,0,0,1,1), —/2(1,1,0,1,1,0), :(1,1,1,0,0,1),
—/22(1,1,1,1,0,0), /££(2,1,0,0,0,1), —\/1%-(2,1,0,1,0,0)
600y /£5(0,0,0,1,2,1), -5(0,0,1,0,2,0), /22(0,0,1,1,1,1),

V2(0,0,2,0,1,0), /££(0,0,2,1,0,1), \/Z(0,0,3,0,0,0),

—%7*8(1,0,0,0,2,0) 1,0,0,1,1,1), 2-(1,0,1,1,0,1),

3|

8

A




Table C.7 (Continued)

NLM Crip s dxndn (T3 Loy xs I, 1y, 1)
—(1,0,2,0,0,0), —/2(2,0,0,0,1,0), \/2(2,0,0,1,0,1),
——1(2,0,1,0,0,0), —/%(3,0,0,0,0,0)
8005 /15(4,0,0,0,0,0), /15(0,0,4,0,0,0), \/15(0,0,0,0,4,0),
V25(3,0,1,0,0,0), /2(3,0,0,0,1,0), /2(1,0,3,0,0,0),
2(0,0,3,0,1,0), \/2(1,0,0,0,3,0), /2(0,0,1,0,3,0),
V2 (0,0,2,0,2,0), /15(2,0,0,0,2,0), /1%(2,0,2,0,0,0),
Vi2(2,0,1,0,1,0), /12(1,0,2,0,1,0), \/1(1,0,1,0,2,0)
800, /75 (0.1,0.0,3,1), /&£(0,1,0,1,3,0), /35(0,1,1,0,2,1),
VA2 (0,1,1,1,2,0), /22:(0,1,2,0,1,1), /£(0,1,2,1,1,0),
73(0,1,3,0,0,1), /5:(0,1,3,1,0,0), \/£%(1,1,0,0,2,1),
VA (1,1,0,1,2,0), /&2(1,1.1,0,1,1), /2(1,1,1,1,1,0),
V2r(1,1,2,0,0,1), /22(1,1,2,1,0,0), 1/&(2,1,0,0,1,1),
+(2,1,1,0,0,1), \/;(2,1,1,0 0,1), \/5e5(2,1,1,1,0,0),
225(3,1,0,0,0,1), /2£(3,1,0,1,0,0)
800in /55 (0,0,0,1,3,1), /5&(0,0,1,0,3,0), /2(0,0,1,1,2,1),

22-(0,0,2,0,2,0); 1/22(0,0,2,1,1,1), —/2:(0,0,3,0,1,0),

(=]
@w
OJ

7

[\

0,0,3,1,0,1), —/23(0,0,4,0,0,0), \/5=(1,0,0,0,3,0),

l\')
l\D
—

m

(1,0,0,1,2,1), \/42(1,0,1,1,1,1), —/53:(1,0,2,0,1,0),
7
-(1,0,2,1,0,1), 10.20,0,0,2,0),

3.(2,0,1,1,0,1),

(3] (o) [\
[\] —
N[ (o) N)
ﬁ EE
— —~ YammS —
p_n
O
CO
O
O
o
N— SN— S— N—
(Y]
MH
HO

w

[\3
\.O
=
QO
—
(@)
ﬁ‘
l\D ot
S
f\ — —

3,0,0,0,1,0),

@\I

28(30,1,0,0,0),

@

( )
( )
( )
5-(2,0,0,1,1,1),
( )
(4,0,0,0,0,0)

800, —/25(0,0,0,0,4,0), —/£5(0,0,1,0,3,0), —/53:(0,0,2,0,2,0),

V1a55(0,0,3,0,1,0), /2£(0,0,4,0,0,0), —/25:(1,0,0,0,3,0),




Table C.7 (Continued)

75

NLM Cnp:lpvnkyl%nnyln (np’ lﬁ” UOY l)" nﬂ’ ln)

51(1,0,1,0,2,0),

—/£:(2,0,0,0,2,0),
V/1255(3.0,0,0,1,0),

55

(=]

QCF!

OJ
—

26.(3,0,1,0,0,0),

l\D
l\’)

15(1,0,2,0,1,0), 1/555(1,0,3,0,0,0),
55(2,0,1,0,1,0), \/2%(2,0,2,0,0,0),
+4.(4,0,0,0,0,0)

ﬁ
,_.u>

8002, /24(0,1,0,0,3,1),

~oks
—/2:(0,1,1,1,2,0), /£2(0,1,2,0,1,1), — /5%
Vak(0,1,3,0,0,1), —\/55:(0,1,3,1,0,0), /2% (
—/2r(1,1,0,1,2,0), /& ot
VAL (1,1,2,0,0,1), —/25(1,1,2,1,0,0), /Z&(
Vo

( )
( )
( )
(1,1,1,0,1,1), —
( )
( )
( )

