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CHAPTER I

INTRODUCTION

In recent decades, hadron physicists have expended great effort hunting for

evidence of the multiquark states. Since the arguable state of Θ+(1540) was pro-

posed as the first observed pentaquark, tremendous progress on experimental and

theoretical explorations of the multiquark states has been achieved. Disregarding

the large number of XYZ tetraquark candidates, in recent years the LHCb Collab-

oration has reported and confirmed the observation of three narrow pentaquark-

like states: Pc(4312)+, Pc(4440)+, and Pc(4457)+. All three pentaquark-like states

may have the quark content of uudcc̄ (Aaij et al., 2015; Aaij et al., 2019), but

their internal structures as well as quantum numbers are still unclear.

Probably the most successful and complete description of hadron structure

is provided by the constituent quark model which was proposed by Murray Gell-

Mann and George Zweig in 1964 (Gell-Mann, 1964). Within this framework

quarks were introduced as algebraic entities acting as elementary and fundamental

constituents of matter. Since quarks are confined they do not appear as free

asymptotic particles but only as constituents of the color singlet hadrons. Hence,

there is only a qualitative understanding about the nature and dynamical origin

of the constituent quarks which occur as quasiparticles, believed to be current

quarks surrounded by a cloud of virtual quarks and gluons by which effective

quark masses are put into these current quarks. These dressed current quarks of

different flavor correspond to different constituent quarks effectively in the low

energy system, as well for heavy quarks like c and b quark in heavy quark system.
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Baryons and baryon resonances have been studied for decades, but theo-

retical results are still largely inconsistent with experimental data. The study of

baryon excitation states is the main way to reveal the baryon mass spectrum in

which the levels are labelled as: NJp(mass), but even the lowest-mass nucleon

resonance, the Roper resonance N1/2+(1440) has been problematic. In the con-

stituent quark model of the three-quark picture with one-gluon-exchange (Cap-

stick and Isgur, 1986), for example, the Roper N1/2+(1440) should have a mass

80 MeV above the first J = 1/2 negative-parity state N1/2−(1535) mass, but not

almost 100 MeV below it as the level ordering shown in Figure 1.1.

From 1960s, the final breakthrough of the quark model was provided by

direct evidence for quarks in deep inelastic scattering experiments at SLAC in

1968 (Bloom et al., 1969). Despite the success of the quark model, detailed

observables related to spectrum, production and decay properties of observed

hadrons still pose major challenges to the theoretical understanding. A very

good review paper, “Baryon Spectroscopy” (Klempt and Richard, 2010) not only

introduces the newly discovered baryon and heavy baryon, but also explains the

Figure 1.1 The level ordering produced in the constituent quark model.
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experiments and relevant models.

The baryons are experimentally well established and studied in different

production processes where the most important ones are introduced in the fol-

lowing:

a. Pion- (Kaon-) nucleon elastic and charge exchange scattering:

The baryon spectroscopy was firstly defined from π±N elastic scattering, large

numbers of baryon resonances are reported with ratings from one-star to four-

stars, practically only the four-star resonances are confirmed. The total and

differential cross section for several different center of mass energies are studied in

different accelerators, beams and detectors. The s, t, u-channel exchange in these

pion-nucleon scattering are counted theoretically for different particles. The kaon

nucleon elastic scattering which can produce hyperon spectrum is also studied

in the same way. Figure 1.2 courtesy of the COMPAS group, IHEP, Protvino,

Russia (Tanabashi et al., 2018) is an example. In this for example, the total cross

section for π−p scattering exhibits three distinctive peaks at the ∆3/2+(1232), at

1.5 GeV, and at 1.7 GeV; a fourth enhancement at 1.9 GeV is faint, a further

peak at 2.2 GeV leads into the continuum.

b. Inelastic pion and kaon nucleon scattering and other reactions:

inelastic scattering is a similar scattering process as elastic scattering just with the

kinetic energy of an incident particle not conserved, so the incident particle will

take certain values of momentum within a range above the threshold. N(1535)

is produced in the process of η scattering and N(1520) is weakly coupled to the

ηN channel but are also from Nη production which is a S-D wave interference

with the dominant N(1535) contribution (Arndt et al., 2005). Decay widths and

branching ratios are also largely studied in these reactions.

c. Photoproduction: Since quite some missing resonances decoupled
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from the pion nucleon elastic scattering escape detection because of their low he-

licity amplitudes, photoproduction brought us a new method of studying baryon

spectrum. The missing ones may show up in photoproduction of multi-particle fi-

nal states. And the cross sections for photoinduced reactions shows the structures

of some baryon resonances. Photoproduction of pseudoscalar mesons include pi-

ons, η, η′ and kaons; Photoproduction of multi-mesonic final states include vector

mesons, like ρ, ω, φ. And these couplings to the nucleon can be described by the

generalized parton distributions (GPDs) (Collins et al., 1997). γN production

give us an access to the transverse and longitudinal helicity amplitudes of more

Figure 1.2 The total and elastic cross sections for π± scattering off protons.

 



5

resonances, roper for example, and photoproduction of η, η′ mesons also show us

the helicity amplitude of more resonances like N(1535) and N(1520).

d. Partial-wave analyses: Partial-wave analyse is a very important tool

for determining masses, widths, and quantum numbers from the data of other

methods, the helicity amplitudes it provided are indispensable complements for

the complete information of the nucleon resonance. Most partial-wave analy-

ses are performed at a few places only like SAID group (Arndt et al., 2008),

MAID (Drechsel et al., 2007), EBAC (Juliá-Díaz et al., 2008), the Giessen

model (Feuster and Mosel, 1999; Shyam et al., 2010) and the Bonn-Gatchina

model (Anisovich et al., 2005).

By applying the above approaches, more baryon resonances have been dis-

covered and confirmed and the internal structures of some resonance states have

been revealed by the properties like Breit-Wigner amplitudes, transitions ampli-

tudes, and form factors. In general, the theoretical models are also supposed to

explain the experimental phenomena and data observed in the above production

processes.

In this work, we propose to study the baryon spectrum, assuming that

baryons consist of the q3 component as well as the q4q pentaquark component.

The research takes an advantage from the fact that we are one of few research

groups in the world, that is able to systematically construct the wave function

of multi quark system. Permutation groups are applied to analyze the symme-

tries of different multi-quark system including baryon, meson, tetraquark and

pentaquark, all possible quark configurations of the color, flavor, spin and spatial

degrees of freedom are worked out in the language of permutation groups, and

the corresponding wave functions are constructed systematically in the form of

Yamanouchi basis. The spatial wave functions of various symmetries are derived
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in the harmonic-oscillator interaction.

The existence of multiquark components in hadrons has been raised re-

cently in quark models. For instance, the role of 5-quark components has been

explored in the pion and electromagnetic decays and transition form factors of the

N1/2+(1440) resonance (Juliá-Díaz and Riska, 2006). It is also revealed, in our

previous work on the annihilation reactions pp→ φX and also a number of works

of others, that the proton may possess a considerable q4q component. This thesis

shows that the ordering problem of the Roper N(1440), N(1520) and N(1535)

may be solved by introducing the q4 q̄ contribution.

a. Roper resonance

The Roper resonance N(1440)1/2+ is a four-star resonance with pole mass

≈ 1.37 GeV and width ≈ 0.18 GeV (Burkert and Roberts, 2019). From the exper-

imental results of Figure 1.3, the transverse helicity amplitudes of the transition

γ∗N → P11(1440) are calculated within the light-front relativistic quark model

assuming that the P11(1440) is the first radial excitation of the q3 ground state

(Aznauryan, 2007). From the clear evidence in front, nowadays it’s widely judged

that the Roper is mainly the first radial excitation of the nucleon.

The experimental data on A1/2 are taken from: circles [blue] -analysis

of single-pion final states (Aznauryan et al., 2009); triangles [green] -analysis of

ep→ e
′
π+π−p

′ (Mokeev et al., 2008; Mokeev et al., 2016); square [black] -CLAS

Collaboration result at the photoproduction point (Aznauryan et al., 2009); and

triangle [black] -global average of this value (Tanabashi et al., 2018).

b. N(1535) and N(1520)

A similar study of helicity amplitudes AP1/2 and SP1/2 for the electromagnetic

transition γ∗N → N∗(1535) (Jido et al., 2008; An and Zou, 2009) showed q4q

component is more compact than q3 component. The first one clearly shows

 



7

Figure 1.3 Experimental date of the transverse helicity amplitudes for Roper-

resonance electroproduction γ∗p→ N(1440)

that the Ap1/2 amplitude as a q3 state is smaller than the experimental results,

while An and Zou bring us a much better description of the empirical results

by introducing 25% ∼ 65% q4q̄ component. The decay width of N(1535) →

Nη, ΓN(1535)→Nη ≡ (65 ± 25MeV) (Tanabashi et al., 2018) is as large as the

decay width of N(1535)→ Nπ, ΓN(1535)→Nπ ≡ (67.5± 19MeV) (Tanabashi et al.,

2018), N(1535) must couple to the η meson much more strongly than predicted

by flavor symmetry concluded from (Olbrich et al., 2018). Further more, only

flavor symmetry can’t describe the decays N(1535) → Nη and Λ(1670) → Λη

in corresponding baryon octet N(1535),Λ(1670),Σ(1620), while N(1650) → Nη

and Λ(1800) → Λη in N(1650),Λ(1800),Σ(1750) decays are in agreement with

flavor symmetry. Like the study (Parganlija et al., 2013) about the pseudoscalar

mixing angle of η and η
′ , η is mixed by two pure pseudoscalar isosinglet states,

ηN ≡ (ūu + d̄d)/
√

2, ηs ≡ s̄s and θP ' −44.6◦, we believe that N(1535) could

contain quite some amount of uudss̄ pentaquark component.

On the contrary to N1/2−(1535), the S-D wave interference state
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N3/2−(1520) branching ratio of ΓηN/Γtot is less than 1% almost zero. While the

study of N3/2−(1520) which was reported in 2014 by the CBELSA/TAPS Collab-

oration (Hartmann et al., 2014) still did not draw the final conclusion, however

(Ramalho and Pena, 2017) states that γN → N(1520) form factors are dominated

by the meson cloud contributions which means N(1520) may not be pure q3 state

as well. So we believe that N(1520) could couple to non strange pentaquark state.

This thesis is organized as follows. The construction of wave function of

multi quark system are in Chapter II and the details are presented in Appendix

B. All possible quark configurations of the color, flavor, spin and spatial de-

grees of freedom are worked out in the language of permutation groups, and the

corresponding wave functions are constructed systematically in the form of Ya-

manouchi basis. We estimation of the mass of low-lying q3 states, low-lying light

q4q and hidden heavy pentaquark states in Chapter III. The ordering problem

of the Roper, N(1535)and N(1520) are also discussed in this section. Chapter

IV discussed the possibility that N(1685) could be the lowest pentaquark state.

Finally, the conclusions are given in Chapter V.

 



CHAPTER II

CONSTRUCTION OF WAVE FUNCTION OF

MULTI QUARK SYSTEM

2.1 q3, q2Q Baryon Wave Functions

Permutation groups are applied to analyze the symmetries of baryon and

pentaquark states. All possible quark configurations of the color, flavor, spin and

spatial degrees of freedom are worked out in the language of permutation groups,

and the corresponding wave functions are constructed systematically in the form

of Yamanouchi basis. Here we present the ground q3 baryon states for example,

the total wave function consists of the color, spatial, spin and flavor parts.

Ψ(q3)
Octet = 1√

2
ψc[111]ψ

o
[3](φ[21]λχ[21]λ + φ[21]ρχ[21]ρ),

Ψ(q3)
Decuplet = ψc[111]ψ

o
[3]φ[3]symχ[3]sym (2.1)

Where ψc, ψo, φ and χ are respectively the color, spatial, flavor and spin parts

of the q3 cluster, same notation for pentaquark as well, and the specific wave

function in form of Yamanouchi basis as,

φ[21]λ = 1√
6

(2uud− duu− udu), φ[21]ρ = 1√
2

(udu− duu),

χ[21]λ = 1√
6

(2 ↑↑↓ − ↓↑↑ − ↑↓↑), χ[21]ρ = 1√
2

(↑↓↑ − ↓↑↑), (2.2)

φ[3]sym = 1√
3

(uud+ duu+ udu), χ[3]sym =↑↑↑, (2.3)
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Ψc
[111] = 1√

6
[(RG−GR)B + (GB −BG)R + (BR−RB)G] (2.4)

The spatial wave functions of various symmetries, which are derived in the

harmonic-oscillator interaction are described in are applied as complete bases

to evaluate the low-lying baryon resonances. The detailed are shown in Section

2.3.

The heavy baryon which includes two light quarks and one single charm

quark or bottom quark q2Q has the same color wave function as the low-lying

baryons. Requiring the q2 in the heavy baryon to be antisymmetric, the general

wave functions are,

Ψ(q2)
[2]A = Ψc

[11]Ψ
sf
[x]s ,

Ψsf
[x]s =

∑
i,j=S,A

aijΨs
[X]iΨ

f
[Y ]j (2.5)

The possible Ψ(q2)
sf wave function are,

Ψsf
[x]s = Ψs

[2]SΨf
[2]S , Ψs

[11]AΨf
[11]A (2.6)

So the total q2Q wave function is the coupling of Ψsf
[x]s with the single heavy quark,

which is,

Ψ(q2Q) = Ψc
[111]Ψo

[3] (Ψ(q2)sf[x]s ⊗ Ψ(Q)sf ) (2.7)

2.2 q4q̄, q3QQ̄ Pentaquark Wave Functions

The Young tabloid construction of the q4q̄ configuration is shown as,

(q4q̄) = (q4) ⊗ (q̄)
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The total wave function of the q4 configuration may be written in the

general form,

Ψtotal =
∑

i,j=ρ,λ,η
aij ψ

c
[211]iψ

osf
[31]j , (2.8)

with

ψosf[31]ρ,λ,η =
∑

i,j=S,A,ρ,λ,η
bijψ

o
[X]iψ

sf
[Y ]j ,

ψsf[Y ] =
∑

i,j=S,A,ρ,λ,η
cijψ

s
[x]iψ

f
[y]j , (2.9)

where ψc, ψosf , ψsf , ψs, and ψf are respectively the color, spatial-spin-flavor, spin-

flavor, spin, and flavor parts of the q4 cluster. S, A, ρ, λ, and η stand for fully

symmetric, fully antisymmetric, ρ-type, λ-type, and η-type functions. The coef-

ficients in Eqs. (2.8) and (2.9) can be determined by enacting the permutations

(12), (23) and (34) of the S4 group on both sides of the general wave functions.

The fully antisymmetric wave function for the q4 configuration is worked out as

ψ = 1√
3
(
ψc[211]λψ

osf
[31]ρ − ψ

c
[211]ρψ

osf
[31]λ + ψc[211]ηψ

osf
[31]η

)
(2.10)

After solving the general equations, the coefficients of all general wave

functions can be decided. The detailed configurations of the spatial-spin-flavor

as well as spin-flavor wave functions are worked out in the form of a Yamanouchi

basis, as shown in Appendix A.

All possible spatial-spin-flavor configurations in the form of Yamanouchi

basis are showed in Table 2.1 and q4 configuration all possible spin-flavor config-

urations in Table 2.2:
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Table 2.1 All possible spatial spin flavor configurations q4 in permutation sym-

metry.

[31]OSF

[4]O [31]SF

[1111]O [211]SF

[22]O [31]SF , [211]SF

[211]O [31]SF , [211]SF , [22]SF , [1111]SF

[31]O [4]SF , [31]SF , [211]SF , [22]SF

Table 2.2 All possible spin-flavor configurations of q4 in permutation symmetry.

[4]FS

[4]FS[22]F [22]S [4]FS[31]F [31]S [4]FS[4]F [4]S

[31]FS

[31]FS[31]F [22]S [31]FS[31]F [31]S [31]FS[31]F [4]S [31]FS[211]F [22]S

[31]FS[211]F [31]S [31]FS[22]F [31]S [31]FS[4]F [31]S

[22]FS

[22]FS[22]F [22]S [22]FS[22]F [4]S [22]FS[4]F [22]S [22]FS[211]F [31]S

[22]FS[31]F [31]S

[211]FS

[211]FS[211]F [22]S [211]FS[211]F [31]S [211]FS[211]F [4]S [211]FS[22]F [31]S

[211]FS[31]F [22]S [211]FS[31]F [31]S

[1111]FS

[1111]FS[211]F [31]S [1111]FS[22]F [22]S
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2.3 Spatial Wave Function

Here we introduce jacobi coordinates, a complete basis of certain symmetry

may be constructed with q3 systems in the harmonic oscillator interaction.

H = p2
λ

2m +
p2
ρ

2m + 1
2C

(
λ2 + ρ2

)
(2.11)

where

~ρ = 1√
2

(~r1 − ~r2) ~λ = 1√
6

(~r1 + ~r2 − 2~r3) (2.12)

In the center of mass system, with ~R = 1/
√

3(~r1 + ~r2 + ~r3), we have:

~r12 =
√

2~ρ ~r13 = 1√
2

(~ρ+
√

3~λ) ~r23 = 1√
2

(−~ρ+
√

3~λ) (2.13)

The spatial wave functions of the q3 as well as the subsystem of q3QQ̄

pentaquarks with the permutation symmetries [3]S are listed in Table C.1 from

Appendix C up to N ′ = 22, where lρ, lλ, and are L′ are limited to 0, 1 and 2 only.

Note that we have set M ′ = 0 and used the abbreviation,

∑
{ni,li,mi}

Cnρ,lρ,mρ,nλ,lλ,mλψnρlρmρ(~ρ )ψnλlλmλ(~λ )

≡
∑
{ni,li}

Cnρ,lρ,nλ,lλ ψ(nρ, lρ, nλ, lλ)

≡
∑
{ni,li}

Cnρ,lρ,nλ,lλ (nρ, lρ, nλ, lλ) (2.14)

with N = 2(nλ + nρ) + lλ + lρ and Ψnrlrmr(r) = Rnrlr(r)Ylrmr(r̂), where the state

function reads,

Rnl(r) =
[

2α3n!
Σ(n+ l + 3/2)

]1/2

(αr)le− 1
2α

2r2
Ll+1/2
n (α2r2) (2.15)

where Ll+1/2
n are the associated Laguerre polynomials. The q3 spatial wave func-

tion of different permutation symmetry are specified in Appendix C and all of

them correspond to the real harmonic oscillator band.
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We construct the spatial wave functions of the q4q̄ pentaquark systems in

the harmonic oscillator potential for the quark-quark interaction. The relative

Jacobi coordinates and the corresponding momenta may be defined respectively

as

~xi = i√
i+ i2

(
∑i
j=1mj~rj

m1 +m2 + ...mi

− ~ri+1),

~pi = ui
d~xi
dt
, (2.16)

where ui are the reduced quark masses defined as

ui =
(i+ 1)(∑i

j=1mj)mi+1

i
∑i+1
j=1mj

, i = 1, 2, 3, 4 (2.17)

where ~rj and mj are the coordinate and mass of the jth quark. We assign x1, x2,

x3, and x4 to be ρ, λ, η, and ξ Jacobi coordinates, respectively.

We start from the q4 cluster. The q4 spatial wave function, coupling among

the ρ, λ, and η harmonic oscillator wave functions, may take the general form,

ψ
q4[X]y
N ′L′M ′ =

∑
{ni,li}

A(nρ, nλ, nη, lρ, lλ, lη)

×ψnρlρ(~ρ )⊗ ψnλlλ(~λ )⊗ ψnηlη(~η )

=
∑

{ni,li,mi}
Cnρ,lρ,mρ,nλ,lλ,mλ,nη ,lη ,mη

×ψnρlρmρ(~ρ )ψnλlλmλ(~λ )ψnηlηmη(~η ) (2.18)

where ψnilimi are just harmonic oscillator wave functions and the sum {ni, li}

is over nρ, nλ, nη, lρ, lλ, lη. N ′, L′, and M ′ are respectively the total princi-

ple quantum number, total angular momentum, and magnetic quantum num-

ber of the q4 cluster. One has N ′ = (2nρ + lρ) + (2nλ + lλ) + (2nη + lη) and

Ψnrlrmr(r) = Rnrlr(r)Ylrmr(r̂), the definition of the state functions are the same

as the ones in 3q states. The [X] and y in the superscript [X]y represent the

irreducible representation [X] and the y-type symmetry of the representation.
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The coupling coefficients A(nρ, nλ, nη, lρ, lλ, lη) as well as Cnρ,lρ,mρ,nλ,lλ,mλ,nη ,lη ,mη

shall be determined according to the [X]y, where the representation matrices of

the permutations of the S4 group are applied to both sides of the general form.

The explicit forms of the spatial wave functions for the q4 cluster are presented in

Appendix C for the permutation symmetries {[4]S}. To save space, the other pos-

sible permutation symmetries {[31]ρ,λ,η, [211]ρ,λ,η and [22]ρ,λ} will not be specified

here.

The spatial wave function of pentaquark states is simply the product of the

q4 wave function and the harmonic oscillator wave function for the fourth Jacobi

coordinate ξ, where the antiquark is assigned the coordinate ~r5. The permutation

symmetry of pentaquarks is simply represented by the q4 cluster since ψnξ,lξ(~ξ)

is fully symmetric for any permutation between quarks. The total spatial wave

function of pentaquarks may take the form,

Ψ[X]y
NLM = ψ

q4[X]y
N ′L′M ′ ⊗ ψnξ,lξ(~ξ) (2.19)

where ψnξ,lξ(~ξ) are the harmonic oscillator functions for the Jacobi coordinate ξ

and [X]y stand for all possible permutation symmetries of the q4 cluster, that

is, [X]y = {[4]S, [31]ρ,λ,η, [211]ρ,λ,η, [22]ρ,λ}. N , L, and M are respectively the

total principle quantum number, total angular momentum and magnetic quantum

number of the pentaquark, with

N = 2nρ + lρ + 2nλ + lλ + 2nη + lη + 2nξ + lξ (2.20)

In principle, one can construct the spatial wave functions of pentaquarks

to any order by applying the representation matrices of the permutations of the

S4 group to the general form in Eq. (2.18). Though we have been dealing with a

system where the quark-quark potential is the harmonic oscillator interaction, the

spatial wave functions grouped in this work according to the permutation symme-
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try can be employed as complete bases to study a system with other interactions.

The spatial wave functions of pentaquarks with the q4 symmetry [4]S are

shown in Table 2.3, where ψq
4

N ′L′M ′ (L′ = M ′ = 0) and ψnξ,lξ(~ξ ) (lξ = 0) are

the spatial wave functions of the q4 subsystem and the harmonic oscillator wave

function for the ~ξ coordinate, respectively.

Table 2.3 Pentaquark spatial wave functions of symmetric type with principle

quantum number, N ≤ 14.