0,1,0,1,3,0), \/5%(0,1,1,0,2,1),

(0,1,2,1,1,0),
1,1,0,0,2,1),
(1,1,1,1,1,0),

2,1,0,0,1,1),

or(2,1,1,0,0,1), /45(2,1,1,0,0,1), —/&(2,1,1,1,0,0),
Vﬂ%%l3,1,o,o,o 1), —/35(3,1,0,1,0,0
800 y/2(0.0,0,1,3,1), \/155(0,0,1,0,3,0), /22 (0,0,1,1,2,1),
Vﬂ%%10,07270,2 0>,\/§g(0,0,2,1,1,1), 21(0,0,3,0,1,0),
V2 (0,0,3,1,0,1), /£5(0,0,4,0,0,0), —/555(1,0,0,0,3,0),
VEE(1,0,0,1,2,1), /2(1,0,1,1,1,1), y/55(1,0,2,0,1,0),
25(1,0,2,1,0,1), \/25(1,0,3,0,0,0), —/53:(2.0,0,0,2,0),
v@g§(2,0,0,1,1,1>, VCB;(Q 0,1,0,1,0), y/5x(2,0,1,1,0,1),
21(3,0,0,0,1,0), \/2£(3,0,0,1,0,1), —/2£(3,0,1,0,0,0),
%%(4,0,0,0,0,0)
1000pgs /55 (5,0,0,0,0,0), \/55(0,0,5,0,0,0), 2;(0 0,0,0,5,0),

105

4,0,1,0,0,0), /2% (4,0,0,0,1,0

Y

0,0,4,0,1,0), \/425(1,0,0,0,4,0

Y

7593(3,0,0,0,2,0

0,0,3,0,2,0), \/5555(2,0,0,0,3,0

Y

B 38 38 o 22

7 )
215 ( )
3%.(3,0,2,0,0,0),
7003 )
23 ( )

?i?i%
%%i%%

1,0,2,0,2,0), \/422(2,0,1,0,2,0

Y

1,0,4,0,0,0),

0,0,1,0,4,0),

5151 (
3151 (
20 .(2,0,3,0,0,0
3%0.(0,0,2,0,3,0),
3231 (

2,0,2,0,1,0),




Table C.7 (Continued)

76

NLM Crip s dxndn (T3 Loy xs I, 1y, 1)
Vi2(3,0,1,0,1,0), /12(1,0,3,0,1,0), \/1(1,0,1,0,3,0)
100031, /725(0,1,0,0,4,1), /72:(0,1,0,1,4,0), \/35(0,1,1,0,3, 1),
VB (0,1,1,1,3,0), /525(0,1,2,0,2,1), \/415,(0,1,2,1,2,0),
VTS (0,1,3,0,1,1), /225(0,1,3,1,1,0), /725(0,1,4,0,0,1),
VA2L(0,1,4,1,0,0), \/419(1,1,0,0,3,1), /122-(1,1,0,1,3,0),
VS (1,1,1,0,2,1), /28(1,1,1,1,2,0), A2-(1,1,2,0,1,1),
VS (1,1,2,1,1,0), /£8:(1,1,3,0,0,1), \/25(1,1,3,1,0,0),
VI (2,1,0,0,2,1), /18(2,1,0,1,2,0), \/415(2,1,1,0,1,1),
VES(2,1,1,1,1,0), /375(2,1,2,0,0,1), /12%-(2,1,2,1,0,0),
VS (3,1,0,0,1,1), /£8(3,1,0,1,1,0), \/£4(3.1,1,0,0,1),
VES(3,1,1,1,0,0), \/455(4,1,0,0,0,1), /2 (4,1,0,1,0,0)
10001,/ 785(0,0,0,1,4,1), —\/325:(0,0,1,0,4,0), ,/12(0,0,1,1,3,1),
—/722-(0,0,2,0,3,0), /722-(0,0,2,1,2,1), —/25,(0,0,3,0,2,0),
VEB0,0,3,1,1,1), —/£2(0,0,4,0,1,0), \/7755(0,0,4,1,0,1),
255.(0,0,5,0,0,0), y/725(1,0,0,0,4,0), \/55:(1,0,0,1,3,1),
VAL (1,0,101,2,1), —/3285(1,0,2,0,2,0), =H2-(1,1,2,1,1,1),
—/E2(1,0,3,0,1,0), \/£5(1,0,3,1,0,1), —/22(1,0,4,0,0,0),
VB2 (2,0,0,0,3,0), /495(2,0,0,1,2,1), /35:(2,0,1,1,1,1),
A0(2,0,1,1,1,1), /47%5(2,0,2,1,0,1), —\/15-(2,0,3,0,0,0),
VEZ(3,0,0,0,2,0), /38-(3,0,0,1,1,1), /£2(3,0,1,0,1,0),
VT (3,0,1,1,0,1), /122-(3,0,2,0,0,0), /225(4,0,0,0,1,0),
V5(4,0,0,1,0,1), /£5(4,0,1,0,0,0), \/22(5.0,0,0,0,0)
100031,  —1/1925(0,0,0,0,5,0), @(0,0, 1,0,4,0), —/122-(0,0,2,0,3,0),

- 12597(00302()) \/ 2199 (0040,170 \/ (0,05000
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Table C.7 (Continued)

NLM Cnp Lpsnxslx,ny, ln(npalmn)\;l)\annal )