Ψq4q
000[4]S

ψq
4

000[4]S
ψ0,0(~ξ )

Ψq4q
200[4]S

ψq
4

200[4]S
ψ0,0(~ξ ), ψq

4

000[4]S
ψ1,0(~ξ )

Ψq4q
400[4]S

ψq
4

400[4]S
ψ0,0(~ξ ), ψq

4

200[4]S
ψ1,0(~ξ ), ψq

4

000[4]S
ψ2,0(~ξ )

Ψq4q
600[4]S

ψq
4

600[4]S
ψ0,0(~ξ), ψq

4

400[4]S
ψ1,0(~ξ), ψq

4

200[4]S
ψ2,0(~ξ), ψq

4

000[4]S
ψ3,0(~ξ)

Ψq4q
800[4]S

ψq
4

800[4]S
ψ0,0(~ξ), ψq

4

600[4]S
ψ1,0(~ξ), ψq

4

400[4]S
ψ2,0(~ξ), ψq

4

200[4]S
ψ3,0(~ξ),

ψq
4

000[4]S
ψ4,0(~ξ)

Ψq4q
1000[4]S

ψq
4

1000[4]S
ψ0,0(~ξ), ψq

4

800[4]S
ψ1,0(~ξ), ψq

4

600[4]S
ψ2,0(~ξ), ψq

4

400[4]S
ψ3,0(~ξ),

ψq
4

200[4]S
ψ4,0(~ξ), ψq

4

000[4]S
ψ5,0(~ξ)

Ψq4q
1200[4]S

ψq
4

1200[4]S
ψ0,0(~ξ), ψq

4

1000[4]S
ψ1,0(~ξ), ψq

4

800[4]S
ψ2,0(~ξ), ψq

4

600[4]S
ψ3,0(~ξ),

ψq
4

400[4]S
ψ4,0(~ξ), ψq

4

200[4]S
ψ5,0(~ξ), ψq

4

000[4]S
ψ6,0(~ξ)

Ψq4q
1400[4]S

ψq
4

1400[4]S
ψ0,0(~ξ), ψq

4

1200[4]S
ψ1,0(~ξ), ψq

4

1000[4]S
ψ2,0(~ξ), ψq

4

800[4]S
ψ3,0(~ξ),

ψq
4

600[4]S
ψ4,0(~ξ), ψq

4

400[4]S
ψ5,0(~ξ), ψq

4

200[4]S
ψ6,0(~ξ), ψq

4

000[4]S
ψ7,0(~ξ)

We construct the spatial wave functions of q3QQ̄ systems in the harmonic

oscillator potential for the quark-quark interaction. A new set of relative Jacobi

coordinates was introduced for the q3QQ̄ system, different from the ones for q4q̄

system, the Hamiltonian for the harmonic oscillator potential is written as
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Hq3Q2 = ~pλ
2

2m + ~pρ
2

2m + ~pσ
2

2M + ~pχ
2

2uχ
+ 5C(~λ2 + ~ρ2 + ~σ2 + ~χ2) (2.21)

with uχ being the reduced quark mass of the fourth Jacobi coordinate, defined

as uχ = 5mM
3m+2M , m and M are the mass of light quark and heavy quark respec-

tively. C is the coupling constant, and the relative Jacobi coordinates and the

corresponding momenta are defined respectively as

~ρ = 1√
2

(~r1 − ~r2) ~λ = 1√
6

(~r1 + ~r2 − 2~r3)

~σ = 1√
2

(~r4 − ~r5) ~χ = 1√
30

(2(~r1 + ~r2 + ~r3)− 3(~r4 + ~r5))

~pρ = 1√
2

(~p1 − ~p2) ~pλ = 1√
6

(~p1 + ~p2 − 2~p3) ~pσ = 1√
2

(~p4 − ~p5)

~pχ =
√

5√
6

(2M(~p1 + ~p2 + ~p3)− 3m(~p4 + ~p5)
3m+ 2M )

where ~pi and ~ri are the momenta and coordinate of ith quark, the antiquark

is assigned the coordinate ~r5, the fourth and fifth quark form the third Jacobi

coordinate σ and the centers of first three quarks and the last two heavy quarks

form the fourth Jacobi coordinate χ. The permutation symmetry of pentaquarks

is simply represented by the q3 cluster since the ψnσ ,lσ(~σ) and ψnχ,lχ(~χ) is fully

symmetric for any permutation between quarks. The total spatial wave function

of pentaquarks may take the form,

Ψ[X]y
NLM = ψ

q3[X]y
N ′L′M ′ ⊗ ψnσ ,lσ(~σ)⊗ ψnχ,lχ(~χ) (2.22)

which is simply the product of the q3 spatial wave function shown in Table C.1

and the harmonic oscillator wave functions ψnσ ,lσ(~σ ) and ψnχ,lχ(~χ ) for the Jacobi

coordinate σ and χ. [X]y stands for all possible permutation symmetries of the q3

cluster, where, [X]y = {[3]S, [21]ρ,λ, [111]A}. N , L, and M are respectively the

total principle quantum number, total angular momentum and magnetic quantum
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Table 2.4 q3QQ̄ pentaquark spatial wave functions of symmetric type.

Ψq3QQ̄
000[5]S

ψq
3

000[3]S
ψ0,0(~σ )ψ0,0(~χ )

Ψq3QQ̄
200[5]S

ψq
3

200[3]S
ψ0,0(~σ )ψ0,0(~χ ), ψq

3

000[3]S
ψ1,0(~σ )ψ0,0(~χ ), ψq

3

000[3]S
ψ0,0(~σ )ψ1,0(~χ )

Ψq3QQ̄
400[5]S

ψq
3

400[3]S
ψ0,0(~σ )ψ0,0(~χ ), ψq

3

200[3]S
ψ1,0(~σ )ψ0,0(~χ ), ψq

3

200[3]S
ψ0,0(~σ )ψ1,0(~χ ),

ψq
3

000[3]S
ψ2,0(~σ )ψ0,0(~χ ),ψq

3

000[3]S
ψ1,0(~σ )ψ1,0(~χ ), ψq

3

000[3]S
ψ0,0(~σ )ψ1,0(~χ )

Ψq3QQ̄
600[5]S

ψq
3

600[3]S
ψ0,0(~σ )ψ0,0(~χ ), ψq

3

400[3]S
ψ1,0(~σ )ψ0,0(~χ ), ψq

3

400[3]S
ψ0,0(~σ )ψ1,0(~χ ),

ψq
3

200[3]S
ψ2,0(~σ )ψ0,0(~χ ), ψq

3

200[3]S
ψ1,0(~σ )ψ1,0(~χ ), ψq

3

200[3]S
ψ0,0(~σ )ψ2,0(~χ ),

ψq
3

000[3]S
ψ3,0(~σ )ψ0,0(~χ ), ψq

3

000[3]S
ψ2,0(~σ )ψ1,0(~χ ), ψq

3

000[3]S
ψ1,0(~σ )ψ2,0(~χ ),

ψq
3

000[3]S
ψ0,0(~σ )ψ3,0(~χ )

Ψq3QQ̄
800[5]S

ψq
3

800[3]S
ψ0,0(~σ )ψ0,0(~χ ), ψq

3

600[3]S
ψ1,0(~σ )ψ0,0(~χ ), ψq

3

600[3]S
ψ0,0(~σ )ψ1,0(~χ ),

ψq
3

400[3]S
ψ2,0(~σ )ψ0,0(~χ ), ψq

3

400[3]S
ψ1,0(~σ )ψ1,0(~χ ), ψq

3

400[3]S
ψ0,0(~σ )ψ2,0(~χ ),

ψq
3

200[3]S
ψ3,0(~σ )ψ0,0(~χ ), ψq

3

200[3]S
ψ2,0(~σ )ψ1,0(~χ ), ψq

3

200[3]S
ψ1,0(~σ )ψ2,0(~χ ),

ψq
3

200[3]S
ψ0,0(~σ )ψ3,0(~χ ), ψq

3

000[3]S
ψ4,0(~σ )ψ0,0(~χ ), ψq

3

000[3]S
ψ3,0(~σ )ψ1,0(~χ ),

ψq
3

000[3]S
ψ2,0(~σ )ψ2,0(~χ ), ψq

3

000[3]S
ψ1,0(~σ )ψ3,0(~χ ), ψq

3

000[3]S
ψ0,0(~σ )ψ4,0(~χ )

number of the pentaquark (lσ = 0, lχ = 0), with

N = 2nρ + lρ + 2nλ + lλ + 2nσ + lσ + 2nχ + lχ (2.23)

The spatial wave functions of pentaquarks with the q3QQ̄ symmetry [5]S

are listed in the Table 2.4 (Up to N = 14 energy level is sufficient for the numerical

calculations), where ψq
3

N ′L′M ′ (L′ = M ′ = 0) and ψnσ ,lσ(~σ ) (lσ = 0), ψnχ,lχ(~χ )

(lχ = 0) are the spatial wave functions of the q3 subsystem and the harmonic

oscillator wave function for the ~σ and ~χ coordinates, respectively. Without any

limitation for nσ and nχ, all degenerate states of each pentaquark energy level up

to N = 14 served as a complete basis. N ≤ 8 states are listed below, the higher

ones follow the rule that N = Nq3 + 2(nσ + nχ).

 



CHAPTER III

ESTIMATION OF THE MASS OF

LOW-LYING Q3 STATES AND GROUND

STATE PENTAQUARKS

3.1 Constituent Quark Model and Model Parameters

We apply, as complete bases, the full wave functions of pentaquarks worked

out in the previous section to study the pentaquark system described by the

Hamiltonian,

H = H0 +HOGE
hyp ,

H0 =
N∑
k=1

(mk + p2
k

2mk

) +
N∑
i<j

(−3
8λ

C
i · λCj )(Aijrij −

Bij

rij
),

HOGE
hyp = −COGE

∑
i<j

λCi · λCj
mimj

~σi · ~σj, (3.1)

where Aij and Bij are mass dependent coupling parameters, taking the form,

Aij = a

√
mij

mu

, Bij = b

√
mu

mij

(3.2)

with mij being the reduced mass of ith and jth quarks, defined as mij = mimj
mi+mj .

The hyperfine interaction, HOGE
hyp includes only one-gluon exchange contribution,

where COGE = Cmm
2
u, with mu being the constituent u quark mass and Cm a

constant. λCi in the above equations are the generators of color SU(3) group. Refer

the detailed calculations of hyperfine contributions in different configurations in

Appendix A.
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The model parameters are determined by fitting the theoretical results to

the experimental data of the mass of all the ground state baryons, namely, eight

light baryon isospin states, seven charm baryon states, and six bottom baryon

states as well as light baryon resonances of energy level N ≤ 2, including the first

radial excitation state N(1440) with mass at 1.5 GeV and a number of orbital

excited l = 1 and l = 2 baryons. All these baryons are believed to be mainly

3q states whose masses were taken from Particle Data Group (Tanabashi et al.,

2018). The least squares method is applied to minimize the weighted squared

distance δ2,

δ2 =
N∑
i=1

ωi
(M exp −M cal)2

M exp2 (3.3)

where ωi are weights being 1 for all the states except for N(939) and ∆(1232)

which are set to be 100, M exp and M cal are respectively the experimental and

theoretical masses. M exp are taken from PDG (Tanabashi et al., 2018). Listed in

Tables 3.1, 3.2, 3.3, and 3.4 are the theoretical masses which are calculated in the

Hamiltonian in Eq. (3.1) in the q3 picture and fitted to the experimental data.

The last column in Table 3.1 shows the deviation between the experimental and

theoretical mean values, D = 100 · (M exp −M cal)/M exp. Possible assignments

of the theoretical results of excited nucleon and ∆ resonances below 2.2 GeV to

all the known baryon states are presented in Tables 3.2, 3.3, and 3.4 following

the SU(6)SF representations. The orbital-spin-flavor wave functions of q3 baryon

states are listed in Appendix B.

The 3 model coupling constants and 4 constituent quark masses are fitted,

mu = md = 327 MeV , ms = 498 MeV ,

mc = 1642 MeV , mb = 4960 MeV ,

Cm = 18.3 MeV, a = 49500 MeV2, b = 0.75
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Table 3.1 Ground state baryons applied to fit the model parameters.

Baryon M exp(MeV) M cal(MeV) D (%)

N(939) 939 939 0

∆(1232) 1232 1232 0

Λ(1116) 1116 1129 -1.16

Σ(1193) 1193 1163 2.56

Σ∗(1385) 1385 1372 0.97

Ξ(1318) 1318 1329 -0.83

Ξ∗(1530) 1533 1510 1.49

Ω(1672) 1672 1662 0.62

ΛC(2286) 2286 2272 0.62

ΣC(2455) 2454 2428 1.06

Σ∗C(2520) 2518 2486 1.26

ΞC(2470) 2469 2489 -0.82

Ξ∗C(2645) 2646 2633 0.47

ΩC(2695) 2695. 2751 -2.07

Ω∗C(2770) 2766 2789 -0.84

ΛB(5620) 5620 5599 0.37

ΣB(5811) 5811 5781 0.51

Σ∗B(5832) 5832 5801 0.54

ΞB(5792) 5792 5819 -0.47

Ξ∗B(5945) 5950 5953 -0.05

ΩB(6046) 6046 6097 -0.84
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Table 3.2 Nucleon resonances of positive parity applied to fit the model param-

eters.

(Γ, 2s+1D,N,LP ) Status JP M exp(MeV) M cal(MeV)

N(56, 28, 0, 0+) **** 1
2

+ 939 939

N(56, 28, 2, 0+) **** 1
2

+ N(1440) 1499

N(56, 28, 2, 2+) **** 5
2

+ N(1720) 1655

N(56, 28, 2, 2+) **** 3
2

+ N(1680) 1655

N(20, 21, 2, 1+) *** 1
2

+ N(1880) 1749

N(20, 41, 2, 1+) - 3
2

+ missing 1749

N(70, 210, 2, 0+) **** 1
2

+ N(1710) 1631

N(70, 410, 2, 0+) **** 3
2

+ N(1900) 1924

N(70, 210, 2, 2+) - 3
2

+ missing 1702

N(70, 210, 2, 2+) ** 5
2

+ N(1860) 1702

N(70, 410, 2, 2+) *** 1
2

+ N(2100) 1994

N(70, 410, 2, 2+) * 3
2

+ N(2040) 1994

N(70, 410, 2, 2+) ** 5
2

+ N(2000) 1994

N(70, 410, 2, 2+) ** 7
2

+ N(1990) 1994
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Table 3.3 Resonances of negative-parity applied to fit the model parameters.

(Γ, 2s+1D,N,LP ) Status JP M exp(MeV) M cal(MeV)

N(70, 210, 1, 1−) **** 3
2
− N(1520) 1380

N(70, 210, 1, 1−) **** 1
2
− N(1535) 1380

N(70, 410, 1, 1−) **** 1
2
− N(1650) 1672

N(70, 410, 1, 1−) **** 5
2
− N(1675) 1672

N(70, 410, 1, 1−) *** 3
2
− N(1700) 1672

∆(70, 210, 1, 1−) **** 1
2
− ∆(1620) 1380

∆(70, 210, 1, 1−) **** 3
2
− ∆(1700) 1380

Table 3.4 ∆ resonance of positive parity applied to fit the model parameters.

(Γ, 2s+1D,N,LP ) Status JP M exp(MeV) M cal(MeV)

∆(56, 48, 0, 0+) **** 3
2

+ ∆(1232) 1232

∆(56, 48, 2, 0+) *** 3
2

+ ∆(1600) 1791

∆(56, 48, 2, 2+) **** 5
2

+ ∆(1905) 1947

∆(56, 48, 2, 2+) **** 1
2

+ ∆(1910) 1947

∆(56, 48, 2, 2+) *** 3
2

+ ∆(1920) 1947

∆(56, 48, 2, 2+) **** 7
2

+ ∆(1950) 1947

∆(70, 210, 2, 0+) * 1
2

+ ∆(1750) 1631

∆(70, 210, 2, 2+) - 3
2

+
missing 1702

∆(70, 210, 2, 2+) - 5
2

+
missing 1702
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(3.4)

Similar model parameters were obtained in the previous work (Xu et al., 2019).

The parameters fixed in the work are slightly different from the preliminary ones

since charm and bottom baryons are included and more accurate method is used

for the model fixing. And the u and d constituent quark mass is closer to the

quark mass, 330 MeV which was determined by the baryon magnetic moments

(Rujula et al., 1975).

In general, all the ground state baryons are well described, with the max-

imum deviation less than 3%. For excited baryon states, the Roper resonance as

the first radial excited state gets a mass around 1.5 GeV which does not agree

well with the pole mass on PDG (Tanabashi et al., 2018), but has a 0.56 GeV

gap between the ground state nucleon, close to the gap 0.55 GeV between the

two lowest-magnitude JP = 1/2+ poles in Refs. (Segovia et al., 2015; Burk-

ert and Roberts, 2019). The lowest negative-parity nucleon states turn out to

be lower than the Roper resonance just as other predictions of the conventional

constituent quark models. We assume that the lowest negative-parity baryon

resonances may consist of the q3 component as well as the q4 q̄ pentaquark com-

ponent. The spin-orbit interactions are not included in this work, so the states

in the same spatial-spin-flavor configuration as shown in Appendix B have the

same mass value. Except for the two missing ∆(70, 210, 2, 2+) states and the two

missing nucleon states N(20, 21, 2, 1+) and N(70, 210, 2, 2+), most positive-parity

states are reasonably reproduced.

3.2 Light Pentaquark Spectrum

The mass spectra of the ground state q4q̄ and q3ss̄ pentaquarks are eval-

uated in the Hamiltonian in Eq. (3.1), by applying the complete bases of the
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pentaquark wave functions derived in our previous work (Xu et al., 2019).

In Table 3.5, q4q̄ ground state pentaquark masses are presented.

Table 3.5 q4q̄ ground state pentaquark masses of numerical calculation results.

q4q̄ configurations JP M(q4q) (MeV)

Ψcsf
[211]C [31]FS [4]F [31]S(q4q) 1

2
−, 3

2
− 2562, 2269

Ψcsf
[211]C [31]FS [31]F [4]S(q4q) 3

2
−, 5

2
− 2025, 2269

Ψcsf
[211]C [31]FS [31]F [31]S(q4q) 1

2
−, 3

2
− 2105, 2033

Ψcsf
[211]C [31]FS [31]F [22]S(q4q) 1

2
− 2025

Ψcsf
[211]C [31]FS [22]F [31]S(q4q) 1

2
−, 3

2
− 1683, 2049

In Table 3.6, ground state q3ss̄ pentaquark masses are showed in q4q̄ con-

figuration.

Table 3.6 q3ss̄ ground state pentaquark masses of numerical calculation results.

q4q̄ configuration JP M(q4q)(MeV)

Ψcsf
[211]C [31]FS [4]F [31]S(q3ss̄) 1

2
−, 3

2
− 2762, 2586

Ψcsf
[211]C [31]FS [31]F [4]S(q3ss̄) 3

2
−, 5

2
− 2420, 2546

Ψcsf
[211]C [31]FS [31]F [31]S(q3ss̄) 1

2
−, 3

2
− 2448, 2414

Ψcsf
[211]C [31]FS [31]F [22]S(q3ss̄) 1

2
− 2393

Ψcsf
[211]C [31]FS [211]F [31]S(q3ss̄) 1

2
−, 3

2
− 2032, 2243

Ψcsf
[211]C [31]FS [211]F [22]S(q3ss̄) 1

2
− 2165

Ψcsf
[211]C [31]FS [22]F [31]S(q3ss̄) 1

2
−, 3

2
− 2135, 2354
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3.3 Possible Mixtures of q3 and q4 q̄ States

Ground state pentaquarks always have a negative parity, thus only l = 1

nucleon and ∆ orbitally excited states could mix with ground state pentaquarks.

Considering the low theoretical masses for the N(1535) and N(1520) resonances

in the q3 picture and their quantum numbers, it is natural to assume that the

two baryon resonances may include both the q3 and q4 q̄ pentaquark component

contributions. The wave function of these baryon resonances may be expressed

as linear combinations of the q3 state and q4 q̄ pentaquark states which have the

same quantum numbers as the q3 state,

a0|q3〉+
∑
α

aα|q4q̄〉α . (3.5)

In principle, one can determine the coefficients aα by solving the coupled equations

of all channels including not only the coupling between the q3 and q4 q̄ states and

the coupling between the q4 q̄ states, but also the contributions of hidden chan-

nels such as meson-baryon ones. The mass matrix is usually not Hermitian but

complex, thus the bare states and physical states cannot be linked by an unitary

transformation. In this work we simplify the problem to the simplest case that

the q3 state mixes with only one q4 q̄ pentaquark state which has the lowest mass,

eliminating other pentaquark states and meson-baryon channels. As a result, the

2×2 mass matrix will be highly complex, which may be eigendiagonalized by the

transformation,

ψ1 = cosθ|q3〉 − sinθ|q4q̄〉 ,

ψ2 = sinθ|q3〉+ cosθ|q4q̄〉. (3.6)

where ψ1 and ψ2 are respectively the lower and higher negative-parity physical

states, and the mixing angle θ between the q3 and q4q̄ states is generally complex.
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Table 3.7 The mixture of q3 and q4 q̄ components. All four q3 states take the

same mass, 1380 MeV. The chosen pentaquark states and masses are listed as

q4q̄ configuration and q4q̄ Mass (in MeV) from Tables 3.5 and 3.6.

ψ1 State JP θ ψ2 State q4q̄ configuration q4q̄ Mass

1530 1
2
−

i35.2◦ 1882 q3ss̄[211]F [31]S 2032

1515 3
2
−

i32.6◦ 1899 q4q̄[31]F [4]S 2025

i31.7◦ 1914 q4q̄[22]F [31]S 2049

1610 1
2
−

i46.4◦ 1893 q4q̄[31]F [31]S 2123

1710 3
2
−

i51.5◦ 2024 q3ss̄[22]F [31]S 2354

The masses of the physical states, Mψ1 and Mψ2 are derived as follows:

Mψ1 = Mq3cos2θ +Mq4q̄sin2θ −mδ ,

Mψ2 = Mq3sin2θ +Mq4q̄cos2θ +mδ ,

mδ = (Mq4q̄ −Mq3)
2 tan 2θsin2θ (3.7)

The mixing angle θ in Eq. (3.7) is determined by adjusting the lower negative-

parity states ψ1 to N(1535), N(1520), ∆(1620), and ∆(1700). With both the

real and imaginary part of the mixing angle in the domain of (0, π/2), the mixing

angle and the Mψ2 can be determined without duplication from Eq. (3.7). Thus,

one gets four pairs of mixed states as shown in Table 3.7 with all Re(θ) = 0.

N(1520)3/2− and N(1875)3/2− form a nonstrange pair, and the N(1535)1/2−

and N(1895)1/2− form a strange pair for the nucleon resonances while the

∆(1620)1/2− and ∆(1900)1/2− form a nonstrange pair, and the ∆(1700)3/2− and

∆(1940)3/2− form a strange pair for the ∆ resonances. For the pair of N(1520)

and N(1875), we have shown in Table 3.7 the results with both the pentaquark

states q4q̄[31]F [4]S (2025 MeV) and q4q̄[22]F [31]S (2049 MeV) mixed with the q3 state.
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In the present model one can not rule out either of them.

Table 3.8 Masses of negative-parity resonances after including ground state pen-

taquark components. The theoretical masses of N(1535), N(1520), ∆(1620), and

∆(1700) states take the mean values of their Breit-Wigner mass from (Tanabashi

et al., 2018).

Resonance Status JP M exp (MeV) M cal (MeV)

N(1520) **** 3
2
− 1510-1520 1515

N(1535) **** 1
2
− 1515-1545 1530

N(1650) **** 1
2
− 1645-1670 1672

N(1675) **** 5
2
− 1670-1680 1672

N(1685) * 1
2
−? 1665-1675 1683

N(1700) *** 3
2
− 1650-1750 1672

N(1875) *** 3
2
− 1850-1920 1899/1914

N(1895) **** 1
2
− 1870-1920 1882

∆(1620) **** 1
2
− 1590-1630 1610

∆(1700) **** 3
2
− 1690-1730 1710

∆(1900) *** 1
2
− 1840-1920 1893

∆(1940) ** 3
2
− 1940-2060 2024

The mass spectrum of the negative-parity nucleon and ∆ resonances are

listed in Table 3.8 in the q3 and q4q̄ picture. N(1650), N(1675), and N(1700) are

assumed to be mainly pure q3 states since the q3 picture reproduces their masses

well, as shown in Table 3.3, and hence there is no mixing with pentaquark states.

N(1685) could be the lowest pure pentaquark state. The others are q3 and q4 q̄

mixing states taken from Table 3.7.

The mass spectrum of the negative-parity nucleon and ∆ resonances are
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listed in Table 3.8 in the q3 and q4q̄ picture. N(1650), N(1675), and N(1700) are

assumed to be mainly pure q3 states since the q3 picture reproduces their masses

well, as shown in Table 3.3, and hence there is no mixing with pentaquark states.

N(1685) could be the lowest pure pentaquark state. The others are q3 and q4 q̄

mixing states taken from Table 3.7.

3.4 q3QQ̄ Pentaquark Spectrum

Motivated by the hidden-charm pentaquark candidates recently found by

the LHCb Collaboration (Aaij et al., 2019) we also calculate the mass spectra

of hidden heavy pentaquarks of q3QQ̄ systems. The quark configurations and

wave functions of the q3QQ̄ systems are derived in Appendix B. The spatial wave

functions, which are derived in the harmonic oscillator quark-quark interaction

and grouped in Appendix C according to the permutation symmetry, are employed

as complete bases to study the q3QQ̄ systems described with the color dependent

Hamiltonian in Eq. (3.1). The mass spectra of the hidden charm and hidden

bottom pentaquarks of the q3 color octet configuration are presented in Tables

3.9 and 3.10 separately.