/T (1,0,0,0,4,0), -

\/4199(1 0,3,0,1,0),

ﬁ

4199(1 0,1,0,3,0), —/135(1,0,2,0,2,0),

(1,04000 —\/ o =(2,0,0,0,3,0),

a

—/155(2,0,1,0,2,0), ./ 5(2,0,2,0,1,0), ,/ 575_(2,0,3,0,0,0),
—/72-(3,0,0 0,2,0),,/4199(3 0,1,0,1,0), \/£2.(3,0,2,0,0,0),

\/4199(4 0,0,0,1,0),

ﬁ

535 .(4,0,1,0,0,0), /35(5,0,0,0,0,0)

=

1000221, 4/ 7155(0,1,0,0,4,1), —\/5355(0.1,0,1,4,0), /415(0,1,1,0,3,1),

¢Egmﬂﬁﬁﬁﬂ)¢EgQL2021 0.(0,1,2,1,2,0),
x/:ﬁ%;(0,1,3 0,1,1), V/;;g(0,1,3,1,1,0 \/444(0,1,4 0,0,1),

—/155(0,1,4,1,0,0), /2%5(1,1,0,0,3,1), —/355-(1,1,0,1,3,0),
VES(1,1,1,0,2,1), —2-(1,1,1,1,2,0) x/444(1,1,2 0,1,1),

ﬁ

@(1717271717[))7 4199(17173 O 0 1) (171’3’1,0 O)

V/E;Eg’;@,l,o 0, e ISR, 2/,
/4114909(2, /A \\Y
VES(3,1,0,0,1,1), -

4114909 (37 17 ]-7 ]-7 0 0)

1000(22)x \/E(O O g4 1), (
\/%(0’0’2’0’ 3,0)s \/ 12507 (0 0,2,1,2,1),
VAR (0,0,3,1,1,1), /££5(0,0,4,0,1,0),
V&5(0,0,5,0,0,0), —
VEL(1,0,1,1,2,1),
V155(1,0,3,0,1,0),

,J>
C’w

,4;
@
@o

(27 ]‘7 ]"07 17 ]‘)7

~

2,1,2,0,0,1), —

—
l\'}»J>
U\@
oS
N

4909 1.2.1,0,0),

i

- 5
81.(3,1,0,1,1,0), \/25,(3,1,1,0,0,1),
D

ﬁ?«:

4,1,0,0,0,1), —\/52-(4,1,0,1,0,0)

4199

5o

a
&)

=

0,1,0,4,0), \/22(0,0,1,1,3, 1),

1%.(0,0,3,0,2,0),

y
EFW

=)

ﬁ
j

151(0.0,4,1,0,1),

21(1,0,0,0,4,0), \/2%.(1,0,0,1,3,1),

<T
é?w

,0,2,0,2,0), 29(1,1,2,1,1,1),

,03,1,011/ £(1,0,4,0,0,0),
\/@<2’07 07 073 0)7 (2 0 0’172? 1)7 \/7 2 071;17 171
Vs (2,0, 11,11, /15(2,0,2,1,0,1), \/5355(2,0,3,0,0,0),

105.(3.0,0,0,2,0), 280(3,0,0,1,1,1), (3,0,1,0,1,0),

4199 12597

1

75733

4199




Table C.7 (Continued)

78

NLM Crp o msdamndy (T Loy x, Iny 1, 1)

VB (3,0,1,1,0,1), —/$5-(3,0,2,0,0,0), —/28(4,0,0,0,1,0),
Vi25(4,0,0,1,0,1), —/359.(4,0,1,0,0,0), —/&%(5,0,0,0,0,0)

120005 \/55(6,0,0,0,0,0), \/35(0,0,6,0,0,0), \/55(0,0,0,0,6,0),
VAZ(5,0,1,0,0,0), /£2(5,0,0,0,1,0), N/4“1 0,5,0,0,0),
V2(0,0,5,0,1,0), /£25(1,0,0,0,5,0), /£25(0,0,1,0,5,0
VAT (4,0,2,0,0,0), \/5T5(4,0,0,0,2,0), \/25(2,0,4,0,0,0),
VEE(0,0,4,0,2,0), /2575(2,0,0,0,4,0), /£27(0,0,2,0,4,0),
Trag=(0,0,3,0,3,0), =8-(3,0,0,0,3,0), -78--(3,0,3,0,0,0),

2%0(3,0,1,0,2,0), / 2%(3,0,2,0,1,0), \/2%(1,0,3,0,2,0),
24%(2,0,3,0,1,0), \/2%(1,0,2,0,3,0), \/2%(2,0,1,0,3,0),
g%mﬁgﬂgﬁ%¢dTquﬁJﬁ)/47umLo4m
258(2,0,2,0,2,0)

14005 /525(7.0,0,0,0,0), 1/35(0,0,7,0,0,0), 1/335(0,0,0,0,7,0),
V55(6,0,1,0,0,0), /35(6,0,0,0,1,0), \/35(1,0,6,0,0,0),
V/55(0,0,6,0,1,0), /35(1,0,0,0,6,0), /55(0,0,1,0,6,0),
VA (5,0,2:0,0,0), /2% (5,0, 0,0,2,0), /2% (2,0,5,0,0,0),
VS (0,0,5,0,2,0), /25(2,0,0,0,5,0), \/22(0,0,2,0,5,0),