It’s noted that the hidden-charm pentaquark mass spectra in this work is

slightly higher than the three narrow pentaquarklike states, Pc(4312)+, Pc(4440)+,

and Pc(4457)+ measured by LHCb. The predicted values of 4483 and 4495 MeV

for the lowest hidden-charm pentaquark in the [21]C [21]FS[21]F [21]S configura-

tion are close to the experimental values of 4440 and 4457 MeV, but still about

100-200 MeV higher than the Pc(4312)+ state. The higher predicted Pc masses

may result from the compact spacial configuration in our pentaquark picture.

The observed Pc may probably be baryon-meson molecular states or mixtures of

compact pentaquark states and molecules. For the hidden-bottom pentaquarks,
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Table 3.9 Ground hidden-charm pentaquark q3cc̄ mass spectrum, where the q3

and QQ̄ components are in the color octet states.

q3QQ̄ configurations JP Scc̄ M(q3cc̄)(MeV)

Ψcsf
[21]C [21]FS [21]F [21]S(q3cc̄) 1

2
− 0 4483

1
2
−, 3

2
− 1 4452, 4495

Ψcsf
[21]C [21]FS [3]F [21]S(q3cc̄) 1

2
− 0 4702

1
2
−, 3

2
− 1 4701, 4701

Ψcsf
[21]C [21]FS [21]F [3]S(q3cc̄) 3

2
− 0 4556

1
2
− ,3

2
−, 5

2
− 1 4481, 4525, 4598

Table 3.10 Ground hidden-charm pentaquark q3bb̄ mass spectrum, where the q3

and QQ̄ components are in the color octet states.

q3QQ̄ configurations JP Sbb̄ M(q3bb̄)(MeV)

Ψcsf
[21]C [21]FS [21]F [21]S(q3bb̄) 1

2
− 0 10964

1
2
−, 3

2
− 1 10954, 10968

Ψcsf
[21]C [21]FS [3]F [21]S(q3bb̄) 1

2
− 0 11183

1
2
−, 3

2
− 1 11183, 11183

Ψcsf
[21]C [21]FS [21]F [3]S(q3bb̄) 3

2
− 0 11037

1
2
− ,3

2
−, 5

2
− 1 11012, 11027, 11051

the work predicts the mass of the ground states to be 10.9-11.2 GeV, lying below

the threshold of a single bottom baryon and B(B∗) mesons, which is consistent

with other work (Gutsche and Lyubovitskij, 2019).

 



CHAPTER IV

THE LOWEST PENTAQUARK STATE:

N(1685) OR NOT?

In our calculation one non-strange pentaquark with mass 1683 MeV, 1/2−

in Ψsf
[31]FS [22]F [31]S(q4q) configuration was got. Normally, for the resonance mass

less than 1.8 GeV, all states are clear in experiment, so where is this state?

Unlike all the other nucleon resonances of low energy the Breit-Wigner

(BW) full width is at least 120 MeV, A narrow structure of BW width around

30 MeV was firstly announced in photoproduction of η mesons off the quasi-free

neutron by the group (Kuznetsov et al., 2007), the nucleon was observed in the

γd→ ηn(p) excitation by another two different groups (Jaegle et al., 2011; Akondi

et al., 2014). The observations were introduced under the heading of a new one-

star isospin 1/2 nucleon resonance N(1685) since 2012, but was removed from

the listings from 2016. From the recent results on N(1685) (Anisovich et al.,

2017), a full partial wave analysis without any narrow resonance leads to an

excellent description of the data, so it could not be 1/2+ positive parity state.

During the same period of time group (Kuznetsov et al., 2017) not only observe

the narrow resonance N+(1685) decaying into ηp final state, but also witness

another isospin-1/2 N0(1685) resonance decaying into ηn in the γN → πηN

reactions. For the L = 1 q3 configuration 70(1, 1−) multiplets with spin 3/2,

N(1650), N(1700), N(1675) which all are well located, we have no possible space

to let N(1685) sit in. We may firstly make an assumption that N(1685) could be

the lowest ground pentaquark state.
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Actually, with very few exceptions, for most combination of quantum num-

bers experimentally only the lowest lying state is known, while models predict a

lot of higher lying states. However, at higher excitation energies not only the or-

dering but also the match in simple number counting is poor; and above 1.8 GeV

the 56 and 70 multiplets have more mixture effect as an old paper (Forsyth and

Cutkosky, 1980) mentioned. [56, 1−] and [70, 1−] states for N = 3 band could be

mixed together with great complexity.

The mass spectrum of the negative-parity nucleon and ∆ resonances are

listed in Table 3.8 in the q3 and q4q̄ picture. N(1650), N(1675), and N(1700) are

assumed to be mainly pure q3 states since the q3 picture reproduces their masses

well, as shown in Table 3.3, and hence there is no mixing with pentaquark states.

N(1685) could be the lowest pure pentaquark state. The others are q3 and q4 q̄

mixing states taken from Table 3.7. Only N = 1 oscillator band of Octet states

sit wrongly in the nucleon resonance because they couple with other ground state

pentaquarks of same quantum numbers, and a better understanding of N(1440),

N(1520) and N(1535) may be achieved by studying the helicity amplitude of

N(1440), N(1520) and N(1535) with both q3 and q4 q̄ state contributions since

there are much more sensitive experimental data available.

While we can’t locate N(1685) in the q3 negative party spectrum. The

lowest pentaquark mass we get is 1683 MeV with JP = 1/2− right in this region,

even though we can’t prove that 1683 MeV is just this N(1685) state, to study the

property of N(1685) as a non-strange pentaquark state may give us a good under-

stand in experiment at least its low BW width like the charmonium pentaquark

Pc(4450)+ (Aaij et al., 2015) with width 39± 5± 19 MeV.

 



CHAPTER V

CONCLUSIONS

In the thesis we have worked out all the spatial-spin-flavor as well as spin-

flavor configurations of pentaquark systems, and derived explicitly the spatial-

spin-flavor as well as spin-flavor wave functions. Spatial wave functions of various

permutation symmetries have been constructed for the pentaquark systems where

the quark-quark interactions are of the harmonic oscillator type. The constructed

spatial wave functions can serve as complete bases for studying systems in other

interactions.

The masses of low-lying q3 states and ground q4q̄ states are evaluated,

where all model parameters are predetermined by fitting the theoretical masses

to the experimental data for the baryons which are believed to be mainly 3q

states. In the work we have assumed that the Roper resonance is the first radial

excitation state of nucleon.

It is interesting that the theoretical work predicts the pentaquark state

with the [31]FS[22]F [31]S configuration and the quantum numbers I(JP ) = 1
2(1

2
−)

has the lowest mass, about 1680 MeV. One may make a bold guess that this q4q̄

pentaquark state could be the isospin-1/2 narrow resonance N+(1685) which can

not be accommodated as a q3 particle.

The work shows that the ordering problem of the N(1440), N(1520)

and N(1535) may be solved by introducing the q4 q̄ contribution. The

same calculation leads to that the N(1895)1/2−, N(1875)3/2−, ∆(1900)1/2−,

and ∆(1940)3/2− resonances may pair respectively with the N(1535)1/2−,
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N(1520)3/2−, ∆(1620)1/2−, and ∆(1700)3/2− in the q3 and q4q̄ interpretation.

A better understanding of N(1440), N(1520) and N(1535) may be achieved by

studying the helicity amplitude of N(1440), N(1520) and N(1535) with both q3

and q4 q̄ state contributions since there are much more sensitive experimental data

available.

The mass spectra of ground hidden heavy pentaquark states q3QQ̄ are ac-

curately evaluated using the same predetermined model parameters. It is found

that the hidden charm pentaquark states with the [21]C [21]FS[21]F [21]S configu-

ration have the lowest masses which are slightly larger than the LHCb results. In

this communication, however, the work can not draw any conclusion about the

nature of Pc states.
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APPENDIX A

GROUP THEORY APPROACH

Pentaquarks are states of four quarks and one antiquark, q4 q. Pentaquark

wave functions contain contributions of the spatial degrees of freedom and the

internal degrees of freedom of color, flavor and spin. The internal degrees of

freedom are taken to be the three light flavors u, d and s with spin s = 1/2 and

three possible colors r, g and b.

The quark transforms under the fundamental representation of SU(n),

whereas the antiquark transforms under the conjugate representation of SU(n),

with n = 2, 3, 3, 6 for the spin, flavor, color and spin-flavor degree of freedom,

respectively. The algebraic structure of multiquark state consists of the usual

spin-flavor and color algebras SUsf (6)⊗SUc(3) with SUsf (6) = SUf (3)⊗SUs(2).

The n-quark state |q1〉|q2〉 · · · |qn〉 forms an mn dimensional direct product basis

of SU(m) (m = 3, 3, 3, 2 for the color, spatial, flavor, and spin), which can be

decomposed according to the S4 permutation group.

The construction of q4q̄ states follow the rules that a q4q̄ state must be

a color singlet and the q4q̄ wave function should be antisymmetric under any

permutation between identical quarks.

In the language of group theory, the permutation symmetry of the four-

quark configuration is characterized by the S4 Young tabloids [4], [31], [22], [211]

and [1111].

The total pentaquark wave function should be a color singlet demands that

the color part of the pentaquark wave function must be a [222]1 singlet.
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Since the color part of the antiquark in pentaquark states is a [11]3 an-

titriplet

ψc[11](q) = (A.1)

the color wave function of the four-quark configuration must be a [211]3 triplet

ψc[211](q4) = (A.2)

The total states of q4 is antisymmetric implies that the orbital-spin-flavour

part must be a [31] state

ψosf[31](q
4) = (A.3)

which is obtained from the Young tabloid of the colour part by interchanging rows

and columns.

Total wave function of the q4 configuration may be written in the general

form

ψ =
∑

i,j=λ,ρ,η
aijψ

c
[211]iψ

osf
[31]j (A.4)

The coefficients can be determined by operating the permutations of S4 on the

general form, using the [31] and [211] representation matrices.

For example, applying the permutation (12) first by using

D[31](12) =


1 0 0

0 1 0

0 0 −1

 , D[211](12) =


1 0 0

0 −1 0

0 0 −1

 (A.5)

One gets

(12)ψ = +aλλψc[211]λψ
osf
[31]λ − aλρψ

c
[211]λψ

osf
[31]ρ + aληψ

c
[211]λψ

osf
[31]η

−aρλΨc
[211]ρψ

osf
[31]λ + aρρψ

c
[211]ρψ

osf
[31]ρ − aρηψ

c
[211]ρψ

osf
[31]η
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−aηλΨc
[211]ηψ

osf
[31]λ + aηρψ

c
[211]ηψ

osf
[31]ρ − aηηψ

c
[211]ηψ

osf
[31]η

An antisymmetric ψ requires aλλ = aλη = aρρ = aηρ = 0. Therefore, we have

ψ = aλρψ
c
[211]λψ

osf
[31]ρ + aρλψ

c
[211]ρψ

osf
[31]λ + aρηψ

c
[211]ρψ

osf
[31]η

+aηλψc[211]ηψ
osf
[31]λ + aηηψ

c
[211]ηψ

osf
[31]η

The action of the permutation (13) of S4 on the above equation and the application

of the antisymmetric restriction, (13)ψ = −ψ lead to aηλ = aρη = 0 and aρλ =

−aλρ, and hence

ψ = aλρψ
c
[211]λψ

osf
[31]ρ − aλρψ

c
[211]ρψ

osf
[31]λ + aηηψ

c
[211]ηψ

osf
[31]η

Applying the permutation (34) of S4 to the above equation, we have

(34)ψ = −aλρψc[211]λψ
osf
[31]ρ

+ aρλ

(
−1

3ψ
c
[211]ρ + 2

√
2

3 ψc[211]η

)(
1
3ψ

osf
[31]λ + 2

√
2

3 ψosf[31]η

)

+ aηη

(
2
√

2
3 ψc[211]ρ + 1

3ψ
c
[211]η

)(
2
√

2
3 ψosf[31]λ −

1
3ψ

osf
[31]η

)
. (A.6)

Here we have used the [31] and [211] representation matrices for the permutation

(34),

D[31](34) =


1/3 0 2

√
2/3

0 1 0

2
√

2/3 0 −1/3

 , D[211](34) =


−1 0 0

0 −1/3 2
√

2/3

0 2
√

2/3 1/3

(A.7)

D[31](34) =


1/3 0 2

√
2/3

0 1 0

2
√

2/3 0 −1/3

 , D[211](34) =


−1 0 0

0 −1/3 2
√

2/3

0 2
√

2/3 1/3

(A.8)

An antisymmetric ψ demands aλρ = aηη. Finally, we derive a fully antisymmetric

wave function for the q4 configuration

ψ = 1√
3
(
ψc[211]λψ

osf
[31]ρ − ψ

c
[211]ρψ

osf
[31]λ + ψc[211]ηψ

osf
[31]η

)
(A.9)
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The spatial-flavor-spin wave function of the q4 cluster may be written in

the general form

Ψosf
[31] =

∑
i,j=S,A,λ,ρ,η

bijΨo
[X]iΨ

sf
[Y ]j (A.10)

Applying the permutations of S4 on the general form leads to all the possible

spatial-spin-flavor configurations:

The flavor-spin wave function of the q4 cluster may be written in the general

form

Ψsf
[Z] =

∑
i,j=S,A,λ,ρ,η

cijΦf
[X]iχ

s
[Y ]j (A.11)

Applying the permutations of S4 on the general form leads to all the possible

spin-flavor configurations.

For the pentaquark states with isospin I = 0 and strangeness S = 1, the

q4 flavor-spin wave function of must be as follows:

[31] = [22] ⊗ [31]

SUsf (6) SUf (3) SUs(2)
(A.12)

Again, the spin-flavor wave functions of various permutation symmetries take the

general form,

ψsf =
∑
i=λ,ρ

∑
j=λ,ρ,η

aij φ[22]iχ[31]j (A.13)

aij can be determined by acting the permutations of S4 on the general form. In

this appendix we list explicitly the spatial-spin-flavor as well as spin-flavor wave

functions for all the configurations in Tables 2.1 and 2.2. O[X], F[X], S[X], FS[X],

and OFS[X] in the content below stand respectively for the spatial, flavor, spin,

spin-flavor, and spatial-spin-flavor symmetries. OFS[31] and FS[4], FS[31], FS[211],

FS[22], FS[1111] wave functions are listed separately in Tables A.1, A.2, A.3, A.4,

A.5 and A.6.
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Table A.1 Explicit OFS[31] wave functions in O[X] and FS[X] configurations.

O[X] FS[X] OFS[31] Type Explicit wave function

O[4]FS[31] ρ φo[4]Sφ
sf
[31]ρ

λ φo[4]Sφ
sf
[31]λ

η φo[4]Sφ
sf
[31]η

O[1111]FS[211] ρ φo[1111]Aφ
sf
[211]ρ

λ φo[1111]Aφ
sf
[211]λ

η φo[1111]Aφ
sf
[211]η

O[22]FS[31] ρ 1
2φ

o
[22]λφ

sf
[31]ρ + 1

2φ
o
[22]ρφ

sf
[31]λ −

1√
2φ

o
[22]ρφ

sf
[31]η

λ −1
2φ

o
[22]λφ

sf
[31]λ + 1

2φ
o
[22]ρφ

sf
[31]ρ −

1√
2φ

o
[22]λφ

sf
[31]η

η − 1√
2φ

o
[22]λφ

sf
[31]λ −

1√
2φ

o
[22]ρφ

sf
[31]ρ

O[22]FS[211] ρ 1
2φ

o
[22]ρφ

sf
[211]λ + 1

2φ
o
[22]λφ

sf
[211]ρ + 1√

2φ
o
[22]λφ

sf
[211]η

λ −1
2φ

o
[22]λφ

sf
[211]λ + 1

2φ
o
[22]ρφ

sf
[211]ρ −

1√
2φ

o
[22]ρφ

sf
[211]η

η 1√
2φ

o
[22]λφ

sf
[211]λ + 1√

2φ
o
[22]ρφ

sf
[211]ρ

O[211]FS[31] ρ 1√
2φ

o
[211]ηφ

sf
[31]λ + 1√

2φ
o
[211]ρφ

sf
[31]η

λ 1√
2φ

o
[211]λφ

sf
[31]η −

1√
2φ

o
[211]ηφ

sf
[31]ρ

η − 1√
2φ

o
[211]λφ

sf
[31]λ −

1√
2φ

o
[211]ρφ

sf
[31]ρ

O[211]FS[211] ρ 1√
3φ

o
[211]λφ

sf
[211]ρ+

1√
3φ

o
[211]ρφ

sf
[211]λ−

1√
6φ

o
[211]ηφ

sf
[211]λ−

1√
6φ

o
[211]λφ

sf
[211]η

λ 1√
3φ

o
[211]ρφ

sf
[211]ρ+ 1√

6φ
o
[211]ηφ

sf
[211]ρ+ 1√

6φ
o
[211]ρφ

sf
[211]η−

1√
3φ

o
[211]λφ

sf
[211]λ

η − 1√
6φ

o
[211]λφ

sf
[211]λ−

1√
6φ

o
[211]ρφ

sf
[211]ρ+ 2√

6φ
o
[211]ηφ

sf
[211]η

O[211]FS[22] ρ 1
2φ

o
[211]λφ

sf
[22]ρ + 1

2φ
o
[211]ρφ

sf
[22]λ + 1√

2φ
o
[211]ηφ

sf
[22]λ

λ −1
2φ

o
[211]λφ

sf
[22]λ + 1

2φ
o
[211]ρφ

sf
[22]ρ −

1√
2φ

o
[211]ηφ

sf
[22]ρ

η 1√
2φ

o
[211]λφ

sf
[22]λ + 1√

2φ
o
[211]ρφ

sf
[22]ρ
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Table A.1 (Continued)

O[X] FS[X] OFS[31] Type Explicit wave function

O[31]FS[4] ρ φo[31]ρφ
sf
[4]S

λ φo[31]λφ
sf
[4]S

η φo[31]ηφ
sf
[4]S

O[31]FS[31] ρ 1√
3φ

o
[31]λφ

sf
[31]ρ + 1√

3φ
o
[31]ρφ

sf
[31]λ + 1√

6φ
o
[31]ηφ

sf
[31]ρ +

1√
6φ

o
[31]ρφ

sf
[31]η

λ − 1√
3φ

o
[31]λφ

sf
[31]λ + 1√

3φ
o
[31]ρφ

sf
[31]ρ + 1√

6φ
o
[31]ηφ

sf
[31]λ +

1√
6φ

o
[31]λφ

sf
[31]η

η 1√
6φ[31]λφ

sf
[31]λ + 1√

6φ[31]ρφ
sf
[31]ρ −

2√
6φ[31]ηφ

sf
[31]η

O[31]FS[211] ρ 1√
2φ

o
[31]λφ

sf
[211]η + 1√

2φ
o
[31]ηφ

sf
[211]ρ

λ 1√
2φ

o
[31]ηφ

sf
[211]λ −

1√
2φ

o
[31]ρφ

sf
[211]η

η − 1√
2φ

o
[31]λφ

sf
[211]λ −

1√
2φ

o
[31]ρφ

sf
[211]ρ

O[31]FS[22] ρ 1
2φ

o
[31]λφ

sf
[22]ρ + 1

2φ
o
[31]ρφ

sf
[22]λ −

1√
2φ

o
[31]ηφ

sf
[22]ρ

λ −1
2φ

o
[31]λφ

sf
[22]λ + 1

2φ
o
[31]ρφ

sf
[22]ρ −

1√
2φ

o
[31]ηφ

sf
[22]λ

η − 1√
2φ

o
[31]λφ

sf
[22]λ −

1√
2φ

o
[31]ρφ

sf
[22]ρ

Table A.2 Explicit FS[4] wave functions in F[X] and S[X] configurations.

F[X] S[X] FS[4] Type Explicit wave function

F[4]S[4] S φ[4]Sχ[4]S

F[31]S[31] S 1√
3φ[31]λχ[31]λ + 1√

3φ[31]ρχ[31]ρ + 1√
3φ[31]ηχ[31]η

F[22]S[22] S 1√
2φ[22]λχ[22]λ + 1√

2φ[22]ρχ[22]ρ

Table A.3 Explicit FS[31] wave functions in F[X] and S[X] configurations.

F[X] S[X] FS[31] Type Explicit wave function

F[4]S[31] ρ φ[4]Sχ[31]ρ
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Table A.3 (Continued)

F[X] S[X] FS[31] Type Explicit wave function

λ φ[4]Sχ[31]λ

η φ[4]Sχ[31]η

F[31]S[4] ρ φ[31]ρχ[4]S

λ φ[31]λχ[4]S

η φ[31]ηχ[4]S

F[31]S[31] ρ 1√
3φ[31]λχ[31]ρ + 1√

3φ[31]ρχ[31]λ + 1√
6φ[31]ηχ[31]ρ +

1√
6φ[31]ρχ[31]η

λ − 1√
3φ[31]λχ[31]λ + 1√

3φ[31]ρχ[31]ρ + 1√
6φ[31]ηχ[31]λ +

1√
6φ[31]λχ[31]η

η 1√
6φ[31]λχ[31]λ + 1√

6φ[31]ρχ[31]ρ − 2√
6φ[31]ηχ[31]η

F[31]FS[22] ρ 1
2φ[31]λχ[22]ρ + 1

2φ[31]ρχ[22]λ − 1√
2φ[31]ηχ[22]ρ

λ −1
2φ[31]λχ[22]λ + 1

2φ[31]ρχ[22]ρ − 1√
2φ[31]ηχ[22]λ

η − 1√
2φ[31]λχ[22]λ − 1√

2φ[31]ρχ[22]ρ

F[211]S[31] ρ 1√
2φ[211]ηχ[31]λ + 1√

2φ[211]ρχ[31]η

λ 1√
2φ[211]λχ[31]η − 1√

2φ[211]ηχ[31]ρ

η − 1√
2φ[211]λχ[31]λ − 1√

2φ[211]ρχ[31]ρ

F[211]S[22] ρ 1
2φ[211]λχ[22]ρ + 1

2φ[211]ρχ[22]λ + 1√
2φ[211]ηχ[22]λ

λ −1
2φ[211]λχ[22]λ + 1

2φ[211]ρχ[22]ρ − 1√
2φ[211]ηχ[22]ρ

η 1√
2φ[211]λχ[22]λ + 1√

2φ[211]ρχ[22]ρ

F[22]S[31] ρ 1
2φ[22]λχ[31]ρ + 1

2φ[22]ρχ[31]λ − 1√
2φ[22]ρχ[31]η

λ −1
2φ[22]λχ[31]λ + 1

2φ[22]ρχ[31]ρ − 1√
2φ[22]λχ[31]η

η − 1√
2φ[22]λχ[31]λ − 1√

2φ[22]ρχ[31]ρ
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Table A.4 Explicit FS[211] wave functions in F[X] and S[X] configurations.

F[X] S[X] FS[211] Type Explicit wave function

F[31]S[31] ρ 1√
2φ[31]ηχ[31]ρ − 1√

2φ[31]ρχ[31]η

λ 1√
2φ[31]ηχ[31]λ − 1√

2φ[31]λχ[31]η

η 1√
2φ[31]λχ[31]ρ − 1√

2φ[31]ρχ[31]λ

F[31]S[22] ρ 1
2φ[31]λχ[22]ρ + 1

2φ[31]ρχ[22]λ + 1√
2φ[31]ηχ[22]ρ

λ −1
2φ[31]λχ[22]λ + 1

2φ[31]ρχ[22]ρ + 1√
2φ[31]ηχ[22]λ

η 1√
2φ[31]ρχ[22]λ − 1√

2φ[31]λχ[22]ρ

F[211]S[4] ρ φ[211]ρχ[4]S

λ φ[211]λχ[4]S

η φ[211]ηχ[4]S

F[211]S[31] ρ 1√
3φ[211]λχ[31]ρ + 1√

3φ[211]ρχ[31]λ + 1√
6φ[211]ηχ[31]λ −

1√
6φ[211]ρχ[31]η

λ − 1√
3φ[211]λχ[31]λ+ 1√

3φ[211]ρχ[31]ρ− 1√
6φ[211]ηχ[31]ρ−

1√
6φ[211]λχ[31]η

η 1√
6φ[211]λχ[31]ρ − 1√

6φ[211]ρχ[31]λ + 2√
6φ[211]ηχ[31]η

F[211]FS[22] ρ 1
2φ[211]λχ[22]ρ + 1

2φ[211]ρχ[22]λ − 1√
2φ[211]ηχ[22]λ

λ −1
2φ[211]λχ[22]λ + 1

2φ[211]ρχ[22]ρ + 1√
2φ[211]ηχ[22]ρ

η − 1√
2φ[211]ρχ[22]λ + 1√

2φ[211]λχ[22]ρ

F[22]S[31] ρ 1
2φ[22]λχ[31]ρ + 1

2φ[22]ρχ[31]λ + 1√
2φ[22]ρχ[31]η

λ −1
2φ[22]λχ[31]λ + 1

2φ[22]ρχ[31]ρ + 1√
2φ[22]λχ[31]η

η − 1√
2φ[22]ρχ[31]λ + 1√

2φ[22]λχ[31]ρ

Table A.5 Explicit FS[22] wave functions in F[X] and S[X] configurations.

F[X] S[X] FS[22] Type Explicit wave function

F[4]S[22] ρ φ[4]Sχ[22]ρ
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Table A.5 (Continued)

F[X] S[X] FS[22] Type Explicit wave function

λ φ[4]Sχ[22]λ

F[31]S[31] ρ 1√
3φ[31]λχ[31]ρ + 1√

3φ[31]ρχ[31]λ − 1√
6φ[31]ηχ[31]ρ −

1√
6φ[31]ρχ[31]η

λ − 1√
3φ[31]λχ[31]λ + 1√

3φ[31]ρχ[31]ρ − 1√
6φ[31]ηχ[31]λ −

1√
6φ[31]λχ[31]η

F[211]S[31] ρ 1√
3φ[211]λχ[31]ρ + 1√

3φ[211]ρχ[31]λ − 1√
6φ[211]ηχ[31]λ +

1√
6φ[211]ρχ[31]η

λ − 1√
3φ[211]λχ[31]λ+ 1√

3φ[211]ρχ[31]ρ+ 1√
6φ[211]ηχ[31]ρ+

1√
6φ[211]λχ[31]η

F[22]S[4] ρ φ[22]ρχ[4]S

λ φ[22]λχ[4]S

F[22]S[22] ρ 1√
2φ[22]ρχ[22]λ + 1√

2φ[22]λχ[22]ρ

λ − 1√
2φ[22]λχ[22]λ + 1√

2φ[22]ρχ[22]ρ

Table A.6 Explicit FS[1111] wave functions in F[X] and S[X] configurations.

F[X] S[X] FS[1111] Type Explicit wave function

F[211]S[31] A − 1√
3φ[211]ρχ[31]λ + 1√

3φ[211]λχ[31]ρ + 1√
3φ[211]ηχ[31]η

F[22]S[22] A − 1√
2φ[22]ρχ[22]λ + 1√

2φ[22]λχ[22]ρ

The hyperfine contributions ∆MOGE(q4q) in Eq. (A.14) show the detailed

dependence of pentaquark hyperfine interaction on the color-spin-flavor wave func-

tion.
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Table A.7 Expectation values of spin configuration [22] with pentaquark spin

s = 1/2

~σi · ~σj 12 13 23 14 24 34 15 25 35 45

〈~σρi · ~σ
ρ
j 〉 -3 0 0 0 0 -3 0 0 0 0

〈~σρi · ~σλj 〉 0 −
√

3
√

3
√

3 −
√

3 0 0 0 0 0

〈~σλi ·~σλj 〉 1 -2 -2 -2 -2 1 0 0 0 0

∆MOGE(q4q) = 〈ψ(q4q)|HOGE(q4q)|ψ(q4q)〉

= − mu
2

3mimj

CG (〈ψc[211]λ|λ
C
i · λCj |ψc[211]λ〉〈ψ

sf
[31]ρ|~σi · ~σj|ψ

sf
[31]ρ〉

−2〈ψc[211]λ |λ
C
i · λCj |ψc[211]ρ〉〈ψ

sf
[31]λ |~σi · ~σj|ψ

sf
[31]ρ〉

+2〈ψc[211]λ|λ
C
i · λCj |ψc[211]η〉〈ψ

sf
[31]ρ|~σi · ~σj|ψ

sf
[31]η〉

+〈ψc[211]ρ|λ
C
i · λCj |ψc[211]ρ〉〈ψ

sf
[31]λ |~σi · ~σj|ψ

sf
[31]λ〉

−2〈ψc[211]ρ|λ
C
i · λCj |ψc[211]η〉〈ψ

sf
[31]λ|~σi · ~σj|ψ

sf
[31]η〉

+〈ψc[211]η |λ
C
i · λCj |ψc[211]η〉〈ψ

sf
[31]η |~σi · ~σj|ψ

sf
[31]η〉)

(A.14)

Where the expectation values 〈ψc[211]x|λ
C
i · λCj |ψc[211]y〉 for [211] color con-

figuration and 〈ψsf[31]x|~σi · ~σj|ψ
sf
[31]y〉 for different spin configurations are simplified

as λCi · λCj and ~σi · ~σj. The s quark mass ms is different from u and d quark

mass for the flavor correction, so as for the heavy quark masses mc and mb. The

expectation values for each quark pair in pentaquark state for spin configuration

[22] and [31] are listed in Tables A.7, A.8 and A.9.

Spin configuration [4] with total pentaquark spin 5/2 have all expectation

values as 1 between every quark pair in pentaquark state, while all expectation

values of the quark-antiquark pair change to -1 when total pentaquark spin equal

3/2.
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Table A.8 Expectation values of spin configuration [31] with pentaquark spin

s = 1/2

~σi · ~σj 12 13 23 14 24 34 15 25 35 45

〈~σρi · ~σ
ρ
j 〉 -3 0 0 0 0 1 0 0 -2 -2

〈~σλi ·~σλj 〉 1 -2 -2 2
3

2
3 −1

3 −4
3 −4

3
2
3 -2

〈σηi · σ
η
j 〉 1 1 1 −5

3 −5
3 −5

3 −5
3 −5

3 −5
3 1

〈~σρi · ~σλj 〉 0 −
√

3
√

3 − 1√
3

1√
3 0 2√

3 − 2√
3 0 0

〈~σρi · ~σ
η
j 〉 0 0 0 −2

√
6

3
2
√

6
3 0

√
6

3 −
√

6
3 0 0

〈~σλi ·~σ
η
j 〉 0 0 0 −2

√
2

3 −2
√

2
3

4
√

2
3

√
2

3

√
2

3 −2
√

2
3 0

The expectation values for each quark pair in pentaquark state for color

configuration [211] is listed in Table A.10.
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Table A.9 Expectation values of spin configuration [31] with pentaquark spin

s = 3/2

~σi · ~σj 12 13 23 14 24 34 15 25 35 45

〈~σρi · ~σ
ρ
j 〉 -3 0 0 0 0 1 0 0 1 1

〈~σλi ·~σλj 〉 1 -2 -2 2
3

2
3 −1

3
2
3

2
3 −1

3 1

〈σηi · σ
η
j 〉 1 1 1 −5

3 −5
3 −5

3
5
6

5
6

5
6 −1

2

〈~σρi · ~σλj 〉 0 −
√

3
√

3 − 1√
3

1√
3 0 − 1√

3
1√
3 0 0

〈~σρi · ~σ
η
j 〉 0 0 0 −2

√
6

3
2
√

6
3 0 −

√
6

6

√
6

6 0 0

〈~σλi ·~σ
η
j 〉 0 0 0 −2

√
2

3 −2
√

2
3

4
√

2
3 −

√
2

6 −
√

2
6

√
2

3 0

Table A.10 Expectation values of color configuration [211]

λi · λj 12 13 23 14 24 34 15 25 35 45

〈λρi · λ
ρ
j 〉 −8

3
1
3

1
3 −7

3 −7
3 −4

3 −2
3 −2

3 −14
3

2
3

〈λλi · λλj 〉 4
3 −5

3 −5
3 −5

3 −5
3 −8

3 −10
3 −10

3
2
3

2
3

〈ληi · λ
η
j 〉 −8

3 −8
3 −8

3 0 0 0 0 0 0 −16
3

〈λρi · λλj 〉 0 −
√

3
√

3 − 1√
3

1√
3 0 4√

3 − 4√
3 0 0

〈λρi · λ
η
j 〉 0 0 0 −2

√
2

3 −2
√

2
3

4
√

2
3

2
√

2
3

2
√

2
3 −4

√
2

3 0

〈λλi · λ
η
j 〉 0 0 0 4√

6 − 4√
6 0 − 4√

6
4√
6 0 0

 



APPENDIX B

q3 AND q4q̄ FULL WAVE FUNCTION IN SU(3)

FLAVOR SYMMETRY

B.1 q3 Color-spin-flavor Wave Functions

In this Appendix the q3 color-spatial-spin-flavor wave functions with the

principle quantum number N ≤ 2 are listed in Table B.1, where χi, Φj, and φN ′L′M ′y

are the spin, flavor, and spatial wave functions, respectively. And flavor singlet 20

supermultiplets are not discussed here. The SU(3)F singlet states are excluded

since only nucleon and ∆ resonances are discussed. The wave functions of baryon

octet and decuplet states refer to group theory lecture notes in our group.

Out of the 33×23 = 216 baryonic supermultiplets, derived are 56 symmet-

ric, 70 ρ-type, 70 λ-type, and 20 antisymmetric states listed as follows:

S : (10,4) + (8,2) = 56

λ : (10,2) + (8,4) + (8,2) + (1,2) = 70

ρ : (10,2) + (8,4) + (8,2) + (1,2) = 70

A : (8,2) + (1,4) = 20

(B.1)
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Table B.1 Explicit q3 orbital-spin-flavor wave functions.

SU(6)SF lP SU(6)SF×O(3) wave functions

N Rep. O(3) SU(3)F octet SU(3)F decuplet

0 56 0+ JP = 1
2

+
JP = 3

2
+

1√
2φ

0
00s(Φλχρ + Φρχλ) φ0

00SΦSχS

1 70 1− JP = 1
2
−
, 3

2
−

JP = 1
2
−
, 3

2
−

1
2 [φ1

1mρ(Φλχρ + Φρχλ) +

φ1
1mλ(Φρχρ − Φλχλ)]

1√
2ΦS(φ1

1mλχλ + φ1
1mρχρ)

JP = 1
2
−
, 3

2
−
, 5

2
−

1√
2χS(φ1

1mλΦλ + φ1
1mρΦρ)

2 56 0+ JP = 1
2

+
JP = 3

2
+

1√
2φ

2
00s(Φλχρ + Φρχλ) ΦSφ

2
00SχS

70 0+ JP = 1
2

+
JP = 1

2
+

1
2 [φ2

00ρ(Φλχρ + Φρχλ) +

φ2
00λ(Φρχρ − Φλχλ)]

1√
2ΦS(φ2

00λχλ + φ2
00ρχρ)

JP = 3
2

+

1√
2χS(φ2

00λΦλ + φ2
00ρΦρ)

2 56 2+ JP = 3
2

+
, 5

2
+

JP = 1
2

+
, 3

2
+
, 5

2
+
, 7

2
+

1√
2φ

2
2mS(Φρχρ + Φλχλ) φ2

2mSΦSχS

70 2+ JP = 3
2

+
, 5

2
+

JP = 3
2

+
, 5

2
+

1
2 [φ2

2mρ(Φλχρ + Φρχλ) +

φ2
2mλ(Φρχρ − Φλχλ)]

1√
2ΦS(φ2

2mλχλ + φ2
2mρχρ)

JP = 1
2

+
, 3

2
+
, 5

2
+
, 7

2
+

1√
2χS(φ2

2mλΦλ + φ2
2mρΦρ)
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B.2 q4q̄ Color-spin-flavor Wave Functions

For q4 systems, the projection operators according to Young tableaux of ρ,

λ and η types, for example,

The projection operator of

P[211]ρ = 6− 6(12) + 3(13)− 5(14) + 3(23)− 5(24)− 2(34)

+2(12)(34)− 4(14)(23)− 4(13)(24)

−3(123) + 5(124)− 3(132)− (134) + 5(142)− (143)− (234)− (243)

(1234) + (1243) + 4(1324) + (1342) + 4(1423) + (1432),

P[211]λ = 2 + 2(12)− (13)− (14)− (23)− (24)− 2(34)

−2(12)(34)

−(123)− (124)− (132) + (134)− (142) + (143) + (234) + (243)

+(1234) + (1243) + (1342) + (1432),

P[211]η = 3− 3(12)− 3(13) + (14)− 3(23) + (24) + (34)

−(12)(34)− (14)(23)− (13)(24)

+3(123)− (124) + 3(132)− (134)− (142)− (143)− (234)− (243)

+(1234) + (1243) + (1324) + (1342) + (1423) + (1432). (B.2)

q4 color wave functions can be derived by applying the λ-, ρ- and η-type

projection operators of the S4 IR[211] in Yamanouchi basis,∣∣∣∣∣∣∣
1 2
3
4

,
R R
G
B

〉
= P[211]λ(RRGB) =⇒ ψc[211]λ(R) :

1√
16

(2|RRGB〉 − 2|RRBG〉 − |GRRB〉 − |RGRB〉 − |BRGR〉

−|RBGR〉+ |BRRG〉+ |GRBR〉+ |RBRG〉+ |RGBR〉)
∣∣∣∣∣∣∣

1 3
2
4

,
R R
G
B

〉
= P[211]ρ(RGRB) =⇒ ψc[211]ρ(R) :
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1√
48

(3|RGRB〉 − 3|GRRB〉+ 3|BRRG〉 − 3|RBRG〉+ 2|GBRR〉

−2|BGRR〉 − |BRGR〉+ |RBGR〉+ |GRBR〉 − |RGBR〉)

∣∣∣∣∣∣∣
1 4
2
3

,
R R
G
B

〉
= P[211]η(RGBR) =⇒ ψc[211]η(R) :

1√
6

(|RGBR〉+ |GBRR〉+ |BRGR〉 − |RBGR〉 − |GRBR〉 − |BGRR〉)

The singlet color wave function Ψc
[211]j (j = λ, ρ, η) of pentaquarks is given

by

Ψc
[211]j = 1√

3
(
ψc[211]j(R) R̄ + ψc[211]j(G) Ḡ+ ψc[211]j(B) B̄

)
.

For the flavor wave function of q4, for example, isospin and isospin projec-

tion as I = 1, Iz = 1, for u u u
d

P[31]λ(uudu) =⇒ φ[31]λ(1, 1) = 1√
6
| 2uudu− duuu− uduu 〉

P[31]ρ(uduu) =⇒ φ[31]ρ(1, 1) = 1√
2
| uduu− duuu 〉

P[31]η(uuud) =⇒ φ[31]η(1, 1) = 1
2
√

3
| 3uuud− duuu− uduu− uudu 〉(B.3)

The isospin of pentaquark state I = 3
2 ,

φ(q4q̄)[31]λ(3
2 ,

3
2) = φ(Iq4 = 1,mq4 = 1)[31]λφ(Iq̄ = 1/2, Izq̄ = 1/2)

= 1√
6
| 2uuduū− duuuū− uduuū 〉

φ(q4q̄)[31]ρ(
3
2 ,

3
2) = φ(Iq4 = 1,mq4 = 1)[31]ρφ(Iq̄ = 1/2, Izq̄ = 1/2)

= 1√
2
| uduuū− duuuū 〉

φ(q4q̄)[31]η(
3
2 ,

3
2) = φ(Iq4 = 1,mq4 = 1)[31]ηφ(Iq̄ = 1/2, Izq̄ = 1/2)

= 1
2
√

3
| 3uuudū− duuuū− uduuū− uuduū 〉 (B.4)
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To be noticed, for flavor configuration [211], there is no possible choices

for non-strange q4 states.

For the flavor wave function of q4, for example, S = 1,ms = 1, for ↑ ↑ ↑↓

P[31]λ(↑↑↓↑) =⇒ χ[31]λ(1, 1) = 1√
6
| 2 ↑↑↓↑ − ↓↑↑↑ − ↑↓↑↑ 〉

P[31]ρ(↑↓↑↑) =⇒ χ[31]ρ(1, 1) = 1√
2
| ↑↓↑↑ − ↓↑↑↑ 〉

P[31]η(↑↑↑↓) =⇒ χ[31]η(1, 1) = 1
2
√

3
| 3 ↑↑↑↓ − ↓↑↑↑ − ↑↓↑↑ − ↑↑↓↑ 〉(B.5)

The spin of pentaquark state in q4q configuration is the coupling of the

q4 spin with the antiquark spin with corresponding Clebsch-Gordan coefficients.

The pentaquark states of a certain spin and the same q4 and antiquark spins but

different spin projection ms have the same expectation values. In this work all

the spins take the maximum spin projections.

χ(q4s̄)[31](1/2, 1/2) = −
√

2
3 χ[31](sq4 = 1,mq4 = 1)χq̄(−1/2)

+
√

1
3 χ[31](sq4 = 1,mq4 = 0)χq̄(1/2) (B.6)

For hidden heavy pentaquark states, the q3QQ̄ (q3cc̄,q3bb̄) color singlet

young tabloid construction is,

(q4q̄) = (q3) ⊗ (QQ̄)

the q3QQ̄ (q3cc̄,q3bb̄) hidden color octet young tabloid construction is

(q4q̄) = (q3) ⊗ (QQ̄)

The construction of the q3QQ̄ pentaquark state follows the rule that q3QQ̄

state must be a color singlet and the q3QQ̄ wave function should be antisym-

metric under any permutation between identical quarks. Requiring the q3QQ̄

 



60

pentaquark to be a color singlet demands that the color part of the q3 and QQ̄

must form a [222]1 singlet state, there are two possible color configurations: the

color part of the q3 is a [111] singlet and the QQ̄ is also a singlet and the color

part of the q3 is a [21] octet and QQ̄ is also an octet. The pentaquark state

in the q3QQ̄ system with the q3 color singlet configuration corresponds to the

hadronic molecular pentaquark state which is not confined in our Hamiltonian.

And the q3QQ̄ system in the compact pentaquark picture takes the q3 color octet

configuration. Requiring the wave function of the three-quark configuration to

be antisymmetric, the spatial-spin-flavor part of q3 is required to be [21] state by

conjugation, and directly couples with the spatial-spin-flavor part of QQ̄. First we

study the total antisymmetric wave function for the q3 color octet configuration,

ψ[3]A = 1√
2
(
ψc[21]λψ

osf
[21]ρ − ψ

c
[21]ρψ

osf
[21]λ

)
(B.7)

with

ψosf[21]ρ,λ =
∑

i,j=S,ρ,λ
bijψ

o
[X]iψ

sf
[Y ]j ,

ψsf[Y ] =
∑

i,j=S,ρ,λ
cijψ

s
[x]iψ

f
[y]j ,

ψs[X]i = {ψs[3]S , ψ
s
[21]ρ,λ},

ψf[Y ]j = {ψf[3]S , ψ
f
[111]A , ψ

f
[21]ρ,λ} (B.8)

The total color wave function for q3QQ̄ pentaquark state takes the form,

Ψc
[21]j=ρ,λ

= 1√
8

8∑
i

ψc[21]ij
(q3)ψc[21]ij

(QQ̄) (B.9)

where the ρ and λ stand for the types of [21]8 color octet configuration in Eq.

(B.7). The detailed color wave function for both color singlet and color octet

states for the q3 and QQ̄ are listed in Table B.2.

The spin-flavor wave function of hidden heavy pentaquark states are the

direct product of spin and flavor parts of q3 and QQ̄ quark-antiquark pair. And

the detailed will not be specified here.
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Table B.2 q3QQ̄ color wave functions.

color list q3 color WF ρ type qq̄ q3 color WF λ type

color singlet 1√
6(RGB − GRB + GBR −

BGR +BRG−RBG)

1√
3(RR̄ +

GḠ+BB̄)

-

color octet 1 1√
2(RGR−GRR) BR̄ 1√

6(2RRG−RGR−

GRR)

color octet 2 1√
2(RGG−GRG) BḠ 1√

6(RGG + GRG −

2GGR)

color octet 3 1√
2(RBR−BRR) −GR̄ 1√

6(2RRB−RBR−

BRR)

color octet 4 1
2(RBG + GBR − BRG −

BGR)

1√
2(RR̄ −

GḠ)

1√
12(2RGB +

2GRB − GBR −

RBG − BRG −

BGR)

color octet 5 1√
2(GBG−BGG) RḠ 1√

6(2GGB−GBG−

BGG)

color octet 6 1√
12(2RGB − 2GRB −

GBR+BGR−BRG+RBG)

1√
6(2BB̄ −

RR̄−GḠ)

1
2(RBG + BRG −

BGR−GBR)

color octet 7 1√
2(RBB −BRB) −GB̄ 1√

6(RBB + BRB −

2BBR)

color octet 8 1√
2(GBB −BGB) RB̄ 1√

6(GBB + BGB −

2BBG)

 



APPENDIX C

SPATIAL WAVE FUNCTION

In this appendix the spatial wave function of q3 and q4q̄ in the harmonic

oscillator basis are displayed, all the principle quantum number N stands for the

real harmonic oscillation band which means the physical state since all functions

fulfill the permutation symmetry of corresponding configuration. For L = 0, 56

multiplets till N = 40 states are showed below, while 70 multiplets is till N=20.

And L = 1, 70 multiplets is for N=19 and L = 2, 56 multiplets show N=20.

For q3 permutation symmetry, ρ and λ type spatial wave function is listed

below. The total principle quantum number is N is written as:

N = 2nρ + lρ + 2nλ + lλ (C.1)

Cnρ,lρ,nλ,lλ is the normalization factor.