136.(5,0,1,0,1,0), /£25(1,0,5,0,1,0), \/2:(1,0,1,0,5,0),
—5(0,0,4,0,3,0), —2-(0,0,3,0,4,0), —5-(4,0,0,0,3,0),
—25(3,0,0,0,4,0), -22(4,0,3,0,0,0), —22-(3,0,4,0,0,0),

VB (4,0,1,0,2,0), /255(4,0,2,0,1,0), /£22(1,0,4,0,2,0),
VAST5(2,0,4,0,1,0), /£75(1,0,2,0,4,0), \/£75(2,0,1,0,4,0),
10 —(1,0,3,0,3,0), +22=(3,0,1,0,3,0), z2=(3,0,3,0,1,0),

01

1750 1750 1750
0(3,0,2,0,2,0), /252.(2,0,3,0,2,0), /52 (2,0,2,0,3,0)
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Table C.7 (Continued)

NLM Croplp sty Ty Loy Toxs D, 1, 1)
16005 \/12-(8.0,0,0,0,0), /:2(0,0,8,0,0,0), {/:2(0,0,0,0,8,0),
VAZ(7,0,1,0,0,0), /22(7,0,0,0,1,0), \/12:(1,0,7,0,0,0),
220.(0,0,7,0,1,0), /=55(1,0,0,0,7,0), F(o 0,1,0,7,0),
119.(6,0,2,0,0,0), \/215(6,0,0,0,2,0), \/12(2,0,6,0,0,0),
109.(0,0,6,0,2,0), /219.(2,0,0,0,6,0), \/22.(0,0,2,0,6,0),
VA (6,0,1,0,1,0), /2£(1,0,6,0,1,0), \/2%(1,0,1,0,6,0),
VA0 (0,0,5,0,3,0), \/225.(0,0,3,0,5,0), \/£22(5,0,0,0,3,0),
VE50(3,0,0,0,5,0), /220(5,0,3,0,0,0), /222(3,0,5,0,0,0),
VEE(5,0,1,0,2,0), /225(5,0,2,0,1,0), \/Z2(1,0,5,0,2,0),
VEZ(2,0,5,0,1,0), \/Z2(1,0,2,0,5,0), \/22(2,0,1,0,5,0),
22050(0,0,4,0,4,0), /722850 (4,0,0,0,4,0), \/282_(4,0,4,0,0,0),
210_(4,0,1,0,3,0), /120%0_(4,0,3,0,1,0), /12420_(1,0,4,0,3,0),
29100_(3,0,4,0,1,0), \/2224%0_(1,0,3,0,4,0), /2420_(3,0,1,0,4,0),
100_(4,0,2,0,2,0), /725%0(2,0,4,0,2,0), ,/725%_(2,0,2,0,4,0),
5000.(2,0,3,0,3,0), /525%9-(3,0,2,0,3,0), /522%.(3,0,3,0,2,0)
1800145 —45:(9,0,0,0,0,0), —=(0,0,9,0,0,0), -2=(0,0,0,0,9,0),
V=(8.0,1,0,0,0), 1/52(8,0,0,0,1,0), /32(1,0,8,0,0,0),
V52=(0,0,8,0,1,0), 1/525:(1,0,0,0,8,0), /32(0,0,1,0,8,0),
22(7,0,2,0,0,0), /=55(7,0,0,0,2,0), \/7(2,0,7,0,0,0),
208(0,0,7,0,2,0), \/22(2,0,0,0,7,0), /2%,(0,0,2,0,7,0),
VEE(7,0,1,0,1,0), /525:(1,0,7,0,1,0), /525:(1,0,1,0,7,0),
VEEE(0,0,6,0,3,0), /522-(0,0,3,0,6,0), /522-(6,0,0,0,3,0),
VEEE(3,0,0,0,6,0), /22-(6,0,3,0,0,0), /522-(3,0,6,0,0,0),
V525:(6,0,1,0,2,0), /525:(6,0,2,0,1,0), /525:(1,0,6,0,2,0),




Table C.7 (Continued)