Table C.1 Normalized q3 spatial wave functions with quantum number, N = 2n

and L = M = 0, 56 multiplet

NLM Cnρ,lρ,nλ,lλ(nρ, lρ, nλ, lλ)

000[3]S (0, 0, 0, 0)

200[3]S
1√
2(1, 0, 0, 0), 1√

2(0, 0, 1, 0)

400[3]S

√
5

4 (2, 0, 0, 0),
√

3
8(1, 0, 1, 0),

√
5

4 (0, 0, 2, 0)

600[3]S

√
14
8 (3, 0, 0, 0),

√
18
8 (2, 0, 1, 0),

√
18
8 (1, 0, 2, 0),

√
14
8 (0, 0, 3, 0)

800[3]S

√
42

16 (4, 0, 0, 0),
√

14
8 (3, 0, 1, 0),

√
15
8 (2, 0, 2, 0) ,

√
14
8 (1, 0, 3, 0),

√
42

16 (0, 0, 4, 0)

1000[3]S

√
33

16 (5, 0, 0, 0),
√

45
16 (4, 0, 1, 0),

√
50

16 (3, 0, 2, 0),
√

50
16 (2, 0, 3, 0),
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Table C.1 (Continued)

NLM Cnρ,lρ,nλ,lλ(nρ, lρ, nλ, lλ)
√

45
16 (1, 0, 4, 0),

√
33

16 (0, 0, 5, 0)

1200[3]S

√
429
64 (6, 0, 0, 0),

√
594
64 (5, 0, 1, 0),

√
675
64 (4, 0, 2, 0),

√
175
32 (3, 0, 3, 0),

√
675
64 (2, 0, 4, 0),

√
594
64 (1, 0, 5, 0),

√
429
64 (0, 0, 6, 0)

1400[3S

√
1430
128 (7, 0, 0, 0),

√
2002
128 (6, 0, 1, 0),

√
2310
128 (5, 0, 2, 0),

√
2450
128 (4, 0, 3, 0),

√
2450
128 (3, 0, 4, 0),

√
2310
128 (2, 0, 5, 0),

√
2002
128 (1, 0, 6, 0),

√
1430
128 (0, 0, 7, 0)

1600[3]S

√
4862
256 (8, 0, 0, 0),

√
429
64 (7, 0, 1, 0),

√
2002
128 (6, 0, 2, 0),

√
539
64 (5, 0, 3, 0),

√
2205
128 (4, 0, 4, 0),

√
539
64 (3, 0, 5, 0),

√
2002
128 (2, 0, 6, 0),

√
429
64 (1, 0, 7, 0),

√
4862
256 (0, 0, 8, 0)

1800[3]S

√
4199
256 (9, 0, 0, 0),

√
5967
256 (8, 0, 1, 0),

√
1755
128 (7, 0, 2, 0),

√
1911
128 (6, 0, 3, 0),

√
7938
256 (5, 0, 4, 0),

√
7938
256 (4, 0, 5, 0),

√
1911
128 (3, 0, 6, 0),

√
1755
128 (2, 0, 7, 0),

√
5967
256 (1, 0, 8, 0),

√
4199
256 (0, 0, 9, 0)

2000[3]S

√
58786
1024 (10, 0, 0, 0),

√
20995
512 (9, 0, 1, 0),

√
99450
1024 (8, 0, 2, 0),

√
6825
256 (7, 0, 3, 0),

√
28665
512 (6, 0, 4, 0),

√
29106
512 (5, 0, 5, 0),

√
28665
512 (4, 0, 6, 0),

√
6825
256 (3, 0, 7, 0),

√
99450
1024 (2, 0, 8, 0),

√
20995
512 (1, 0, 9, 0),

√
58786
1024 (0, 0, 10, 0)

2200[3]S

√
52003
1024 (11, 0, 0, 0),

√
74613
1024 (10, 0, 1, 0),

√
88825
1024 (9, 0, 2, 0),

√
98175
1024 (8, 0, 3, 0),

√
103950
1024 (7, 0, 4, 0),

√
106722
1024 (6, 0, 5, 0),

√
106722
1024 (5, 0, 6, 0),

√
103950
1024 (4, 0, 7, 0),

√
98175
1024 (3, 0, 8, 0),

√
88825
1024 (2, 0, 9, 0),

√
74613
1024 (1, 0, 10, 0),

√
52003
1024 (0, 0, 11, 0)

Table C.2 Normalized q3 spatial wave functions with quantum number, N = 2n

and L = M = 0, 70 multiplet

NLM Cnρ,lρ,nλ,lλ(nρ, lρ, nλ, lλ)

200[21]ρ (0, 1, 0, 1)

200[21]λ
1√
2(1, 0, 0, 0), − 1√

2(0, 0, 1, 0)

400[21]ρ
1√
2(1, 1, 0, 1), 1√

2(0, 1, 1, 1)
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Table C.2 (Continued)

NLM Cnρ,lρ,nλ,lλ(nρ, lρ, nλ, lλ)

400[21]λ
1√
2(2, 0, 0, 0), − 1√

2(0, 0, 2, 0)

600[21]ρ

√
42

12 (2, 1, 0, 1),
√

15
6 (1, 1, 1, 1),

√
42

12 (0, 1, 2, 1)

600[21]λ

√
7

4 (3, 0, 0, 0), 1
4(2, 0, 1, 0), −1

4(1, 0, 2, 0), −
√

7
4 (0, 0, 3, 0)

800[21]ρ

√
3

4 (3, 1, 0, 1),
√

5
4 (2, 1, 1, 1),

√
5

4 (1, 1, 2, 1),
√

3
4 (0, 1, 3, 1)

800[21]λ

√
6

4 (4, 0, 0, 0),
√

2
4 (3, 0, 1, 0), −

√
2

4 (1, 0, 2, 0), −
√

6
4 (1, 0, 3, 0)

1000[21]ρ

√
33

16 (4, 1, 0, 1),
√

15
8 (3, 1, 1, 1),

√
70

16 (2, 1, 2, 1) ,
√

15
8 (1, 1, 3, 1),

√
33

16 (0, 1, 4, 1)

1000[21]λ

√
330
32 (5, 0, 0, 0), 9

√
2

32 (4, 0, 1, 0),
√

5
16 (3, 0, 2, 0) , −

√
5

16 (2, 0, 3, 0),

−9
√

2
32 (1, 0, 4, 0), −

√
330
32 (0, 0, 5, 0)

1200[21]ρ

√
858
96 (5, 1, 0, 1), 5

√
66

96 (4, 1, 1, 1), 5
√

21
48 (3, 1, 2, 1), 5

√
21

48 (2, 1, 3, 1),
5
√

66
96 (1, 1, 4, 1),

√
858
96 (0, 1, 5, 1)

1200[21]λ

√
286
32 (6, 0, 0, 0),

√
11
8 (5, 0, 1, 0), 5

√
2

32 (4, 0, 2, 0), −5
√

2
32 (2, 0, 4, 0),

−
√

11
8 (1, 0, 5, 0), −

√
286
32 (0, 0, 6, 0)

1400[21]ρ

√
286
64 (6, 1, 0, 1),

√
143
32 (5, 1, 1, 1),

√
770
64 (4, 1, 2, 1),

√
210
32 (3, 1, 3, 1),

√
770
64 (2, 1, 4, 1),

√
143
32 (1, 1, 5, 1),

√
286
64 (0, 1, 6, 1)

1400[21]λ

√
1001
64 (7, 0, 0, 0),

√
715
64 (6, 0, 1, 0), 3

√
33

64 (5, 0, 2, 0),
√

35
64 (4, 0, 3, 0),

−
√

35
64 (3, 0, 4, 0), −3

√
33

64 (2, 0, 5, 0), −
√

715
64 (1, 0, 6, 0), −

√
1001
64 (0, 0, 7, 0)

1600[21]ρ

√
221
64 (7, 1, 0, 1),

√
455
64 (6, 1, 1, 1), 7

√
13

64 (5, 1, 2, 1),
√

2450
128 (4, 1, 3, 1),

√
2450
128 (3, 1, 4, 1), 7

√
13

64 (2, 1, 5, 1),
√

455
64 (1, 1, 6, 1),

√
221
64 (0, 1, 7, 1)

1600[21]λ

√
221
32 (8, 0, 0, 0), 3

√
78

64 (7, 0, 1, 0),
√

91
32 (6, 0, 2, 0), 7

√
2

64 (5, 0, 3, 0),

−7
√

2
64 (3, 0, 5, 0), −

√
91

32 (2, 0, 6, 0), −3
√

78
64 (1, 0, 7, 0), −

√
221
32 (0, 0, 8, 0)

1800[21]ρ

√
25194
768 (8, 1, 0, 1),

√
3315
192 (7, 1, 1, 1), 7

√
390

384 (6, 1, 2, 1), 7
√

13
64 (5, 1, 3, 1),

7
√

55
128 (4, 1, 4, 1), 7

√
13

64 (3, 1, 5, 1), 7
√

390
384 (2, 1, 6, 1),

√
3315
192 (1, 1, 7, 1),

√
25194
768 (0, 1, 8, 1)
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Table C.2 (Continued)

NLM Cnρ,lρ,nλ,lλ(nρ, lρ, nλ, lλ)

1800[21]λ

√
12597
256 (9, 0, 0, 0), 7

√
221

256 (8, 0, 1, 0), 5
√

65
128 (7, 0, 2, 0), 7

√
13

128 (6, 0, 3, 0),
7
√

6
256 (5, 0, 4, 0), −7

√
6

256 (4, 0, 5, 0), −7
√

13
128 (3, 0, 6, 0), −5

√
65

128 (2, 0, 7, 0),

−7
√

221
256 (1, 0, 8, 0), −

√
12597
256 (0, 0, 9, 0)

2000[21]ρ

√
2261
256 (9, 1, 0, 1),

√
4845
256 (8, 1, 1, 1),

√
1785
128 (7, 1, 2, 1), 21

√
5

128 (6, 1, 3, 1),
21
√

22
256 (5, 1, 4, 1), 21

√
22

256 (4, 1, 5, 1), 21
√

5
128 (3, 1, 6, 1),

√
1785
128 (2, 1, 7, 1),

√
4845
256 (1, 1, 8, 1),

√
2261
256 (0, 1, 9, 1)

2000[21]λ

√
11305
256 (10, 0, 0, 0),

√
646
64 (9, 0, 1, 0), 9

√
85

256 (8, 0, 2, 0),
√

210
64 (7, 0, 3, 0),

21
√

2
256 (6, 0, 4, 0), −21

√
2

256 (4, 0, 6, 0), −
√

210
64 (3, 0, 7, 0), −9

√
85

256 (2, 0, 8, 0),

−
√

646
64 (1, 0, 9, 0), −

√
11305
256 (0, 0, 10, 0)

Table C.3 Normalized q3 spatial wave functions with quantum number, N =

2n+ 1 and L = M = 1, 70 multiplet

NLM Cnρ,lρ,nλ,lλ(nρ, lρ, nλ, lλ)

111[21]ρ (0, 1, 0, 0)

111[21]λ (0, 0, 0, 1)

311[21]ρ

√
10
4 (1, 1, 0, 0),

√
6

4 (0, 1, 1, 0)

311[21]λ

√
10
4 (0, 0, 1, 1),

√
6

4 (1, 0, 0, 1)

511[21]ρ

√
7

4 (2, 1, 0, 0),
√

6
4 (1, 1, 1, 0),

√
3

4 (0, 1, 2, 0)

511[21]λ

√
7

4 (0, 0, 2, 1),
√

6
4 (1, 0, 1, 1),

√
3

4 (2, 0, 0, 1)

711[21]ρ

√
21
8 (3, 1, 0, 0),

√
21
8 (2, 1, 1, 0),

√
15
8 (1, 1, 2, 0),

√
7

8 (0, 1, 3, 0)

711[21]λ

√
21
8 (0, 0, 3, 1),

√
21
8 (1, 0, 2, 1),

√
15
8 (2, 0, 1, 1),

√
7

8 (3, 0, 0, 1)

911[21]ρ

√
66

16 (4, 1, 0, 0),
√

18
8 (3, 1, 1, 0),

√
15
8 (2, 1, 2, 0) ,

√
10
8 (1, 1, 3, 0),

√
18

16 (0, 1, 4, 0)

911[21]λ

√
66

16 (0, 0, 4, 1),
√

18
8 (1, 0, 3, 1),

√
15
8 (2, 0, 2, 1) ,

√
10
8 (3, 0, 1, 1),
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Table C.3 (Continued)

NLM Cnρ,lρ,nλ,lλ(nρ, lρ, nλ, lλ)
√

18
16 (4, 0, 0, 1)

1111[21]ρ
√

858
64 (5, 1, 0, 0), 3

√
110

64 (4, 1, 1, 0), 15
32(3, 1, 2, 0), 5

√
7

32 (2, 1, 3, 0),
15
√

2
64 (1, 1, 4, 0), 3

√
22

64 (0, 1, 5, 0)

1111[21]λ
√

858
64 (0, 0, 5, 1), 3

√
110

64 (1, 0, 4, 1), 15
32(2, 0, 3, 1), 5

√
7

32 (3, 0, 2, 1),
15
√

2
64 (4, 0, 1, 1), 3

√
22

64 (5, 0, 0, 1)

1311[21]ρ
√

715
64 (6, 1, 0, 0),

√
858
64 (5, 1, 1, 0), 5

√
33

64 (4, 1, 2, 0), 5
√

7
32 (3, 1, 3, 0),

5
√

21
64 (2, 1, 4, 0),

√
330
64 (1, 1, 5, 0),

√
143
64 (0, 1, 6, 0)

1311[21]λ
√

715
64 (0, 0, 6, 1),

√
858
64 (1, 0, 5, 1), 5

√
33

64 (2, 0, 4, 1), 5
√

7
32 (3, 0, 3, 1),

5
√

21
64 (4, 0, 2, 1),

√
330
64 (5, 0, 1, 1),

√
143
64 (6, 0, 0, 1)

1511[21]ρ
√

2431
128 (7, 1, 0, 0),

√
3003
128 (6, 1, 1, 0),

√
3003
128 (5, 1, 2, 0), 7

√
55

128 (4, 1, 3, 0),
21
√

5
128 (3, 1, 4, 0), 7

√
33

128 (2, 1, 5, 0),
√

1001
128 (1, 1, 6, 0),

√
429

128 (0, 1, 7, 0)

1511[21]λ
√

2431
128 (0, 0, 7, 1),

√
3003
128 (1, 0, 6, 1),

√
3003
128 (2, 0, 5, 1), 7

√
55

128 (3, 0, 4, 1),
21
√

5
128 (4, 0, 3, 1), 7

√
33

128 (5, 0, 2, 1),
√

1001
128 (6, 0, 1, 1),

√
429

128 (7, 0, 0, 1)

1711[21]ρ
√

8398
256 (8, 1, 0, 0),

√
663
64 (7, 1, 1, 0),

√
2730
128 (6, 1, 2, 0), 7

√
13

64 (5, 1, 3, 0),
21
√

5
128 (4, 1, 4, 0), 21

64(3, 1, 5, 0), 7
√

26
128 (2, 1, 6, 0),

√
195
64 (1, 1, 7, 0),

√
1326
256 (0, 1, 8, 0)

1711[21]λ
√

8398
256 (0, 0, 8, 1),

√
663
64 (1, 0, 7, 1),

√
2730
128 (2, 0, 6, 1), 7

√
13

64 (3, 0, 5, 1),
21
√

5
128 (4, 0, 4, 1), 21

64(5, 0, 3, 1), 7
√

26
128 (6, 0, 2, 1),

√
195
64 (7, 0, 1, 1),

√
1326
256 (8, 0, 0, 1)

1911[21]ρ
√

29393
512 (9, 1, 0, 0), 3

√
4199

512 (8, 1, 1, 0), 3
√

1105
256 (7, 1, 2, 0), 7

√
195

256 (6, 1, 3, 0),
21
√

78
512 (5, 1, 4, 0), 21

√
66

512 (4, 1, 5, 0), 21
√

13
256 (3, 1, 6, 0), 3

√
455

256 (2, 1, 7, 0),
3
√

1105
512 (1, 1, 8, 0),

√
4199
512 (0, 1, 9, 0)

1911[21]λ
√

29393
512 (0, 0, 9, 1), 3

√
4199

512 (1, 0, 8, 1), 3
√

1105
256 (2, 0, 7, 1), 7

√
195

256 (3, 0, 6, 1),
21
√

78
512 (4, 0, 5, 1), 21

√
66

512 (5, 0, 4, 1), 21
√

13
256 (6, 0, 3, 1), 3

√
455

256 (7, 0, 2, 1),
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Table C.3 (Continued)

NLM Cnρ,lρ,nλ,lλ(nρ, lρ, nλ, lλ)

3
√

1105
512 (8, 0, 1, 1),

√
4199
512 (9, 0, 0, 1)

Table C.4 Normalized q3 spatial wave functions with quantum number, N =

2n+ 2 and L = M = 2, 56 multiplet

NLM Cnρ,lρ,nλ,lλ(nρ, lρ, nλ, lλ)

222[3]S 1√
2(0, 2, 0, 0), 1√

2(0, 0, 0, 2)

422[3]S
√

35
10 (1, 2, 0, 0),

√
15

10 (0, 2, 1, 0),
√

15
10 (1, 0, 0, 2),

√
35

10 (0, 0, 1, 2)

622[3]S
√

105
20 (2, 2, 0, 0),

√
18
8 (1, 2, 1, 0),

√
18
8 (0, 2, 2, 0),

√
14
8 (2, 0, 0, 2)

√
675
64 (1, 0, 1, 2),

√
594
64 (0, 0, 2, 2)

822[3]S
√

330
40 (3, 2, 0, 0),

√
270
40 (2, 2, 1, 0),

√
6

8 (1, 2, 2, 0),
√

2
8 (0, 2, 3, 0),

√
2

8 (3, 0, 0, 2),
√

6
8 (2, 0, 1, 2),

√
270
40 (1, 0, 2, 2),

√
330
40 (0, 0, 3, 2)

1022[3]S
√

4290
160 (4, 2, 0, 0),

√
990
80 (3, 2, 1, 0),

√
27

16 (2, 2, 2, 0),
√

14
16 (1, 2, 3, 0),

√
18

32 (0, 2, 4, 0),
√

18
32 (4, 0, 0, 2),

√
14

16 (3, 0, 1, 2),
√

27
16 (2, 0, 2, 2),

√
990
80 (1, 0, 3, 2),

√
4290
160 (0, 0, 4, 2)

1222[3]S
√

143
32 (5, 2, 0, 0),

√
143
32 (4, 2, 1, 0),

√
110
32 (3, 2, 2, 0),

√
70

32 (2, 2, 3, 0),
√

35
32 (1, 2, 4, 0),

√
11

32 (0, 2, 5, 0),
√

11
32 (5, 0, 0, 2),

√
35

32 (4, 0, 1, 2),
√

70
32 (3, 0, 2, 2),

√
110
32 (2, 0, 3, 2),

√
143
32 (1, 0, 4, 2),

√
143
32 (0, 0, 5, 2)

1422[3]S
√

12155
320 (6, 2, 0, 0),

√
12870
320 (5, 2, 1, 0),

√
429
64 (4, 2, 2, 0),

√
77

32 (3, 2, 3, 0),
√

189
64 (2, 2, 4, 0),

√
2310
320 (1, 2, 5, 0),

√
715

320 (0, 2, 6, 0),
√

715
320 (6, 0, 0, 2),

√
2310
320 (5, 0, 1, 2),

√
189
64 (4, 0, 2, 2),

√
77

32 (3, 0, 3, 2),
√

429
64 (2, 0, 4, 2),

√
12870
320 (1, 0, 5, 2),

√
12155
320 (0, 0, 6, 2)

1622[3]S
√

41990
640 (7, 2, 0, 0),

√
46410
640 (6, 2, 1, 0),

√
1638
128 (5, 2, 2, 0),

√
1274
128 (4, 2, 3, 0),

√
882

128 (3, 2, 4, 0),
√

13230
640 (2, 2, 5, 0),

√
6370
640 (1, 2, 6, 0),

√
78

128 (0, 2, 7, 0),
√

78
128 (7, 0, 0, 2),

√
6370
640 (6, 0, 1, 2),

√
13230
640 (5, 0, 2, 2),

√
882

128 (4, 0, 3, 2),
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Table C.4 (Continued)

NLM Cnρ,lρ,nλ,lλ(nρ, lρ, nλ, lλ)
√

1274
128 (3, 0, 4, 2),

√
1638
128 (2, 0, 5, 2),

√
46410
640 (1, 0, 6, 2),

√
41990
640 (0, 0, 7, 2)

1822[3]S
√

146965
1280 (8, 2, 0, 0),

√
41990
640 (7, 2, 1, 0),

√
1547
128 (6, 2, 2, 0),

√
1274
128 (5, 2, 3, 0),

√
3822
256 (4, 2, 4, 0),

√
16170
640 (3, 2, 5, 0),

√
9555
640 (2, 2, 6, 0),

√
182

128 (1, 2, 7, 0),
√

221
256 (0, 2, 8, 0),

√
221

256 (8, 0, 0, 2),
√

182
128 (7, 0, 1, 2),

√
9555
640 (6, 0, 2, 2),

√
16170
640 (5, 0, 3, 2),

√
3822
256 (4, 0, 4, 2),

√
1274
128 (3, 0, 5, 2),

√
1547
128 (2, 0, 6, 2),

√
41990
640 (1, 0, 7, 2),

√
146965
1280 (0, 0, 8, 2)

2022[3]S
√

520030
2560 (9, 2, 0, 0),

√
610470
2560 (8, 2, 1, 0),

√
5814
256 (7, 2, 2, 0),

√
4998
256 (6, 2, 3, 0),

63
256(5, 2, 4, 0),

√
72765
1280 (4, 2, 5, 0),

√
48510
1280 (3, 2, 6, 0),

√
1134
256 (2, 2, 7, 0),

√
2142
512 (1, 2, 8, 0),

√
646

512 (0, 2, 9, 0),
√

646
512 (9, 0, 0, 2),

√
2142
512 (8, 0, 1, 2),

√
1134
256 (7, 0, 2, 2),

√
48510
1280 (6, 0, 3, 2),

√
72765
1280 (5, 0, 4, 2), 63

256(4, 0, 5, 2),
√

4998
256 (3, 0, 6, 2),

√
5814
256 (2, 0, 7, 2),

√
610470
2560 (1, 0, 8, 2),

√
520030
2560 (0, 0, 9, 2)

Table C.5 Normalized q3 spatial wave functions with quantum number, N =

2n+ 2 and L = M = 2, 70 multiplet

NLM Cnρ,lρ,nλ,lλ(nρ, lρ, nλ, lλ)

222[21]ρ (0, 1, 0, 1)

222[21]λ
1√
2(0, 2, 0, 0), − 1√

2(0, 2, 0, 0)

422[21]ρ
1√
2(1, 1, 0, 1), 1√

2(0, 1, 1, 1)

422[21]λ
√

35
10 (1, 2, 0, 0),

√
15

10 (0, 2, 1, 0), −
√

15
10 (1, 0, 0, 2), −

√
35

10 (0, 0, 1, 2)

622[21]ρ
√

42
12 (2, 1, 0, 1),

√
15
6 (1, 1, 1, 1),

√
42

12 (0, 1, 2, 1)

622[21]λ
√

105
20 (2, 2, 0, 0),

√
70

20 (1, 2, 1, 0), 1
4(0, 2, 2, 0), −1

4(2, 0, 0, 2),

−
√

70
20 (1, 0, 1, 2), −

√
105
20 (0, 0, 2, 2)

822[21]ρ
√

3
4 (3, 1, 0, 1),

√
5

4 (2, 1, 1, 1),
√

5
4 (1, 1, 2, 1),

√
3

4 (0, 1, 3, 1)

822[21]λ
√

330
40 (3, 2, 0, 0),

√
21
8 (2, 2, 1, 0),

√
15
8 (1, 2, 2, 0),

√
7

8 (0, 2, 3, 0),
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Table C.5 (Continued)

NLM Cnρ,lρ,nλ,lλ(nρ, lρ, nλ, lλ)
√

330
40 (3, 0, 0, 2), 7

√
33

128 (2, 0, 1, 2),
√

1001
128 (1, 0, 2, 2), −

√
330

40 (0, 0, 3, 2)

1022[21]ρ
√

33
16 (4, 1, 0, 1),

√
15
8 (3, 1, 1, 1),

√
70

16 (2, 1, 2, 1),
√

15
8 (1, 1, 3, 1),

√
33

16 (0, 1, 4, 1)

1022[21]λ
√

4290
160 (4, 2, 0, 0),

√
990
80 (3, 2, 1, 0),

√
27

16 (2, 2, 2, 0),
√

14
16 (1, 2, 3, 0),

√
18

32 (0, 2, 4, 0), −
√

18
32 (4, 0, 0, 2), −

√
14

16 (3, 0, 1, 2), −
√

27
16 (2, 0, 2, 2),

−
√

990
80 (1, 0, 3, 2), −

√
4290
160 (0, 0, 4, 2)

1222[21]ρ
√

858
96 (5, 1, 0, 1),

√
1650
96 (4, 1, 1, 1),

√
525
48 (3, 1, 2, 1),

√
525
48 (2, 1, 3, 1),

√
1650
96 (1, 1, 4, 1),

√
858
96 (0, 1, 5, 1)

1222[21]λ
√

143
32 (5, 2, 0, 0),

√
143
32 (4, 2, 1, 0),

√
110
32 (3, 2, 2, 0),

√
70

32 (2, 2, 3, 0),
√

35
32 (1, 2, 4, 0),

√
11

32 (0, 2, 5, 0), −
√

11
32 (5, 0, 0, 2), −

√
35

32 (4, 0, 1, 2),

−
√

70
32 (3, 0, 2, 2), −

√
110
32 (2, 0, 3, 2), −

√
143
32 (1, 0, 4, 2), −

√
143
32 (0, 0, 5, 2)

1422[21]ρ
√

286
64 (6, 1, 0, 1),

√
143
32 (5, 1, 1, 1),

√
770
64 (4, 1, 2, 1),

√
210
32 (3, 1, 3, 1),

√
770
64 (2, 1, 4, 1),

√
143
32 (1, 1, 5, 1),

√
286
64 (0, 1, 6, 1)

1422[21]λ
√

12155
320 (6, 2, 0, 0),

√
12870
320 (5, 2, 1, 0),

√
429
64 (4, 2, 2, 0),

√
77

32 (3, 2, 3, 0),
√

189
64 (2, 2, 4, 0),

√
2310
320 (1, 2, 5, 0),

√
715

320 (0, 2, 6, 0), −
√

715
320 (6, 0, 0, 2),

−
√

2310
320 (5, 0, 1, 2), −

√
189
64 (4, 0, 2, 2), −

√
77

32 (3, 0, 3, 2), −
√

429
64 (2, 0, 4, 2),

−
√

12870
320 (1, 0, 5, 2), −

√
12155
320 (0, 0, 6, 2)

1622[21]ρ
√

221
64 (7, 1, 0, 1),

√
637
64 (6, 1, 1, 1),

√
735
64 (5, 1, 2, 1),

√
455
64 (4, 1, 3, 1),

√
455
64 (3, 1, 4, 1),

√
735
64 (2, 1, 5, 1),

√
637
64 (1, 1, 6, 1),

√
221
64 (0, 1, 7, 1)

1622[21]λ
√

41990
640 (7, 2, 0, 0),

√
46410
640 (6, 2, 1, 0),

√
1638
128 (5, 2, 2, 0),

√
1274
128 (4, 2, 3, 0),

√
882

128 (3, 2, 4, 0),
√

13230
640 (2, 2, 5, 0),

√
6370
640 (1, 2, 6, 0),

√
78

128 (0, 2, 7, 0),

−
√

78
128 (7, 0, 0, 2), −

√
6370
640 (6, 0, 1, 2), −

√
13230
640 (5, 0, 2, 2),

−
√

882
128 (4, 0, 3, 2), −

√
1274
128 (3, 0, 4, 2), −

√
1638
128 (2, 0, 5, 2),
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Table C.5 (Continued)

NLM Cnρ,lρ,nλ,lλ(nρ, lρ, nλ, lλ)

−
√

46410
640 (1, 0, 6, 2), −

√
41990
640 (0, 0, 7, 2)

1822[21]ρ
√

25194
768 (8, 1, 0, 1),

√
3315
192 (7, 1, 1, 1),

√
19110
384 (6, 1, 2, 1),

√
637
64 (5, 1, 3, 1),

√
2695
128 (4, 1, 4, 1),

√
637
64 (3, 1, 5, 1),

√
19110
384 (2, 1, 6, 1),

√
3315
192 (1, 1, 7, 1),

√
25194
768 (0, 1, 8, 1)

1822[21]λ
√

146965
1280 (8, 2, 0, 0),

√
41990
640 (7, 2, 1, 0),

√
1547
128 (6, 2, 2, 0),

√
1274
128 (5, 2, 3, 0),

√
3822
256 (4, 2, 4, 0),

√
16170
640 (3, 2, 5, 0),

√
9555
640 (2, 2, 6, 0),

√
182

128 (1, 2, 7, 0),
√

221
256 (0, 2, 8, 0), −

√
221

256 (8, 0, 0, 2), −
√

182
128 (7, 0, 1, 2), −

√
9555
640 (6, 0, 2, 2),

−
√

16170
640 (5, 0, 3, 2), −

√
3822
256 (4, 0, 4, 2), −

√
1274
128 (3, 0, 5, 2),

−
√

1547
128 (2, 0, 6, 2), −

√
41990
640 (1, 0, 7, 2), −

√
146965
1280 (0, 0, 8, 2)

2022[21]ρ
√

2261
256 (9, 1, 0, 1),

√
4845
256 (8, 1, 1, 1),

√
1785
128 (7, 1, 2, 1),

√
2205
128 (6, 1, 3, 1),

√
9702
256 (5, 1, 4, 1),

√
9702
256 (4, 1, 5, 1),

√
2205
128 (3, 1, 6, 1),

√
1785
128 (2, 1, 7, 1),

√
4845
256 (1, 1, 8, 1),

√
2261
256 (0, 1, 9, 1)

2022[21]λ
√

520030
2560 (9, 2, 0, 0),

√
610470
2560 (8, 2, 1, 0),

√
5814
256 (7, 2, 2, 0),

√
4998
256 (6, 2, 3, 0),

63
256(5, 2, 4, 0),

√
72765
1280 (4, 2, 5, 0),

√
48510
1280 (3, 2, 6, 0),

√
1134
256 (2, 2, 7, 0),

√
2142
512 (1, 2, 8, 0),

√
646

512 (0, 2, 9, 0), −
√

646
512 (9, 0, 0, 2), −

√
2142
512 (8, 0, 1, 2),

−
√

1134
256 (7, 0, 2, 2), −

√
48510
1280 (6, 0, 3, 2), −

√
72765
1280 (5, 0, 4, 2),

− 63
256(4, 0, 5, 2), −

√
4998
256 (3, 0, 6, 2), −

√
5814
256 (2, 0, 7, 2),

−
√

610470
2560 (1, 0, 8, 2), −

√
520030
2560 (0, 0, 9, 2)

Table C.6 Normalized q3 spatial wave functions with quantum number, N =

2n+ 1 and L = M = 1, 20 multiplet

NLM Cnρ,lρ,nλ,lλ(nρ, lρ, nλ, lλ)

211[111]A (0, 1, 0, 1)

411[111]A
1√
2(1, 1, 0, 1), 1√

2(0, 1, 1, 1)
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Table C.6 (Continued)

NLM Cnρ,lρ,nλ,lλ(nρ, lρ, nλ, lλ)

611[111]A
√

42
12 (2, 1, 0, 1),

√
15
6 (1, 1, 1, 1),

√
42

12 (0, 1, 2, 1)

811[111]A
√

3
4 (3, 1, 0, 1),

√
5

4 (2, 1, 1, 1),
√

5
4 (1, 1, 2, 1),

√
3

4 (0, 1, 3, 1)

1011[111]A
√

33
16 (4, 1, 0, 1),

√
15
8 (3, 1, 1, 1),

√
70

16 (2, 1, 2, 1) ,
√

15
8 (1, 1, 3, 1),

√
33

16 (0, 1, 4, 1)

1211[111]A
√

858
96 (5, 1, 0, 1), 5

√
66

96 (4, 1, 1, 1), 5
√

21
48 (3, 1, 2, 1), 5

√
21

48 (2, 1, 3, 1),
5
√

66
96 (1, 1, 4, 1),

√
858
96 (0, 1, 5, 1)

1411[111]A
√

286
64 (6, 1, 0, 1),

√
143
32 (5, 1, 1, 1),

√
770
64 (4, 1, 2, 1),

√
210
32 (3, 1, 3, 1),

√
770
64 (2, 1, 4, 1),

√
143
32 (1, 1, 5, 1),

√
286
64 (0, 1, 6, 1)

1611[111]A
√

221
64 (7, 1, 0, 1),

√
455
64 (6, 1, 1, 1), 7

√
13

64 (5, 1, 2, 1),
√

2450
128 (4, 1, 3, 1),

√
2450
128 (3, 1, 4, 1), 7

√
13

64 (2, 1, 5, 1),
√

455
64 (1, 1, 6, 1),

√
221
64 (0, 1, 7, 1)

1811[111]A
√

25194
768 (8, 1, 0, 1),

√
3315
192 (7, 1, 1, 1), 7

√
390

384 (6, 1, 2, 1), 7
√

13
64 (5, 1, 3, 1),

7
√

55
128 (4, 1, 4, 1), 7

√
13

64 (3, 1, 5, 1), 7
√

390
384 (2, 1, 6, 1),

√
3315
192 (1, 1, 7, 1),

√
25194
768 (0, 1, 8, 1)

2011[111]A
√

2261
256 (9, 1, 0, 1),

√
4845
256 (8, 1, 1, 1),

√
1785
128 (7, 1, 2, 1), 21

√
5

128 (6, 1, 3, 1),
21
√

22
256 (5, 1, 4, 1), 21

√
22

256 (4, 1, 5, 1), 21
√

5
128 (3, 1, 6, 1),

√
1785
128 (2, 1, 7, 1),

√
4845
256 (1, 1, 8, 1),

√
2261
256 (0, 1, 9, 1)

In this part the spatial wave functions of the q4 subsystem of pentaquarks

with the permutation symmetries [4]S are listed in Table C.7 up to N ′ = 22,

where lρ, lλ, lη and are L′ are limited to 0 and 1 only. Note that we have set

M ′ = 0 and used the abbreviation,

∑
{ni,li,mi}

Cnρ,lρ,mρ,nλ,lλ,mλ,nη ,lη ,mηψnρlρmρ(~ρ )ψnλlλmλ(~λ )ψnηlηmη(~η )

≡
∑
{ni,li}

Cnρ,lρ,nλ,lλ,nη ,lη ψ(nρ, lρ, nλ, lλ, nη, lη)
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≡
∑
{ni,li}

Cnρ,lρ,nλ,lλ,nη ,lη (nρ, lρ, nλ, lλ, nη, lη)

(C.2)

Table C.7 Normalized pentaquark (q4 symmetry) spatial wave functions with

quantum number, N ′ = 2n and L′ = M ′ = 0

NLM Cnρ,lρ,nλ,lλ,nη ,lη(nρ, lρ, nλ, lλ, nη, lη)

000[4]S (0, 0, 0, 0, 0, 0)

200[4]S
1√
3(1, 0, 0, 0, 0, 0), 1√

3(0, 0, 1, 0, 0, 0), 1√
3(0, 0, 0, 0, 1, 0)

200[31]ρ
1√
3(0, 1, 0, 0, 0, 1),

√
2
3(0, 1, 0, 1, 0, 0)

200[31]λ
1√
3(0, 0, 0, 1, 0, 1), − 1√

3(0, 0, 1, 0, 0, 0), 1√
3(1, 0, 0, 0, 0, 0)

200[31]η −
√

2
3(0, 0, 0, 0, 1, 0), 1√

6(0, 0, 1, 0, 0, 0), 1√
6(1, 0, 0, 0, 0, 0)

200[22]ρ − 1√
3(0, 1, 0, 1, 0, 0),

√
2
3(0, 1, 0, 0, 0, 1)

200[22]λ

√
2
3(0, 0, 0, 1, 0, 1), 1√

6(0, 0, 1, 0, 0, 0), − 1√
6(1, 0, 0, 0, 0, 0)

400[4]S

√
5
33(2, 0, 0, 0, 0, 0),

√
5
33(0, 0, 2, 0, 0, 0),

√
5
33(0, 0, 0, 0, 2, 0),√

2
11(1, 0, 1, 0, 0, 0),

√
2
11(1, 0, 0, 0, 1, 0),

√
2
11(0, 0, 1, 0, 1, 0)

400[31]ρ

√
5
39(0, 1, 0, 0, 1, 1),

√
2
13(0, 1, 0, 1, 1, 0), 1√

13(0, 1, 1, 0, 0, 1),√
10
39(0, 1, 1, 1, 0, 0),

√
5
39(1, 1, 0, 0, 0, 1),

√
10
39(1, 1, 0, 1, 0, 0)

400[31]λ

√
5
39(0, 0, 0, 1, 1, 1), − 1√

13(0, 0, 1, 0, 1, 0),
√

5
39(0, 0, 1, 1, 0, 1),

−
√

10
39(0, 0, 2, 0, 0, 0), 1√

13(1, 0, 0, 0, 1, 0), 1√
13(1, 0, 0, 1, 0, 1)√

10
39(2, 0, 0, 0, 0, 0)

400[31]η −
√

20
39(0, 0, 0, 0, 2, 0), − 1√

26(0, 0, 1, 0, 1, 0),
√

5
39(0, 0, 2, 0, 0, 0)

− 1√
26(1, 0, 0, 0, 1, 0),

√
2
13(1, 0, 1, 0, 0, 0),

√
5
39(2, 0, 0, 0, 0, 0)

400[22]ρ

√
10
39(0, 1, 0, 0, 1, 1), − 1√

13(0, 1, 0, 1, 1, 0),
√

2
13(0, 1, 1, 0, 0, 1),

−
√

5
39(0, 1, 1, 1, 0, 0),

√
10
39(1, 1, 0, 0, 0, 1), −

√
5
39(1, 1, 0, 1, 0, 0)

400[22]λ

√
10
39(0, 0, 0, 1, 1, 1), 1√

26(0, 0, 1, 0, 1, 0),
√

10
39(0, 0, 1, 1, 0, 1),√

5
39(0, 0, 2, 0, 0, 0), − 1√

26(1, 0, 0, 0, 1, 0),
√

2
13(1, 0, 0, 1, 0, 1)
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Table C.7 (Continued)

NLM Cnρ,lρ,nλ,lλ,nη ,lη(nρ, lρ, nλ, lλ, nη, lη)√
5
39(2, 0, 0, 0, 0, 0)

600[4]S

√
35
429(3, 0, 0, 0, 0, 0),

√
35
429(0, 0, 3, 0, 0, 0),

√
35
429(0, 0, 0, 0, 3, 0),√

15
143(2, 0, 1, 0, 0, 0),

√
15
143(2, 0, 0, 0, 1, 0),

√
15
143(1, 0, 2, 0, 0, 0),√

15
143(0, 0, 2, 0, 1, 0),

√
15
143(1, 0, 0, 0, 2, 0),

√
15
143(0, 0, 1, 0, 2, 0),√

18
143(1, 0, 1, 0, 1, 0)

600[31]ρ

√
7

117(0, 1, 0, 0, 2, 1),
√

2
39(0, 1, 0, 1, 2, 0),

√
2
39(0, 1, 1, 0, 1, 1),

2√
39(0, 1, 1, 1, 1, 0), 1√

39(0, 1, 2, 0, 0, 1),
√

14
117(0, 1, 2, 1, 0, 0),√

10
117(1, 1, 0, 0, 1, 1), 2√

39(1, 1, 0, 1, 1, 0),
√

2
39(1, 1, 1, 0, 0, 1),√

20
117(1, 1, 1, 1, 0, 0),

√
7

117(2, 1, 0, 0, 0, 1),
√

14
117(2, 1, 0, 1, 0, 0)

600[31]λ

√
7

117(0, 0, 0, 1, 2, 1), 1√
39(0, 0, 1, 0, 2, 0),

√
10
117(0, 0, 1, 1, 1, 1),

− 2√
39(0, 0, 2, 0, 1, 0),

√
7

117(0, 0, 2, 1, 0, 1), −
√

7
39(0, 0, 3, 0, 0, 0),

1√
39(1, 0, 0, 0, 2, 0),

√
2
39(1, 0, 0, 1, 1, 1),

√
2
39(1, 0, 1, 1, 0, 1),

− 1√
39(1, 0, 2, 0, 0, 0), 2√

39(2, 0, 0, 0, 1, 0), 1√
39(2, 0, 0, 1, 0, 1),

1√
39(2, 0, 1, 0, 0, 0),

√
7
39(3, 0, 0, 0, 0, 0)

600[31]η −
√

14
39(0, 0, 0, 0, 3, 0), −

√
3
26(0, 0, 1, 0, 2, 0),

√
7
78(0, 0, 3, 0, 0, 0),

− 3√
26(1, 0, 0, 0, 2, 0), 3√

26(1, 0, 2, 0, 0, 0),
√

3
26(2, 0, 1, 0, 0, 0),√

7
78(3, 0, 0, 0, 0, 0)

600[22]ρ

√
14
117(0, 1, 0, 0, 2, 1), − 1√

39(0, 1, 0, 1, 2, 0), 2√
39(0, 1, 1, 0, 1, 1),

−
√

2
39(0, 1, 1, 1, 1, 0),

√
2
39(0, 1, 2, 0, 0, 1), −

√
7

117(0, 1, 2, 1, 0, 0),√
20
117(1, 1, 0, 0, 1, 1), −

√
2
39(1, 1, 0, 1, 1, 0), 2√

39(1, 1, 1, 0, 0, 1),

−
√

10
117(1, 1, 1, 1, 0, 0),

√
14
117(2, 1, 0, 0, 0, 1), −

√
7

117(2, 1, 0, 1, 0, 0)

600[22]λ

√
14
117(0, 0, 0, 1, 2, 1), 1√

78(0, 0, 1, 0, 2, 0),
√

20
117(0, 0, 1, 1, 1, 1),√

2
39(0, 0, 2, 0, 1, 0),

√
14
117(0, 0, 2, 1, 0, 1),

√
7
78(0, 0, 3, 0, 0, 0),

− 1√
78(1, 0, 0, 0, 2, 0), 2√

39(1, 0, 0, 1, 1, 1), 2√
39(1, 0, 1, 1, 0, 1),
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Table C.7 (Continued)

NLM Cnρ,lρ,nλ,lλ,nη ,lη(nρ, lρ, nλ, lλ, nη, lη)

1√
78(1, 0, 2, 0, 0, 0), −

√
2
39(2, 0, 0, 0, 1, 0),

√
2
39(2, 0, 0, 1, 0, 1),

− 1√
78(2, 0, 1, 0, 0, 0), −

√
7
78(3, 0, 0, 0, 0, 0)

800[4]S

√
7

143(4, 0, 0, 0, 0, 0),
√

7
143(0, 0, 4, 0, 0, 0),

√
7

143(0, 0, 0, 0, 4, 0),√
28
429(3, 0, 1, 0, 0, 0),

√
28
429(3, 0, 0, 0, 1, 0),

√
28
429(1, 0, 3, 0, 0, 0),√

28
429(0, 0, 3, 0, 1, 0),

√
28
429(1, 0, 0, 0, 3, 0),

√
28
429(0, 0, 1, 0, 3, 0),√

10
143(0, 0, 2, 0, 2, 0),

√
10
143(2, 0, 0, 0, 2, 0),

√
10
143(2, 0, 2, 0, 0, 0),√

12
143(2, 0, 1, 0, 1, 0),

√
12
143(1, 0, 2, 0, 1, 0),

√
12
143(1, 0, 1, 0, 2, 0)

800[31]ρ

√
7

221(0, 1, 0, 0, 3, 1),
√

14
663(0, 1, 0, 1, 3, 0),

√
7

221(0, 1, 1, 0, 2, 1),√
10
221(0, 1, 1, 1, 2, 0),

√
5

221(0, 1, 2, 0, 1, 1),
√

14
221(0, 1, 2, 1, 1, 0),√

7
663(0, 1, 3, 0, 0, 1),

√
14
221(0, 1, 3, 1, 0, 0),

√
35
663(1, 1, 0, 0, 2, 1),√

10
221(1, 1, 0, 1, 2, 0),

√
10
221(1, 1, 1, 0, 1, 1),

√
20
221(1, 1, 1, 1, 1, 0),√

5
221(1, 1, 2, 0, 0, 1),

√
70
663(1, 1, 2, 1, 0, 0),

√
35
663(2, 1, 0, 0, 1, 1),√

14
221(2, 1, 1, 0, 0, 1),

√
7

221(2, 1, 1, 0, 0, 1),
√

70
663(2, 1, 1, 1, 0, 0),√

7
221(3, 1, 0, 0, 0, 1),

√
14
221(3, 1, 0, 1, 0, 0)

800[31]λ

√
7

221(0, 0, 0, 1, 3, 1),
√

7
663(0, 0, 1, 0, 3, 0),

√
35
663(0, 0, 1, 1, 2, 1),

−
√

10
221(0, 0, 2, 0, 2, 0),

√
35
663(0, 0, 2, 1, 1, 1), −

√
21
221(0, 0, 3, 0, 1, 0),√

7
221(0, 0, 3, 1, 0, 1), −

√
28
221(0, 0, 4, 0, 0, 0),

√
7

663(1, 0, 0, 0, 3, 0),√
7

221(1, 0, 0, 1, 2, 1),
√

10
221(1, 0, 1, 1, 1, 1), −

√
3

221(1, 0, 2, 0, 1, 0),√
7

221(1, 0, 2, 1, 0, 1),
√

28
663(1, 0, 3, 0, 0, 0),

√
10
221(2, 0, 0, 0, 2, 0),√

5
221(2, 0, 0, 1, 1, 1),

√
3

221(2, 0, 1, 0, 1, 0),
√

5
221(2, 0, 1, 1, 0, 1),√

21
221(3, 0, 0, 0, 1, 0),

√
7

663(3, 0, 0, 1, 0, 1),
√

28
663(3, 0, 1, 0, 0, 0),√

28
221(4, 0, 0, 0, 0, 0)

800[31]η −
√

56
221(0, 0, 0, 0, 4, 0), −

√
175
1326(0, 0, 1, 0, 3, 0), −

√
5

221(0, 0, 2, 0, 2, 0),√
7

1326(0, 0, 3, 0, 1, 0),
√

14
221(0, 0, 4, 0, 0, 0), −

√
175
1326(1, 0, 0, 0, 3, 0),

 



75

Table C.7 (Continued)

NLM Cnρ,lρ,nλ,lλ,nη ,lη(nρ, lρ, nλ, lλ, nη, lη)

−
√

6
221(1, 0, 1, 0, 2, 0),

√
3

442(1, 0, 2, 0, 1, 0),
√

56
663(1, 0, 3, 0, 0, 0),

−
√

5
221(2, 0, 0, 0, 2, 0),

√
3

442(2, 0, 1, 0, 1, 0),
√

20
221(2, 0, 2, 0, 0, 0),√

7
1326(3, 0, 0, 0, 1, 0),

√
56
663(3, 0, 1, 0, 0, 0),

√
14
221(4, 0, 0, 0, 0, 0)

800[22]ρ

√
14
221(0, 1, 0, 0, 3, 1), −

√
7

663(0, 1, 0, 1, 3, 0),
√

14
221(0, 1, 1, 0, 2, 1),

−
√

5
221(0, 1, 1, 1, 2, 0),

√
10
221(0, 1, 2, 0, 1, 1), −

√
7

221(0, 1, 2, 1, 1, 0),√
14
663(0, 1, 3, 0, 0, 1), −

√
7

221(0, 1, 3, 1, 0, 0),
√

70
663(1, 1, 0, 0, 2, 1),

−
√

5
221(1, 1, 0, 1, 2, 0),

√
20
221(1, 1, 1, 0, 1, 1), −

√
10
221(1, 1, 1, 1, 1, 0),√

10
221(1, 1, 2, 0, 0, 1), −

√
35
663(1, 1, 2, 1, 0, 0),

√
70
663(2, 1, 0, 0, 1, 1),

−
√

7
221(2, 1, 1, 0, 0, 1),

√
14
221(2, 1, 1, 0, 0, 1), −

√
35
663(2, 1, 1, 1, 0, 0),√

14
221(3, 1, 0, 0, 0, 1), −

√
7

221(3, 1, 0, 1, 0, 0)

800[22]λ

√
14
221(0, 0, 0, 1, 3, 1),

√
7

1326(0, 0, 1, 0, 3, 0),
√

70
663(0, 0, 1, 1, 2, 1),√

5
221(0, 0, 2, 0, 2, 0),

√
70
663(0, 0, 2, 1, 1, 1),

√
21
442(0, 0, 3, 0, 1, 0),√

14
221(0, 0, 3, 1, 0, 1),

√
14
221(0, 0, 4, 0, 0, 0), −

√
7

1326(1, 0, 0, 0, 3, 0),√
14
221(1, 0, 0, 1, 2, 1),

√
20
221(1, 0, 1, 1, 1, 1),

√
3

442(1, 0, 2, 0, 1, 0),√
14
221(1, 0, 2, 1, 0, 1),

√
14
663(1, 0, 3, 0, 0, 0), −

√
5

221(2, 0, 0, 0, 2, 0),√
10
221(2, 0, 0, 1, 1, 1), −

√
3

442(2, 0, 1, 0, 1, 0),
√

10
221(2, 0, 1, 1, 0, 1),

−
√

21
442(3, 0, 0, 0, 1, 0),

√
14
663(3, 0, 0, 1, 0, 1), −

√
14
663(3, 0, 1, 0, 0, 0),

−
√

14
221(4, 0, 0, 0, 0, 0)

1000[4]S

√
7

221(5, 0, 0, 0, 0, 0),
√

7
221(0, 0, 5, 0, 0, 0),

√
7

221(0, 0, 0, 0, 5, 0),√
105
2431(4, 0, 1, 0, 0, 0),

√
105
2431(4, 0, 0, 0, 1, 0),

√
105
2431(1, 0, 4, 0, 0, 0),√

105
2431(0, 0, 4, 0, 1, 0),

√
105
2431(1, 0, 0, 0, 4, 0),

√
105
2431(0, 0, 1, 0, 4, 0),√

350
7293(3, 0, 2, 0, 0, 0),

√
350
7293(3, 0, 0, 0, 2, 0),

√
350
7293(2, 0, 3, 0, 0, 0),√

350
7293(0, 0, 3, 0, 2, 0),

√
350
7293(2, 0, 0, 0, 3, 0),

√
350
7293(0, 0, 2, 0, 3, 0),√

150
2431(1, 0, 2, 0, 2, 0),

√
150
2431(2, 0, 1, 0, 2, 0),

√
150
2431(2, 0, 2, 0, 1, 0),
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Table C.7 (Continued)

NLM Cnρ,lρ,nλ,lλ,nη ,lη(nρ, lρ, nλ, lλ, nη, lη)√
12
143(3, 0, 1, 0, 1, 0),

√
12
143(1, 0, 3, 0, 1, 0),

√
12
143(1, 0, 1, 0, 3, 0)