80

NLM Cpdpinnidasminds Moy Loy Toxs Iy, 1, 1)
V3E8(2,0,6,0,1,0), /5525:(1,0,2,0,6,0), \/355:(2,0,1,0,6,0),
238.(0,0,5,0,4,0), 1/ m2-(0,0,4,0,5,0), \/1095-(5,0,0,0,4,0),
Tiomss (4,0,0,0,5,0), /7585, 0,4,0,0,0), /7385 (4,0, 5,0,0,0),
8(5,0,1,0,3,0), \/@(5, 0,3,0,1,0), \/3:22(1,0,5,0,3,0),
A8L(3,0,5,0,1,0), /2251 (1,0,3,0,5,0), /225 (3,0,1,0,5,0),
VEE(5,0,2,0,2,0), /Z5(2,0,5,0,2,0), /2= (2,0,2,0,5,0),
2811(1,0,4,0,4,0), /251(4,0,1,0,4,0), /2BU(4,0,4,0,1,0),
VEI50(4,0,2,0,3,0), /20.(4,0,3,0,2,0), \/250.(2,0,4,0,3,0),
T00(3.0,4,0.2,0), |/ ZRBE(2,0.3.0,4,0), /72 (3,0,2,0,4,0),
V25(3,0,3,0,3,0)
200005 /7055 (10.0,0,0,0,0), /55(0,0,10,0,0,0), /55(0,0,0,0,10,0),
V2(9,0,1,0,0,0), /32-(9,0,0,0,1,0), /52-(1,0,9,0,0,0),
2:(0,0,9,0,1,0), y/52(1,0,0,0,9,0), 1/22(0,0,1,0,9,0),
2-(8,0,2,0,0,0), \/22-(8,0,0,0,2,0), y/2(2,0,8,0,0,0),
2:(0,0,8,0,2,0), /(2,0,0,0,8,0), /;2-(0,0,2,0,8,0),
V5 (8,0:1,0,1,0), 1/25-(1,0.8,0,1,0); \/55(1,0,1,0,8,0),
VE22(0,0,7,0,3,0), /522(0,0,3,0,7,0), /522(7,0,0,0,3,0),
V522.(3,0,0,0,7,0), /535-(7,0,3,0,0,0), /352(3,0,7,0,0,0),
VAR (7,0,1,0,2,0), /225(7,0,2,0,1,0), \/42:(1,0,7,0,2,0),
120.(2,0,7,0,1,0), /222(1,0,2,0,7,0), \/22(2,0,1,0,7,0),
205(0,0,6,0,4,0), \/5255(0,0,4,0,6,0), /-255(6,0,0,0,4,0),
2205(4,0,0,0,6,0), 1/=255(6,0,4,0,0,0), \/=255(4,0,6,0,0,0),
VEZ(6,0,1,0,3,0), \/322.(6,0,3,0,1,0), \/352.(1,0,6,0,3,0),
Vi2.(3,0,6,0,1,0), \/322.(1,0,3,0,6,0), /22.(3,0,1,0,6,0),
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Table C.7 (Continued)

NLM Crp oy smimn (Tos Loy T Iy g, by)
VAL (6,0,2,0,2,0), /215,(2,0,6,0,2,0), \/12(2,0,2,0,6,0),
4488_(0,0,5,0,5,0), v/ 19258_(5,0,0,0,5,0), /5238 _(5,0,5,0,0,0),
Joee7(5,0,1,0,4,0), W(5 0,4,0,1,0), 222-(1,0,5,0,4,0),
A2_(4,0,5,0,1,0), £2-(1,0,4,0,5,0), —£2-(4,0,1,0,5,0)
Va0 (5,0,2,0,3,0), /280 (5,0,3,0,2.0), \/259(2,0,5,0,3,0),
VA0 (3,0,5,0,2,0), /285(2,0,3,0,5,0), /422 (3,0,2,0,5,0),
fo62a17 (2 054, 0,4, 0), /555557 (4, 0,2, 0,4, 0), /156307 (4,0, 4,0, 2,0),
50 (4,0,3,0,3,0), 1/55590:(3,0,4,0,3,0), /55559 (3,0,3,0,4,0)
22005 \/1a5(11,0,0,0,0,0), /15=(0.0,11,0,0,0), 13705(0000 11,0),

T (10,0,1,0,0,0), /59 (10,0,0,0, 1,0), /122 (1,0, 10,0,0,0),

10005(00 10,0,1,0), 4/505=(1,0,0,0,10,0), \/325(0,0,1,0, 10,0),

$55.(9,0,2,0,0,0), /225:(9,0,0,0,2,0), /2% ( 0,9,0,0,0),
35.(0,0,9,0,2,0), /£25:(2,0,0,0,9,0), 1/52(0,0,2,0,9,0),
52.(9,0,1,0,1,0), 4/5 0(1,090,1,0 Nl 21(1 0,1,0,9,0),

0,0,8,0,3,0),

(=
o
==
[=
OO
o

e RRb

3,0,0,0,8,0),

‘w
o
oS
o
o
o

Y

—~ —~~ —~ —
o0 %Y
= =]
no w
o o
— S
] -]
Q-J OO
@ @ OO O
g
C.O
—~ /-\ — —~

aﬁaa

300, )
o1 ( )
165(8,0,1,0,2,0)
12673 ( )

2,0,8,0,1,0),

=
o
™
o
0
o
™o
o
\'H
o
0
o

@(0,0,7,0,4,0), ﬁg}gl(o 0,4,0,7,0), \/Qfgj(? 0,0,0,4,0),
sraa1(4:0,0,0,7,0), /55157 (7,0,4,0,0,0), /55157 (4,0,7,0,0,0),
2%0.(7,0,1,0,3,0), /;259.(7,0,3,0,1,0), /5220 (1,0,7,0,3,0),
20%0.(3,0,7,0,1,0), \/5222:(1,0,3,0,7,0), /5220.(3,0,1,0,7,0),
220(7,0,2,0,2,0), /52%8:(2,0,7,0,2,0), /;32%%(2,0,2,0,7,0),

1(13;3225 (0’ 0’ 57 07 67 0)7 \ 1(1);3235 0 07 67 07 57 O)J 1(1)%575235 (57 07 07 07 67 0)7
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Table C.7 (Continued)

NLM Cnp,lp nx,lx,ny, ln(npalmn)\;l)\annal )

VIEE(6,0,0,0,5,0), /75555-(5,0,6,0,0,0), \/55535(6,0,5,0,0,0),

v (6,0,1,0,4,0), /53254,(6,0,4,0,1,0), \/532555(1,0,6,0,4,0),
e (4,0,6,0,1,0), /5287 (1,0,4,0,6,0), \/5i2H5(4,0,1,0,6,0),
A0780.(6,0,2,0,3,0), /2229 (6,0,3,0,2,0), %(2 0,6,0,3,0),
L07e0.(3,0,6,0,2,0), \/&05.(2,0,3,0,6,0), /20 (3,0,2,0,6,0),
2 (1,0,5,0,5,0), 22— (5,0,1,0,5,0), /A2 (5,0,5,0,1,0),
Fhaorgs (5:0,2,0,4,0), /585165(5,0,4,0,2,0), /5455135 (2,0,5,0,4,0),
o073 (4 055,052, 0), 4/ 5556755 (2, 0:4,0,5,0), /5556755 (4, 0, 2,0, 5, 0),
150920.(5,0,3,0,3,0), /52293, 0,5,0,3,0), \/M(?),O,&O,E),O),
7et0935 (3,0, 4,0,4,0), /38525:(4,0,3,0,4,0), /5255535(4,0,4,0,3,0)

Table C.8 Normalized pentaquark (¢* symmetry) spatial wave functions with

quantum number, N'=2n+1and L' = M' =1

NLM Cnp,lp,nk,lx,nn,ln (nm lpa ny, l)\, Ny, ln)

1105311, 0,1,0,0,0,0)

(
11035 (0,0,0,1,0,0)
(

110,  (0,0,0,0,0,1)

5 1 1
310y,  1/5(1,1,0,0,0,0), (0, 1,1,0,0,0), A=(0,1,0,0,1,0)
310[31])\ \/g(()? 07 17 1a 07 0)7 \/%(17 07 07 1a 07 0)> %(O 07 07 1a ]-7 O)
310y, /2(0,0,0,0,1,1), -1-(1,0,0,0,0,1), 1-(0,0,1,0,0,1)

51031, /25(2,1,0,0,0,0), /25(0,1,2,0,0,0), \/5(0,1,0,0,2,0),
Vi (1,1,1,0,0,0), /15(1,1,0,0,1,0), /1%5(0,1,1,0,1,0)
51031 @(0,0,2,1,0,0), 2:(2,0,0,1,0,0), 1/135(0,0,0,1,2,0),
Vi (1,0,1,1,0,0), /15(0,0,1,1,1,0), \/:%5(1,0,0,1,1,0)




Table C.8 (Continued)

NLM Crplpnnsdasnds (s Loy Tox, Iy, Ty, 1)

51031, /25(0,0,0,0,2,1), /£25(0,0,2,0,0,1), /35(2,0,0,0,0,1),
Vi (1,0,0,0,1,1), /15(0,0,1,0,1,1), /1%5(1,0,1,0,0,1

1051,/ 159(0,1,3,0,0,0), /25(0,1,2,0,1,0), /35(0,1,1,0,2,0
Vi5(1,1,2,0,0,0), /155(0,1,0,0,3,0), /85(1,1,1,0,1,0),

2:(1,1,0,0,2,0), /15(2,1,1,0,0,0), /1(2,1,0,0,1,0),
7-(3,1,0,0,0,0)

T0pyn 4/ 155(3.0,0,1,0,0), /£25(2,0,0,1,1,0), /3;(1,0,0,1,2,0),
Vi35(2,0,1,1,0,0), /5(0,0,0,1,3,0), /85(1,0,1,1,1,0),
Vi35(0,0,1,1,2,0), /15(1,0,2,1,0,0), /5:(0,0,2,1,1,0),

115(0,0,3,1,0,0)

06y, y/755(3:0,0,0,0,1), /25(2.0,1,0,0,1), \/25(1,0,2,0,0,1),
Vi35(2,0,0,0,1,1), /5(0,0,3,0,0,1), /1%(1,0,1,0,1,1),
V25(0,0,2,0,1,1), /15(1,0,0,0,2,1), /££(0,0,1,0,2,1),

1Z3< ,0,0,0,3,1)

910y,  /527(0,1,0,0,4,0), \/52:(0,1,1,0,3,0), /335:(0,1,2,0,2,0),
Vo2 (0,1,3;0,1,0); /52 (0,1,4,0,0,0), /12(1,1,0,0,3,0
VEe(1,1,1,0,2,0), 1/532:(1,1,2,0,1,0), \/22(1,1,3,0,0,0),
V3 (2,1,0,0,2,0), /53:(2,1,1,0,1,0), /55:(2,1,2,0,0,0),
2k (3,1,0,0,1,0), 1/53:(3,1,1,0,0,0), \/55:(4,1,0,0,0,0)

910 /527(0,0,0,1,4,0), \/52:(1,0,0,1,3,0), /59:(2,0,0,1,2,0),
V22:(3,0,0,1,1,0), /52:(4,0,0,1,0,0), /49(0,0,1,1,3,0),
Vol (1,0,1,1,2,0), /552:(2,0,1,1,1,0), /4(3,0,1,1,0,0),
V72:(0,0,2,1,2,0), \/535:(1,0,2,1,1,0), /52:(2,0,2,1,0,0),
V2k(0,0,3,1,1,0), 1/53:(1,0,3,1,0,0), /55(0,0,