1000[31]ρ

√
77

4199(0, 1, 0, 0, 4, 1),
√

42
4199(0, 1, 0, 1, 4, 0),

√
84

4199(0, 1, 1, 0, 3, 1),√
280

12597(0, 1, 1, 1, 3, 0),
√

70
4199(0, 1, 2, 0, 2, 1),

√
140
4199(0, 1, 2, 1, 2, 0),√

140
12597(0, 1, 3, 0, 1, 1),

√
168
4199(0, 1, 3, 1, 1, 0),

√
21

4199(0, 1, 4, 0, 0, 1),√
154
4199(0, 1, 4, 1, 0, 0),

√
140
4199(1, 1, 0, 0, 3, 1),

√
280

12597(1, 1, 0, 1, 3, 0),√
140
4199(1, 1, 1, 0, 2, 1),

√
200
4199(1, 1, 1, 1, 2, 0), 10√

4199(1, 1, 2, 0, 1, 1),√
280

12597(1, 1, 2, 1, 1, 0),
√

140
4199(1, 1, 3, 0, 0, 1),

√
280
4199(1, 1, 3, 1, 0, 0),√

490
12597(2, 1, 0, 0, 2, 1),

√
140
4199(2, 1, 0, 1, 2, 0),

√
140
4199(2, 1, 1, 0, 1, 1),√

280
4199(2, 1, 1, 1, 1, 0),

√
70

4199(2, 1, 2, 0, 0, 1),
√

980
12597(2, 1, 2, 1, 0, 0),√

140
4199(3, 1, 0, 0, 1, 1),

√
168
4199(3, 1, 0, 1, 1, 0),

√
84

4199(3, 1, 1, 0, 0, 1),√
280
4199(3, 1, 1, 1, 0, 0),

√
77

4199(4, 1, 0, 0, 0, 1),
√

154
4199(4, 1, 0, 1, 0, 0)

1000[31]λ

√
77

4199(0, 0, 0, 1, 4, 1), −
√

21
4199(0, 0, 1, 0, 4, 0),

√
140
4199(0, 0, 1, 1, 3, 1),

−
√

280
12597(0, 0, 2, 0, 3, 0),

√
490

12597(0, 0, 2, 1, 2, 1), −
√

210
4199(0, 0, 3, 0, 2, 0),√

140
4199(0, 0, 3, 1, 1, 1), −

√
336
4199(0, 0, 4, 0, 1, 0),

√
77

4199(0, 0, 4, 1, 0, 1),

−
√

385
4199(0, 0, 5, 0, 0, 0),

√
21

4199(1, 0, 0, 0, 4, 0),
√

84
4199(1, 0, 0, 1, 3, 1),√

140
4199(1, 0, 1, 1, 2, 1), −

√
30

4199(1, 0, 2, 0, 2, 0), 140√
4199(1, 1, 2, 1, 1, 1),

−
√

112
4199(1, 0, 3, 0, 1, 0),

√
84

4199(1, 0, 3, 1, 0, 1), −
√

189
4199(1, 0, 4, 0, 0, 0),√

280
12597(2, 0, 0, 0, 3, 0),

√
70

4199(2, 0, 0, 1, 2, 1),
√

30
4199(2, 0, 1, 1, 1, 1),

10√
4199(2, 0, 1, 1, 1, 1),

√
70

4199(2, 0, 2, 1, 0, 1), −
√

70
12597(2, 0, 3, 0, 0, 0),√

210
4199(3, 0, 0, 0, 2, 0),

√
140

12597(3, 0, 0, 1, 1, 1),
√

112
4199(3, 0, 1, 0, 1, 0),√

140
12597(3, 0, 1, 1, 0, 1),

√
70

12597(3, 0, 2, 0, 0, 0),
√

336
4199(4, 0, 0, 0, 1, 0),√

21
4199(4, 0, 0, 1, 0, 1),

√
189
4199(4, 0, 1, 0, 0, 0),

√
385
4199(5, 0, 0, 0, 0, 0)

1000[31]η −
√

770
4199(0, 0, 0, 0, 5, 0), −

√
1029
8398(0, 0, 1, 0, 4, 0), −

√
560

12597(0, 0, 2, 0, 3, 0),

−
√

35
12597(0, 0, 3, 0, 2, 0),

√
42

4199(0, 0, 4, 0, 1, 0),
√

385
8398(0, 0, 5, 0, 0, 0),
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Table C.7 (Continued)

NLM Cnρ,lρ,nλ,lλ,nη ,lη(nρ, lρ, nλ, lλ, nη, lη)

−
√

1029
8398(1, 0, 0, 0, 4, 0), −

√
224
4199(1, 0, 1, 0, 3, 0), −

√
15

4199(1, 0, 2, 0, 2, 0),√
56

4199(1, 0, 3, 0, 1, 0),
√

525
8398(1, 0, 4, 0, 0, 0), −

√
560

12597(2, 0, 0, 0, 3, 0),

−
√

15
4199(2, 0, 1, 0, 2, 0),

√
60

4199(2, 0, 2, 0, 1, 0),
√

875
12597(2, 0, 3, 0, 0, 0),

−
√

35
12597(3, 0, 0, 0, 2, 0),

√
56

4199(3, 0, 1, 0, 1, 0),
√

875
12597(3, 0, 2, 0, 0, 0),√

42
4199(4, 0, 0, 0, 1, 0),

√
525
8398(4, 0, 1, 0, 0, 0),

√
385
8398(5, 0, 0, 0, 0, 0)

1000[22]ρ

√
154
4199(0, 1, 0, 0, 4, 1), −

√
21

4199(0, 1, 0, 1, 4, 0),
√

168
4199(0, 1, 1, 0, 3, 1),

−
√

140
12597(0, 1, 1, 1, 3, 0),

√
140
4199(0, 1, 2, 0, 2, 1), −

√
70

4199(0, 1, 2, 1, 2, 0),√
280

12597(0, 1, 3, 0, 1, 1), −
√

84
4199(0, 1, 3, 1, 1, 0),

√
42

4199(0, 1, 4, 0, 0, 1),

−
√

77
4199(0, 1, 4, 1, 0, 0),

√
70

4199(1, 1, 0, 0, 3, 1), −
√

140
12597(1, 1, 0, 1, 3, 0),√

280
4199(1, 1, 1, 0, 2, 1), − 10√

4199(1, 1, 1, 1, 2, 0),
√

200
4199(1, 1, 2, 0, 1, 1),

−
√

140
12597(1, 1, 2, 1, 1, 0),

√
280
4199(1, 1, 3, 0, 0, 1), −

√
140
4199(1, 1, 3, 1, 0, 0),√

980
12597(2, 1, 0, 0, 2, 1), −

√
70

4199(2, 1, 0, 1, 2, 0),
√

280
4199(2, 1, 1, 0, 1, 1),

−
√

140
4199(2, 1, 1, 1, 1, 0),

√
140
4199(2, 1, 2, 0, 0, 1), −

√
490

12597(2, 1, 2, 1, 0, 0),√
280
4199(3, 1, 0, 0, 1, 1), −

√
84

4199(3, 1, 0, 1, 1, 0),
√

168
4199(3, 1, 1, 0, 0, 1),

−
√

140
4199(3, 1, 1, 1, 0, 0),

√
154
4199(4, 1, 0, 0, 0, 1), −

√
77

4199(4, 1, 0, 1, 0, 0)

1000[22]λ

√
154
4199(0, 0, 0, 1, 4, 1),

√
21

8398(0, 0, 1, 0, 4, 0),
√

280
4199(0, 0, 1, 1, 3, 1),√

140
12597(0, 0, 2, 0, 3, 0),

√
980

12597(0, 0, 2, 1, 2, 1),
√

105
4199(0, 0, 3, 0, 2, 0),√

280
4199(0, 0, 3, 1, 1, 1),

√
168
4199(0, 0, 4, 0, 1, 0),

√
154
4199(0, 0, 4, 1, 0, 1),√

385
8398(0, 0, 5, 0, 0, 0), −

√
21

8398(1, 0, 0, 0, 4, 0),
√

168
4199(1, 0, 0, 1, 3, 1),√

280
4199(1, 0, 1, 1, 2, 1),

√
15

4199(1, 0, 2, 0, 2, 0), 280√
4199(1, 1, 2, 1, 1, 1),√

56
4199(1, 0, 3, 0, 1, 0),

√
168
4199(1, 0, 3, 1, 0, 1),

√
189
8398(1, 0, 4, 0, 0, 0),

−
√

140
12597(2, 0, 0, 0, 3, 0),

√
140
4199(2, 0, 0, 1, 2, 1), −

√
15

4199(2, 0, 1, 1, 1, 1),√
200
4199(2, 0, 1, 1, 1, 1),

√
140
4199(2, 0, 2, 1, 0, 1),

√
35

12597(2, 0, 3, 0, 0, 0),

−
√

105
4199(3, 0, 0, 0, 2, 0),

√
280

12597(3, 0, 0, 1, 1, 1), −
√

56
4199(3, 0, 1, 0, 1, 0),
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Table C.7 (Continued)

NLM Cnρ,lρ,nλ,lλ,nη ,lη(nρ, lρ, nλ, lλ, nη, lη)√
280

12597(3, 0, 1, 1, 0, 1), −
√

35
12597(3, 0, 2, 0, 0, 0), −

√
168
4199(4, 0, 0, 0, 1, 0),√

42
4199(4, 0, 0, 1, 0, 1), −

√
189
8398(4, 0, 1, 0, 0, 0), −

√
385
8398(5, 0, 0, 0, 0, 0)

1200[4]S

√
7

323(6, 0, 0, 0, 0, 0),
√

7
323(0, 0, 6, 0, 0, 0),

√
7

323(0, 0, 0, 0, 6, 0),√
126
4199(5, 0, 1, 0, 0, 0),

√
126
4199(5, 0, 0, 0, 1, 0),

√
126
4199(1, 0, 5, 0, 0, 0),√

126
4199(0, 0, 5, 0, 1, 0),

√
126
4199(1, 0, 0, 0, 5, 0),

√
126
4199(0, 0, 1, 0, 5, 0),√

1575
46189(4, 0, 2, 0, 0, 0),

√
1575
46189(4, 0, 0, 0, 2, 0),

√
1575
46189(2, 0, 4, 0, 0, 0),√

1575
46189(0, 0, 4, 0, 2, 0),

√
1575
46189(2, 0, 0, 0, 4, 0),

√
1575
46189(0, 0, 2, 0, 4, 0),

70√
138567(0, 0, 3, 0, 3, 0), 70√

138567(3, 0, 0, 0, 3, 0), 70√
138567(3, 0, 3, 0, 0, 0),√

2100
46189(3, 0, 1, 0, 2, 0),

√
2100
46189(3, 0, 2, 0, 1, 0),

√
2100
46189(1, 0, 3, 0, 2, 0),√

2100
46189(2, 0, 3, 0, 1, 0),

√
2100
46189(1, 0, 2, 0, 3, 0),

√
2100
46189(2, 0, 1, 0, 3, 0),√

1890
46189(4, 0, 1, 0, 1, 0),

√
1890
46189(1, 0, 4, 0, 1, 0),

√
1890
46189(1, 0, 1, 0, 4, 0),√

2250
46189(2, 0, 2, 0, 2, 0)

1400[4]S

√
5

323(7, 0, 0, 0, 0, 0),
√

5
323(0, 0, 7, 0, 0, 0),

√
5

323(0, 0, 0, 0, 7, 0),√
7

323(6, 0, 1, 0, 0, 0),
√

7
323(6, 0, 0, 0, 1, 0),

√
7

323(1, 0, 6, 0, 0, 0),√
7

323(0, 0, 6, 0, 1, 0),
√

7
323(1, 0, 0, 0, 6, 0),

√
7

323(0, 0, 1, 0, 6, 0),√
105
4199(5, 0, 2, 0, 0, 0),

√
105
4199(5, 0, 0, 0, 2, 0),

√
105
4199(2, 0, 5, 0, 0, 0),√

105
4199(0, 0, 5, 0, 2, 0),

√
105
4199(2, 0, 0, 0, 5, 0),

√
105
4199(0, 0, 2, 0, 5, 0),√

126
4199(5, 0, 1, 0, 1, 0),

√
126
4199(1, 0, 5, 0, 1, 0),

√
126
4199(1, 0, 1, 0, 5, 0),

35√
46189(0, 0, 4, 0, 3, 0), 35√

46189(0, 0, 3, 0, 4, 0), 35√
46189(4, 0, 0, 0, 3, 0),

35√
46189(3, 0, 0, 0, 4, 0), 35√

46189(4, 0, 3, 0, 0, 0), 35√
46189(3, 0, 4, 0, 0, 0),√

1575
46189(4, 0, 1, 0, 2, 0),

√
1575
46189(4, 0, 2, 0, 1, 0),

√
1575
46189(1, 0, 4, 0, 2, 0),√

1575
46189(2, 0, 4, 0, 1, 0),

√
1575
46189(1, 0, 2, 0, 4, 0),

√
1575
46189(2, 0, 1, 0, 4, 0),

70√
138567(1, 0, 3, 0, 3, 0), 70√

138567(3, 0, 1, 0, 3, 0), 70√
138567(3, 0, 3, 0, 1, 0),√

1750
46189(3, 0, 2, 0, 2, 0),

√
1750
46189(2, 0, 3, 0, 2, 0),

√
1750
46189(2, 0, 2, 0, 3, 0)
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Table C.7 (Continued)

NLM Cnρ,lρ,nλ,lλ,nη ,lη(nρ, lρ, nλ, lλ, nη, lη)

1600[4]S

√
5

437(8, 0, 0, 0, 0, 0),
√

5
437(0, 0, 8, 0, 0, 0),

√
5

437(0, 0, 0, 0, 8, 0),√
120
7429(7, 0, 1, 0, 0, 0),

√
120
7429(7, 0, 0, 0, 1, 0),

√
120
7429(1, 0, 7, 0, 0, 0),√

120
7429(0, 0, 7, 0, 1, 0),

√
120
7429(1, 0, 0, 0, 7, 0),

√
120
7429(0, 0, 1, 0, 7, 0),√

140
7429(6, 0, 2, 0, 0, 0),

√
140
7429(6, 0, 0, 0, 2, 0),

√
140
7429(2, 0, 6, 0, 0, 0),√

140
7429(0, 0, 6, 0, 2, 0),

√
140
7429(2, 0, 0, 0, 6, 0),

√
140
7429(0, 0, 2, 0, 6, 0),√

168
7429(6, 0, 1, 0, 1, 0),

√
168
7429(1, 0, 6, 0, 1, 0),

√
168
7429(1, 0, 1, 0, 6, 0),√

1960
96577(0, 0, 5, 0, 3, 0),

√
1960
96577(0, 0, 3, 0, 5, 0),

√
1960
96577(5, 0, 0, 0, 3, 0),√

1960
96577(3, 0, 0, 0, 5, 0),

√
1960
96577(5, 0, 3, 0, 0, 0),

√
1960
96577(3, 0, 5, 0, 0, 0),√

2520
96577(5, 0, 1, 0, 2, 0),

√
2520
96577(5, 0, 2, 0, 1, 0),

√
2520
96577(1, 0, 5, 0, 2, 0),√

2520
96577(2, 0, 5, 0, 1, 0),

√
2520
96577(1, 0, 2, 0, 5, 0),

√
2520
96577(2, 0, 1, 0, 5, 0),√

22050
1062347(0, 0, 4, 0, 4, 0),

√
22050

1062347(4, 0, 0, 0, 4, 0),
√

22050
1062347(4, 0, 4, 0, 0, 0),√

29400
1062347(4, 0, 1, 0, 3, 0),

√
29400

1062347(4, 0, 3, 0, 1, 0),
√

29400
1062347(1, 0, 4, 0, 3, 0),√

29400
1062347(3, 0, 4, 0, 1, 0),

√
29400

1062347(1, 0, 3, 0, 4, 0),
√

29400
1062347(3, 0, 1, 0, 4, 0),√

31500
1062347(4, 0, 2, 0, 2, 0),

√
31500

1062347(2, 0, 4, 0, 2, 0),
√

31500
1062347(2, 0, 2, 0, 4, 0),√

98000
3187041(2, 0, 3, 0, 3, 0),

√
98000

3187041(3, 0, 2, 0, 3, 0),
√

98000
3187041(3, 0, 3, 0, 2, 0)

1800[4]S
1√
105(9, 0, 0, 0, 0, 0), 1√

105(0, 0, 9, 0, 0, 0), 1√
105(0, 0, 0, 0, 9, 0),√

27
2185(8, 0, 1, 0, 0, 0),

√
27

2185(8, 0, 0, 0, 1, 0),
√

27
2185(1, 0, 8, 0, 0, 0),√

27
2185(0, 0, 8, 0, 1, 0),

√
27

2185(1, 0, 0, 0, 8, 0),
√

27
2185(0, 0, 1, 0, 8, 0),√

108
7429(7, 0, 2, 0, 0, 0),

√
108
7429(7, 0, 0, 0, 2, 0),

√
108
7429(2, 0, 7, 0, 0, 0),√

108
7429(0, 0, 7, 0, 2, 0),

√
108
7429(2, 0, 0, 0, 7, 0),

√
108
7429(0, 0, 2, 0, 7, 0),√

648
37145(7, 0, 1, 0, 1, 0),

√
648

37145(1, 0, 7, 0, 1, 0),
√

648
37145(1, 0, 1, 0, 7, 0),√

588
37145(0, 0, 6, 0, 3, 0),

√
588

37145(0, 0, 3, 0, 6, 0),
√

588
37145(6, 0, 0, 0, 3, 0),√

588
37145(3, 0, 0, 0, 6, 0),

√
588

37145(6, 0, 3, 0, 0, 0),
√

588
37145(3, 0, 6, 0, 0, 0),√

756
37145(6, 0, 1, 0, 2, 0),

√
756

37145(6, 0, 2, 0, 1, 0),
√

756
37145(1, 0, 6, 0, 2, 0),
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Table C.7 (Continued)

NLM Cnρ,lρ,nλ,lλ,nη ,lη(nρ, lρ, nλ, lλ, nη, lη)√
756

37145(2, 0, 6, 0, 1, 0),
√

756
37145(1, 0, 2, 0, 6, 0),

√
756

37145(2, 0, 1, 0, 6, 0),√
7938

482885(0, 0, 5, 0, 4, 0),
√

7938
482885(0, 0, 4, 0, 5, 0),

√
7938

482885(5, 0, 0, 0, 4, 0),√
7938

482885(4, 0, 0, 0, 5, 0),
√

7938
482885(5, 0, 4, 0, 0, 0),

√
7938

482885(4, 0, 5, 0, 0, 0),√
10584
482885(5, 0, 1, 0, 3, 0),

√
10584
482885(5, 0, 3, 0, 1, 0),

√
10584
482885(1, 0, 5, 0, 3, 0),√

10584
482885(3, 0, 5, 0, 1, 0),

√
10584
482885(1, 0, 3, 0, 5, 0),

√
10584
482885(3, 0, 1, 0, 5, 0),√

2268
96577(5, 0, 2, 0, 2, 0),

√
2268
96577(2, 0, 5, 0, 2, 0),

√
2268
96577(2, 0, 2, 0, 5, 0),√

23814
1062347(1, 0, 4, 0, 4, 0),

√
23814

1062347(4, 0, 1, 0, 4, 0),
√

23814
1062347(4, 0, 4, 0, 1, 0),√

26460
1062347(4, 0, 2, 0, 3, 0),

√
26460

1062347(4, 0, 3, 0, 2, 0),
√

26460
1062347(2, 0, 4, 0, 3, 0),√

26460
1062347(3, 0, 4, 0, 2, 0),

√
26460

1062347(2, 0, 3, 0, 4, 0),
√

26460
1062347(3, 0, 2, 0, 4, 0),√

2250
46189(3, 0, 3, 0, 3, 0)

2000[4]S

√
7

1035(10, 0, 0, 0, 0, 0),
√

7
1035(0, 0, 10, 0, 0, 0),

√
7

1035(0, 0, 0, 0, 10, 0),√
2

207(9, 0, 1, 0, 0, 0),
√

2
207(9, 0, 0, 0, 1, 0),

√
2

207(1, 0, 9, 0, 0, 0),√
2

207(0, 0, 9, 0, 1, 0),
√

2
207(1, 0, 0, 0, 9, 0),

√
2

207(0, 0, 1, 0, 9, 0),√
5

437(8, 0, 2, 0, 0, 0),
√

5
437(8, 0, 0, 0, 2, 0),

√
5

437(2, 0, 8, 0, 0, 0),√
5

437(0, 0, 8, 0, 2, 0),
√

5
437(2, 0, 0, 0, 8, 0),

√
5

437(0, 0, 2, 0, 8, 0),√
6

437(8, 0, 1, 0, 1, 0),
√

6
437(1, 0, 8, 0, 1, 0),

√
6

437(1, 0, 1, 0, 8, 0),√
280

22287(0, 0, 7, 0, 3, 0),
√

280
22287(0, 0, 3, 0, 7, 0),

√
280

22287(7, 0, 0, 0, 3, 0),√
280

22287(3, 0, 0, 0, 7, 0),
√

280
22287(7, 0, 3, 0, 0, 0),

√
280

22287(3, 0, 7, 0, 0, 0),√
120
7429(7, 0, 1, 0, 2, 0),

√
120
7429(7, 0, 2, 0, 1, 0),

√
120
7429(1, 0, 7, 0, 2, 0),√

120
7429(2, 0, 7, 0, 1, 0),

√
120
7429(1, 0, 2, 0, 7, 0),

√
120
7429(2, 0, 1, 0, 7, 0),√

56
7429(0, 0, 6, 0, 4, 0),

√
56

7429(0, 0, 4, 0, 6, 0),
√

56
7429(6, 0, 0, 0, 4, 0),√

56
7429(4, 0, 0, 0, 6, 0),

√
56

7429(6, 0, 4, 0, 0, 0),
√

56
7429(4, 0, 6, 0, 0, 0),√

392
22287(6, 0, 1, 0, 3, 0),

√
392

22287(6, 0, 3, 0, 1, 0),
√

392
22287(1, 0, 6, 0, 3, 0),√

392
22287(3, 0, 6, 0, 1, 0),

√
392

22287(1, 0, 3, 0, 6, 0),
√

392
22287(3, 0, 1, 0, 6, 0),

 



81

Table C.7 (Continued)

NLM Cnρ,lρ,nλ,lλ,nη ,lη(nρ, lρ, nλ, lλ, nη, lη)√
140
7429(6, 0, 2, 0, 2, 0),

√
140
7429(2, 0, 6, 0, 2, 0),

√
140
7429(2, 0, 2, 0, 6, 0),√

6468
482885(0, 0, 5, 0, 5, 0),

√
6468

482885(5, 0, 0, 0, 5, 0),
√

6468
482885(5, 0, 5, 0, 0, 0),

42√
96577(5, 0, 1, 0, 4, 0), 42√

96577(5, 0, 4, 0, 1, 0), 42√
96577(1, 0, 5, 0, 4, 0),

42√
96577(4, 0, 5, 0, 1, 0), 42√

96577(1, 0, 4, 0, 5, 0), 42√
96577(4, 0, 1, 0, 5, 0),√

1960
96577(5, 0, 2, 0, 3, 0),

√
1960
96577(5, 0, 3, 0, 2, 0),

√
1960
96577(2, 0, 5, 0, 3, 0),√

1960
96577(3, 0, 5, 0, 2, 0),

√
1960
96577(2, 0, 3, 0, 5, 0),

√
1960
96577(3, 0, 2, 0, 5, 0),√

22050
1062347(2, 0, 4, 0, 4, 0),

√
22050

1062347(4, 0, 2, 0, 4, 0),
√

22050
1062347(4, 0, 4, 0, 2, 0),√

68600
3187041(4, 0, 3, 0, 3, 0),

√
68600

3187041(3, 0, 4, 0, 3, 0),
√

68600
3187041(3, 0, 3, 0, 4, 0)