84

Table C.8 (Continued)

NLM Crplpmssiasmisdn Ty Loy Toxs Dy, 1, 1)

91031,  /52:(0,0,4,0,0,1), \/52:(1,0,3,0,0,1), /322:(2,0,2,0,0, 1),
V22:(3,0,1,0,0,1), /52:(4,0,0,0,0,1), \/1(0,0,3,0,1,1),
Vo (1,0,2,0,1,1), /522:(2,0,1,0,1,1), /49(3,0,0,0,1,1),
V32 (2,0,0,0,2,1), /53:(1,0,1,0,2,1), /52:(0,0,2,0,2,1),
Vok(0,0,1,0,3,1), /535:(1,0,0,0,3,1), /55:(0,0,0,0,4,1)

11101, /525(0,1,0,0,5,0), /£2525(0,1,1,0,4,0), /22%(0,1,2,0,3,0),
VE25(0,1,3,0,2,0), /£2125(0,1,4,0,1,0), /5(0,1,5,0,0,0),
VEZ5(1,1,0,0,4,0), /12985(1,1,1,0,3,0), /12%5(1,1,2,0,2,0),
Vil (1,1,3,0,1,0), /£25(1,1,4,0,0,0), /1220.(2,1,3,0,0,0),
VA0(2,1,1,0,2,0), /280(2,1,2,0,1,0), /1259.(2,1,0,0,3,0),
VAS50.(3,1,0,0,2,0), 4/22%(3,1,1,0,1,0), \/220(3,1,2,0,0,0),
VA (4,1,0,0,1,0), /2% (4,1,1,0,0,0), \/35(5,1,0,0,0,0)

110 /125(0,0,0.1,5,0), /212:(1,0,0,1,4,0), /£2:(2,0,0,1,3,0),
VE25(3,0,0,1,2,0), /£125(4,0,0,1,1,0), /125(5,0,0,1,0,0),
VE25(0,0,1,1,4,0), \/77(1 0.1,1,3,0), \/72%:(2,0,1,1,2,0),
VS 30014,1,0), /240,110,007 250(3,0,2,1,0,0),
Ve (1,0,2,1,2,0), \/0*(2 0,2,1,1,0), \/15526-(0,0,2,1,3,0),
V/AD0(0,0,3,1,2,0), /22%0(1,0,3,1,1,0), \/1%0(2,0,3,1,0,0),
VA% (0,0,4,1,1,0), /2%(1,0,4,1,0,0), /35(0,0,5,1,0,0)

11101, /125(5,0,0,0,0,1), /212:(4,0,1,0,0,1), /£22:(3,0,2,0,0,1),
V05(2,0,3,0,0,1), /£55(1,0,4,0,0,1), /125(0,0,5,0,0, 1),
VEZ:(4,0,0,0,1,1), /5298:(1,0,3,0,1,1), /12%:(2,0,2,0,1,1),
VR (3,0,1,0,1,1), /£25(0,0,4,0,1,1), /220.(0,0,3,0,2, 1),
VA0 (2,0,1,0,2,1), /1%0,(1,0,2,0,2,1), /1220.(3,0,0,0,2, 1),
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Table C.8 (Continued)

NLM Cnp Lpsmx,xsmnln (npa lpa Ny, Dy, Ny, ln)
V 416015809(270707073 1), 41260 (1,0,1,0,3,1) \/%(0,0,2,0,3,1),
\/%(1707070’4 1 \/ 0 (O O? 170 4 ]' V é([]?())o? 07 57]-)

Table C.9 Normalized pentaquark (¢! symmetry) spatial wave functions with

quantum number, N' =2n and L' = M' =1

NLM Crp by minidamndy (T Loy x, Iy, 1, 1)

21011,  (0,1,0,0,0,1)

210110 (0,0,0,1,0,1)

210i11,  (0,1,0,1,0,0)

4101, 1/25(0,1,0,0,1,1), --(0,1,1,0,0,1), /Z(1,1,0,0,0,1)

41021115 \/;(0 0,0,1,1,1), 7=(1,0,0,1,0,1), /55(0,0,1,1,0,1)

410011, 1/25(0,1,1,1,0,0), -1(0,1,0,1,1,0), /5(1,1,0,1,0,0)

61021, 1/15(0,1,0,0,2,1),{/2(0,1,1,0,1,1), -4(0,1,2,0,0,1),
VD (1,1,0,0,1,1), /2(1,1,1,0,0,1), 1/7%(2,1,0,0,0,1)

61021 1/75(0,0,0,1,2,1), \/Z(1,0,0,1,1,1), -1(2,0,0,1,0,1),
VEZ(0,0,1,1,1,1), /Z(1,0,1;1,0,1), /7-(0,0,2,1,0,1)

61001y, \/15(0,1,2,1,0,0), 1/2(0,1,1,1,1,0), -1(0,1,0,1,2,0),
Vi (1,1,1,1,0,0), /2(1,1,0,1,1,0), ,/{%(2,1,0,1,0,0)

810p1y,  /557(0,1,0,0,3,1), /55(0,1,1,0,2,1), /53:(0,1,2,0,1,1),
Ve(0,1,3,0,0,1), /22(1,1,0,0,2,1), /22(1,1,1,0,1,1),

2:(1,1,2,0,0,1), /&(2,1,0,0,1,1), /55(2,1,1,0,0,1),

V/55:(3,1,0,0,0,1)

810pia  /55(0,0,0,1,3,1), \/55(1,0,0,1,2,1), /53:(2,0,0,1,1,1),
Ve5(3,0,0,1,0,1), /22(0,0,1,1,2,1), /£(1,0,1,1,1,1),
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Table C.9 (Continued)

NLM Crp lpmssiasmdn Ty Loy Toxs Dy, 1y, 1)
V2(2,0,1,1,0,1), /22(0,0,2,1,1,1), /55(1,0,2,1,0,1),
5(0,0,3,1,0,1)
81011y, /35 (3.1,0,1,0,0), /55(2,1,0,1,1,0), \/53:(1,1,0,1,2,0),
7=(0,1,0,1,3,0), \/22(2,1,1,1,0,0), y/5(1,1,1,1,1,0),
V/;;(0,1,1,1,2 0), /o= (1,1,2,1,0,0), V/;;(0,1,2,1,1,0)
5(0,1,3,1,0,0)

ﬁ

S1(0,1,1,0,3,1),

a

1010p11, 1/ 155(0,1,0,0,4, 1), 19.(0,1,2,0,2,1),

\/}§%;(0,1,3,0,1,1)
Vs (1,1,1,0,2,1), A
\/%(2’1’0’072’1)’ 4199(271,1,071,1)
Vi (3,1,0,0,1, 1), /595(3,1,1,0,0, 1),
1010p211)x \/E(O 0,0,1,4,1),

£55(0,1,4,0,0,1), /£65(1,1,0,0,3,1),

ﬁ
;

o

(1, 1,2,0,1,1),

T

110.(1,1,3,0,0, 1),

T

10.(2,1,2,0,0,1),

T7(4,1,0,0,0,1)

~~

31(1,0,0,1,3,1), 1/11%(2,0,0,1,2,1),

@Tﬁ
saaa

J%%@&QLLD Tioakds 0] 1, Gy 1®QLL3D
[1.(1,0,1,1,2,1), A9(2,0,1,1,1,1), /32.(3,0,1,1,0,1),

—
~> 5
C’\I

VI (0,0,2,1,2,1), /28.(1,0,2,1,1,1), /779(2,0,2,1,0,1),
VS (0,0,3,1,1,1), \/35(1,0,3,1,0,1), \/ifg(o 0,4,1,0,1)
1010p1y,  +/725(0,1,4,1,0,0), 1/5355(0,1,3,1,1,0), /{55(0,1,2,1,2,0),
VTl (0,1,1,1,3,0), /;25(0,1,0,1,4,0), \/ 10 (1,1,3,1,0,0),

[19.(1,1,2,1,1,0), A2(1,1,1,1,2,0), /1225-(1,1,0,1,3,0),
VB (2,1,2,1,0,0), /EE(2,1,1,1,1,0), /755(2.1,0,1,2,0),
\% %C)” ]" 1717070) 3’1707 ]-7 170) \/ 4199(47 1707 ]-,0 0)

g

T




APPENDIX D

NUMERICAL CALCULATION IN HO BASIS

D.1 The Complete Basis Of Harmonic Oscillator Func-

tions

The Schrodinger equation for the pentaquark systems described by the
Hamiltonian is solved numerically by expanding the pentaquark wave functions
in the completed bases ¢, and we can always expand our eigenfunction of the
Hamiltonian in terms of HO basis which reads: W,, = a,,x0%.

In the coordinate state space,

(Vm|r|tn) = <wm|rl><rl|r|rl/> <T//|"/}n>

The momentum described in the coordinate space as,

(Wmlplon) = () Iplr") " [100)
= Wl =)0~ ) )

r

= [ (i) () (D2)

Following this, we can write our Hamiltonian in the coordinate space in

the form below:

—h? > k p
= <amk¢k’(%ﬁ - + ar)|opa,,.)
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= (@mk| Berla,p) (D.3)

By is a k x k matrix, by solve the eigenvalue and eigenfunction of By, we have
the eigenvalues for the corresponding mass spectrum and eigenfunction for the
expansion in the harmonic oscillator basis. Among them permutation symmetry
of identical particles are applied to simplify the calculations shown as below:
For any operator O;, i stands for i quark of the system. ¢ is the full wave

function of hadron. (ij) is the any permutation of quark i and j then we have:

(@lOilo) = (gl(Li)~"(1)0;(14)(Li) | ¢)
= {9I(1d) "01(10)[¢)
= (6(=D)]0:|(=1)¢)
= (¢|O:]9) (D.4)

So for any operator O,0;, we just repeat this process twice, we can always

get:

(¢10:0;|9)

(¢1010;0)

= (0[0:04]¢) (D.5)

For ¢* baryon r;; can be also treat as operator O;0;, so

(0lrijlo) = (Plriale) (D.6)

Same method for ¢*q pentaquark, for i < j, 7,7 <5

<¢|7‘ij|¢> = (P|ri2]®) (D.7)

fori <5, j=5

(Plris|¢) = (P|ras|¢) (D.8)
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