2200[4]S

√
7

1305(11, 0, 0, 0, 0, 0),
√

7
1305(0, 0, 11, 0, 0, 0),

√
7

1305(0, 0, 0, 0, 11, 0),√
77

10005(10, 0, 1, 0, 0, 0),
√

77
10005(10, 0, 0, 0, 1, 0),

√
77

10005(1, 0, 10, 0, 0, 0),√
77

10005(0, 0, 10, 0, 1, 0),
√

77
10005(1, 0, 0, 0, 10, 0),

√
77

10005(0, 0, 1, 0, 10, 0),√
55

6003(9, 0, 2, 0, 0, 0),
√

55
6003(9, 0, 0, 0, 2, 0),

√
55

6003(2, 0, 9, 0, 0, 0),√
55

6003(0, 0, 9, 0, 2, 0),
√

55
6003(2, 0, 0, 0, 9, 0),

√
55

6003(0, 0, 2, 0, 9, 0),√
22

2001(9, 0, 1, 0, 1, 0),
√

22
2001(1, 0, 9, 0, 1, 0),

√
22

2001(1, 0, 1, 0, 9, 0),√
385

38019(0, 0, 8, 0, 3, 0),
√

385
38019(0, 0, 3, 0, 8, 0),

√
385

38019(8, 0, 0, 0, 3, 0),√
385

38019(3, 0, 0, 0, 8, 0),
√

385
38019(8, 0, 3, 0, 0, 0),

√
385

38019(3, 0, 8, 0, 0, 0),√
165

12673(8, 0, 1, 0, 2, 0),
√

165
12673(8, 0, 2, 0, 1, 0),

√
165

12673(1, 0, 8, 0, 2, 0),√
165

12673(2, 0, 8, 0, 1, 0),
√

165
12673(1, 0, 2, 0, 8, 0),

√
165

12673(2, 0, 1, 0, 8, 0),√
2310

215441(0, 0, 7, 0, 4, 0),
√

2310
215441(0, 0, 4, 0, 7, 0),

√
2310

215441(7, 0, 0, 0, 4, 0),√
2310

215441(4, 0, 0, 0, 7, 0),
√

2310
215441(7, 0, 4, 0, 0, 0),

√
2310

215441(4, 0, 7, 0, 0, 0),√
3080

215441(7, 0, 1, 0, 3, 0),
√

3080
215441(7, 0, 3, 0, 1, 0),

√
3080

215441(1, 0, 7, 0, 3, 0),√
3080

215441(3, 0, 7, 0, 1, 0),
√

3080
215441(1, 0, 3, 0, 7, 0),

√
3080

215441(3, 0, 1, 0, 7, 0),√
3300

215441(7, 0, 2, 0, 2, 0),
√

3300
215441(2, 0, 7, 0, 2, 0),

√
3300

215441(2, 0, 2, 0, 7, 0),√
11858

1077205(0, 0, 5, 0, 6, 0),
√

11858
1077205(0, 0, 6, 0, 5, 0),

√
11858

1077205(5, 0, 0, 0, 6, 0),
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Table C.7 (Continued)

NLM Cnρ,lρ,nλ,lλ,nη ,lη(nρ, lρ, nλ, lλ, nη, lη)√
11858

1077205(6, 0, 0, 0, 5, 0),
√

11858
1077205(5, 0, 6, 0, 0, 0),

√
11858

1077205(6, 0, 5, 0, 0, 0),√
3234

215441(6, 0, 1, 0, 4, 0),
√

3234
215441(6, 0, 4, 0, 1, 0),

√
3234

215441(1, 0, 6, 0, 4, 0),√
3234

215441(4, 0, 6, 0, 1, 0),
√

3234
215441(1, 0, 4, 0, 6, 0),

√
3234

215441(4, 0, 1, 0, 6, 0),√
10780
646323(6, 0, 2, 0, 3, 0),

√
10780
646323(6, 0, 3, 0, 2, 0),

√
10780
646323(2, 0, 6, 0, 3, 0),√

10780
646323(3, 0, 6, 0, 2, 0),

√
10780
646323(2, 0, 3, 0, 6, 0),

√
10780
646323(3, 0, 2, 0, 6, 0),

462√
14003665(1, 0, 5, 0, 5, 0), 462√

14003665(5, 0, 1, 0, 5, 0), 462√
14003665(5, 0, 5, 0, 1, 0),√

48510
2800733(5, 0, 2, 0, 4, 0),

√
48510

2800733(5, 0, 4, 0, 2, 0),
√

48510
2800733(2, 0, 5, 0, 4, 0),√

48510
2800733(4, 0, 5, 0, 2, 0),

√
48510

2800733(2, 0, 4, 0, 5, 0),
√

48510
2800733(4, 0, 2, 0, 5, 0),√

150920
8402199(5, 0, 3, 0, 3, 0),

√
150920
8402199(3, 0, 5, 0, 3, 0),

√
150920
8402199(3, 0, 3, 0, 5, 0),√

51450
2800733(3, 0, 4, 0, 4, 0),

√
51450

2800733(4, 0, 3, 0, 4, 0),
√

51450
2800733(4, 0, 4, 0, 3, 0)

Table C.8 Normalized pentaquark (q4 symmetry) spatial wave functions with

quantum number, N ′ = 2n+ 1 and L′ = M ′ = 1

NLM Cnρ,lρ,nλ,lλ,nη ,lη(nρ, lρ, nλ, lλ, nη, lη)

110[31]ρ (0, 1, 0, 0, 0, 0)

110[31]λ (0, 0, 0, 1, 0, 0)

110[31]η (0, 0, 0, 0, 0, 1)

310[31]ρ

√
5
33(1, 1, 0, 0, 0, 0), 1√

11(0, 1, 1, 0, 0, 0), 1√
11(0, 1, 0, 0, 1, 0)

310[31]λ

√
5
33(0, 0, 1, 1, 0, 0), 1√

11(1, 0, 0, 1, 0, 0), 1√
11(0, 0, 0, 1, 1, 0)

310[31]η

√
5
33(0, 0, 0, 0, 1, 1), 1√

11(1, 0, 0, 0, 0, 1), 1√
11(0, 0, 1, 0, 0, 1)

510[31]ρ

√
35
429(2, 1, 0, 0, 0, 0),

√
5

143(0, 1, 2, 0, 0, 0),
√

5
143(0, 1, 0, 0, 2, 0),√

10
143(1, 1, 1, 0, 0, 0),

√
10
143(1, 1, 0, 0, 1, 0),

√
6

143(0, 1, 1, 0, 1, 0)

510[31]λ

√
35
429(0, 0, 2, 1, 0, 0),

√
5

143(2, 0, 0, 1, 0, 0),
√

5
143(0, 0, 0, 1, 2, 0),√

10
143(1, 0, 1, 1, 0, 0),

√
10
143(0, 0, 1, 1, 1, 0),

√
6

143(1, 0, 0, 1, 1, 0)
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Table C.8 (Continued)

NLM Cnρ,lρ,nλ,lλ,nη ,lη(nρ, lρ, nλ, lλ, nη, lη)

510[31]η

√
35
429(0, 0, 0, 0, 2, 1),

√
5

143(0, 0, 2, 0, 0, 1),
√

5
143(2, 0, 0, 0, 0, 1),√

10
143(1, 0, 0, 0, 1, 1),

√
10
143(0, 0, 1, 0, 1, 1),

√
6

143(1, 0, 1, 0, 0, 1)

710[31]ρ

√
7

429(0, 1, 3, 0, 0, 0),
√

3
143(0, 1, 2, 0, 1, 0),

√
3

143(0, 1, 1, 0, 2, 0),√
5

143(1, 1, 2, 0, 0, 0),
√

7
429(0, 1, 0, 0, 3, 0),

√
6

143(1, 1, 1, 0, 1, 0),√
5

143(1, 1, 0, 0, 2, 0),
√

7
143(2, 1, 1, 0, 0, 0),

√
7

143(2, 1, 0, 0, 1, 0),√
7

143(3, 1, 0, 0, 0, 0)

710[31]λ

√
7

429(3, 0, 0, 1, 0, 0),
√

3
143(2, 0, 0, 1, 1, 0),

√
3

143(1, 0, 0, 1, 2, 0),√
5

143(2, 0, 1, 1, 0, 0),
√

7
429(0, 0, 0, 1, 3, 0),

√
6

143(1, 0, 1, 1, 1, 0),√
5

143(0, 0, 1, 1, 2, 0),
√

7
143(1, 0, 2, 1, 0, 0),

√
7

143(0, 0, 2, 1, 1, 0),√
7

143(0, 0, 3, 1, 0, 0)

710[31]η

√
7

429(3, 0, 0, 0, 0, 1),
√

3
143(2, 0, 1, 0, 0, 1),

√
3

143(1, 0, 2, 0, 0, 1),√
5

143(2, 0, 0, 0, 1, 1),
√

7
429(0, 0, 3, 0, 0, 1),

√
6

143(1, 0, 1, 0, 1, 1),√
5

143(0, 0, 2, 0, 1, 1),
√

7
143(1, 0, 0, 0, 2, 1),

√
7

143(0, 0, 1, 0, 2, 1),√
7

143(0, 0, 0, 0, 3, 1)

910[31]ρ

√
21

2431(0, 1, 0, 0, 4, 0),
√

28
2431(0, 1, 1, 0, 3, 0),

√
30

2431(0, 1, 2, 0, 2, 0),√
28

2431(0, 1, 3, 0, 1, 0),
√

21
2431(0, 1, 4, 0, 0, 0),

√
140
7293(1, 1, 0, 0, 3, 0),√

60
2431(1, 1, 1, 0, 2, 0),

√
60

2431(1, 1, 2, 0, 1, 0),
√

140
7293(1, 1, 3, 0, 0, 0),√

70
2431(2, 1, 0, 0, 2, 0),

√
84

2431(2, 1, 1, 0, 1, 0),
√

70
2431(2, 1, 2, 0, 0, 0),√

84
2431(3, 1, 0, 0, 1, 0),

√
84

2431(3, 1, 1, 0, 0, 0),
√

7
221(4, 1, 0, 0, 0, 0)

910[31]λ

√
21

2431(0, 0, 0, 1, 4, 0),
√

28
2431(1, 0, 0, 1, 3, 0),

√
30

2431(2, 0, 0, 1, 2, 0),√
28

2431(3, 0, 0, 1, 1, 0),
√

21
2431(4, 0, 0, 1, 0, 0),

√
140
7293(0, 0, 1, 1, 3, 0),√

60
2431(1, 0, 1, 1, 2, 0),

√
60

2431(2, 0, 1, 1, 1, 0),
√

140
7293(3, 0, 1, 1, 0, 0),√

70
2431(0, 0, 2, 1, 2, 0),

√
84

2431(1, 0, 2, 1, 1, 0),
√

70
2431(2, 0, 2, 1, 0, 0),√

84
2431(0, 0, 3, 1, 1, 0),

√
84

2431(1, 0, 3, 1, 0, 0),
√

7
221(0, 0, 4, 1, 0, 0)
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Table C.8 (Continued)

NLM Cnρ,lρ,nλ,lλ,nη ,lη(nρ, lρ, nλ, lλ, nη, lη)

910[31]η

√
21

2431(0, 0, 4, 0, 0, 1),
√

28
2431(1, 0, 3, 0, 0, 1),

√
30

2431(2, 0, 2, 0, 0, 1),√
28

2431(3, 0, 1, 0, 0, 1),
√

21
2431(4, 0, 0, 0, 0, 1),

√
140
7293(0, 0, 3, 0, 1, 1),√

60
2431(1, 0, 2, 0, 1, 1),

√
60

2431(2, 0, 1, 0, 1, 1),
√

140
7293(3, 0, 0, 0, 1, 1),√

70
2431(2, 0, 0, 0, 2, 1),

√
84

2431(1, 0, 1, 0, 2, 1),
√

70
2431(0, 0, 2, 0, 2, 1),√

84
2431(0, 0, 1, 0, 3, 1),

√
84

2431(1, 0, 0, 0, 3, 1),
√

7
221(0, 0, 0, 0, 4, 1)

1110[31]ρ

√
21

4199(0, 1, 0, 0, 5, 0),
√

315
46189(0, 1, 1, 0, 4, 0),

√
350

46189(0, 1, 2, 0, 3, 0),√
350

46189(0, 1, 3, 0, 2, 0),
√

315
46189(0, 1, 4, 0, 1, 0),

√
21

4199(0, 1, 5, 0, 0, 0),√
525

46189(1, 1, 0, 0, 4, 0),
√

700
46189(1, 1, 1, 0, 3, 0),

√
750

46189(1, 1, 2, 0, 2, 0),√
700

46189(1, 1, 3, 0, 1, 0),
√

525
46189(1, 1, 4, 0, 0, 0),

√
2450

138567(2, 1, 3, 0, 0, 0),√
1050
46189(2, 1, 1, 0, 2, 0),

√
1050
46189(2, 1, 2, 0, 1, 0),

√
2450

138567(2, 1, 0, 0, 3, 0),√
1050
46189(3, 1, 0, 0, 2, 0),

√
1260
46189(3, 1, 1, 0, 1, 0),

√
1050
46189(3, 1, 2, 0, 0, 0),√

105
4199(4, 1, 0, 0, 1, 0),

√
105
4199(4, 1, 1, 0, 0, 0),

√
7

323(5, 1, 0, 0, 0, 0)

1110[31]λ

√
21

4199(0, 0, 0, 1, 5, 0),
√

315
46189(1, 0, 0, 1, 4, 0),

√
350

46189(2, 0, 0, 1, 3, 0),√
350

46189(3, 0, 0, 1, 2, 0),
√

315
46189(4, 0, 0, 1, 1, 0),

√
21

4199(5, 0, 0, 1, 0, 0),√
525

46189(0, 0, 1, 1, 4, 0),
√

700
46189(1, 0, 1, 1, 3, 0),

√
750

46189(2, 0, 1, 1, 2, 0),√
700

46189(3, 0, 1, 1, 1, 0),
√

525
46189(4, 0, 1, 1, 0, 0),

√
2450

138567(3, 0, 2, 1, 0, 0),√
1050
46189(1, 0, 2, 1, 2, 0),

√
1050
46189(2, 0, 2, 1, 1, 0),

√
2450

138567(0, 0, 2, 1, 3, 0),√
1050
46189(0, 0, 3, 1, 2, 0),

√
1260
46189(1, 0, 3, 1, 1, 0),

√
1050
46189(2, 0, 3, 1, 0, 0),√

105
4199(0, 0, 4, 1, 1, 0),

√
105
4199(1, 0, 4, 1, 0, 0),

√
7

323(0, 0, 5, 1, 0, 0)

1110[31]η

√
21

4199(5, 0, 0, 0, 0, 1),
√

315
46189(4, 0, 1, 0, 0, 1),

√
350

46189(3, 0, 2, 0, 0, 1),√
350

46189(2, 0, 3, 0, 0, 1),
√

315
46189(1, 0, 4, 0, 0, 1),

√
21

4199(0, 0, 5, 0, 0, 1),√
525

46189(4, 0, 0, 0, 1, 1),
√

700
46189(1, 0, 3, 0, 1, 1),

√
750

46189(2, 0, 2, 0, 1, 1),√
700

46189(3, 0, 1, 0, 1, 1),
√

525
46189(0, 0, 4, 0, 1, 1),

√
2450

138567(0, 0, 3, 0, 2, 1),√
1050
46189(2, 0, 1, 0, 2, 1),

√
1050
46189(1, 0, 2, 0, 2, 1),

√
2450

138567(3, 0, 0, 0, 2, 1),
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Table C.8 (Continued)

NLM Cnρ,lρ,nλ,lλ,nη ,lη(nρ, lρ, nλ, lλ, nη, lη)√
1050
46189(2, 0, 0, 0, 3, 1),

√
1260
46189(1, 0, 1, 0, 3, 1),

√
1050
46189(0, 0, 2, 0, 3, 1),√

105
4199(1, 0, 0, 0, 4, 1),

√
105
4199(0, 0, 1, 0, 4, 1),

√
7

323(0, 0, 0, 0, 5, 1)

Table C.9 Normalized pentaquark (q4 symmetry) spatial wave functions with

quantum number, N ′ = 2n and L′ = M ′ = 1

NLM Cnρ,lρ,nλ,lλ,nη ,lη(nρ, lρ, nλ, lλ, nη, lη)

210[211]ρ (0, 1, 0, 0, 0, 1)

210[211]λ (0, 0, 0, 1, 0, 1)

210[211]η (0, 1, 0, 1, 0, 0)

410[211]ρ

√
5
39(0, 1, 0, 0, 1, 1), 1√

13(0, 1, 1, 0, 0, 1),
√

5
39(1, 1, 0, 0, 0, 1)

410[211]λ

√
5
39(0, 0, 0, 1, 1, 1), 1√

13(1, 0, 0, 1, 0, 1),
√

5
39(0, 0, 1, 1, 0, 1)

410[211]η

√
5
39(0, 1, 1, 1, 0, 0), 1√

13(0, 1, 0, 1, 1, 0),
√

5
39(1, 1, 0, 1, 0, 0)

610[211]ρ

√
7

117(0, 1, 0, 0, 2, 1),
√

2
39(0, 1, 1, 0, 1, 1), 1√

39(0, 1, 2, 0, 0, 1),√
10
117(1, 1, 0, 0, 1, 1),

√
2
39(1, 1, 1, 0, 0, 1),

√
7

117(2, 1, 0, 0, 0, 1)

610[211]λ

√
7

117(0, 0, 0, 1, 2, 1),
√

2
39(1, 0, 0, 1, 1, 1), 1√

39(2, 0, 0, 1, 0, 1),√
10
117(0, 0, 1, 1, 1, 1),

√
2
39(1, 0, 1, 1, 0, 1),

√
7

117(0, 0, 2, 1, 0, 1)

610[211]η

√
7

117(0, 1, 2, 1, 0, 0),
√

2
39(0, 1, 1, 1, 1, 0), 1√

39(0, 1, 0, 1, 2, 0),√
10
117(1, 1, 1, 1, 0, 0),

√
2
39(1, 1, 0, 1, 1, 0),

√
7

117(2, 1, 0, 1, 0, 0)

810[211]ρ

√
7

221(0, 1, 0, 0, 3, 1),
√

7
221(0, 1, 1, 0, 2, 1),

√
5

221(0, 1, 2, 0, 1, 1),√
7

663(0, 1, 3, 0, 0, 1),
√

35
663(1, 1, 0, 0, 2, 1),

√
10
221(1, 1, 1, 0, 1, 1),√

5
221(1, 1, 2, 0, 0, 1),

√
35
663(2, 1, 0, 0, 1, 1),

√
7

221(2, 1, 1, 0, 0, 1),√
7

221(3, 1, 0, 0, 0, 1)

810[211]λ

√
7

221(0, 0, 0, 1, 3, 1),
√

7
221(1, 0, 0, 1, 2, 1),

√
5

221(2, 0, 0, 1, 1, 1),√
7

663(3, 0, 0, 1, 0, 1),
√

35
663(0, 0, 1, 1, 2, 1),

√
10
221(1, 0, 1, 1, 1, 1),
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Table C.9 (Continued)

NLM Cnρ,lρ,nλ,lλ,nη ,lη(nρ, lρ, nλ, lλ, nη, lη)√
5

221(2, 0, 1, 1, 0, 1),
√

35
663(0, 0, 2, 1, 1, 1),

√
7

221(1, 0, 2, 1, 0, 1),√
7

221(0, 0, 3, 1, 0, 1)

810[211]η

√
7

221(3, 1, 0, 1, 0, 0),
√

7
221(2, 1, 0, 1, 1, 0),

√
5

221(1, 1, 0, 1, 2, 0),√
7

663(0, 1, 0, 1, 3, 0),
√

35
663(2, 1, 1, 1, 0, 0),

√
10
221(1, 1, 1, 1, 1, 0),√

5
221(0, 1, 1, 1, 2, 0),

√
35
663(1, 1, 2, 1, 0, 0),

√
7

221(0, 1, 2, 1, 1, 0),√
7

221(0, 1, 3, 1, 0, 0)

1010[211]ρ

√
77

4199(0, 1, 0, 0, 4, 1),
√

84
4199(0, 1, 1, 0, 3, 1),

√
70

4199(0, 1, 2, 0, 2, 1),√
140

12597(0, 1, 3, 0, 1, 1),
√

21
4199(0, 1, 4, 0, 0, 1),

√
140
4199(1, 1, 0, 0, 3, 1),√

140
4199(1, 1, 1, 0, 2, 1), 10√

4199(1, 1, 2, 0, 1, 1),
√

140
12597(1, 1, 3, 0, 0, 1),√

700
12597(2, 1, 0, 0, 2, 1),

√
140
4199(2, 1, 1, 0, 1, 1),

√
70

4199(2, 1, 2, 0, 0, 1),√
140
4199(3, 1, 0, 0, 1, 1),

√
84

4199(3, 1, 1, 0, 0, 1),
√

77
4199(4, 1, 0, 0, 0, 1)

1010[211]λ

√
77

4199(0, 0, 0, 1, 4, 1),
√

84
4199(1, 0, 0, 1, 3, 1),

√
70

4199(2, 0, 0, 1, 2, 1),√
140

12597(3, 0, 0, 1, 1, 1),
√

21
4199(4, 0, 0, 1, 0, 1),

√
140
4199(0, 0, 1, 1, 3, 1),√

140
4199(1, 0, 1, 1, 2, 1), 10√

4199(2, 0, 1, 1, 1, 1),
√

140
12597(3, 0, 1, 1, 0, 1),√

700
12597(0, 0, 2, 1, 2, 1),

√
140
4199(1, 0, 2, 1, 1, 1),

√
70

4199(2, 0, 2, 1, 0, 1),√
140
4199(0, 0, 3, 1, 1, 1),

√
84

4199(1, 0, 3, 1, 0, 1),
√

77
4199(0, 0, 4, 1, 0, 1)

1010[211]η

√
77

4199(0, 1, 4, 1, 0, 0),
√

84
4199(0, 1, 3, 1, 1, 0),

√
70

4199(0, 1, 2, 1, 2, 0),√
140

12597(0, 1, 1, 1, 3, 0),
√

21
4199(0, 1, 0, 1, 4, 0),

√
140
4199(1, 1, 3, 1, 0, 0),√

140
4199(1, 1, 2, 1, 1, 0), 10√

4199(1, 1, 1, 1, 2, 0),
√

140
12597(1, 1, 0, 1, 3, 0),√

700
12597(2, 1, 2, 1, 0, 0),

√
140
4199(2, 1, 1, 1, 1, 0),

√
70

4199(2, 1, 0, 1, 2, 0),√
140
4199(3, 1, 1, 1, 0, 0),

√
84

4199(3, 1, 0, 1, 1, 0),
√

77
4199(4, 1, 0, 1, 0, 0)

 



APPENDIX D

NUMERICAL CALCULATION IN HO BASIS

D.1 The Complete Basis Of Harmonic Oscillator Func-

tions

The Schrödinger equation for the pentaquark systems described by the

Hamiltonian is solved numerically by expanding the pentaquark wave functions

in the completed bases φk and we can always expand our eigenfunction of the

Hamiltonian in terms of HO basis which reads: Ψm = amkφk.

In the coordinate state space,

〈ψm|r|ψn〉 = 〈ψm|r
′〉〈r′ |r|r′′〉〈r′′ |ψn〉

= 〈ψm|r
′〉δ(r′ − r′′)〈r′′|ψn〉

=
∫
drψ∗m(r)rψn(r) (D.1)

The momentum described in the coordinate space as,

〈ψm|p|ψn〉 = 〈ψm|r
′〉〈r′ |p|r′′〉〈r′′ |ψn〉

= 〈ψm|r
′〉(−i~) d

dr′
δ(r′ − r′′)〈r′′ |ψn〉

=
∫
drψ∗m(r)(−i~) d

dr
ψn(r) (D.2)

Following this, we can write our Hamiltonian in the coordinate space in

the form below:

〈Ψm|H|Ψn〉 = 〈amkφk|H|φ
′

kank′ 〉

= 〈amkφk|(
−~2

2m
d2

dr2 −
k

r
+ ar)|φ′kank′ 〉
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= 〈amk|Bkk|ank′ 〉 (D.3)

Bkk is a k × k matrix, by solve the eigenvalue and eigenfunction of Bkk, we have

the eigenvalues for the corresponding mass spectrum and eigenfunction for the

expansion in the harmonic oscillator basis. Among them permutation symmetry

of identical particles are applied to simplify the calculations shown as below:

For any operator Oi, i stands for ith quark of the system. φ is the full wave

function of hadron. (ij) is the any permutation of quark i and j then we have:

〈φ|Oi|φ〉 = 〈φ|(1i)−1(1i)Oi(1i)(1i)−1|φ〉

= 〈φ|(1i)−1O1(1i)|φ〉

= 〈φ(−1)|O1|(−1)φ〉

= 〈φ|O1|φ〉 (D.4)

So for any operator OiOj, we just repeat this process twice, we can always

get:

〈φ|OiOj|φ〉 = 〈φ|O1Oj|φ〉

= 〈φ|O1O2|φ〉 (D.5)

For q3 baryon rij can be also treat as operator OiOj, so

〈φ|rij|φ〉 = 〈φ|r12|φ〉 (D.6)

Same method for q4q̄ pentaquark, for i < j, i, j < 5

〈φ|rij|φ〉 = 〈φ|r12|φ〉 (D.7)

for i < 5, j = 5

〈φ|ri5|φ〉 = 〈φ|r45|φ〉 (D.8)
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