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II

ATTASIT ROTJANAKUSOL: QUANTUM DYNAMICS OF THE
STERN-GERLACH EFFECT. THESIS ADVISOR: PROF. EDOUARD

B. MANOUKIAN, Ph.D. 166PP. ISBN 974-533-214-3

This Thesis involves the systematic, rigorous, dynamical and analytical studies

of the Stern-Gerlach (SG) effect. The studies are included (1) quantum mechanical,

and takes into account of (2) the field equation O B= 0, (3) the quantum mechanical
counterpart of the Lorentz force, (4) the two, rather than one, dimensional aspect of
the beam hitting the observation screen and (5) the rather non-trivial correlations, as is

explicitly shown, that occur between the dynamical variables. The quantum
dynamical analysis is carried out to the leading order in |e|/ Jhe =a  for the

electron, where a is the fine-structure constant, and for spin 1/2 charged particles
(e.g., the proton), in general, and leads to a unitary expression for the probability
density on the observation screen, where the magnetic field has a controllable
longitudinal uniform component along the initial average direction of propagation of
the particle, in addition to a non-uniform, almost longitudinal, magnetic field lying in
the plane defined by the quantization axis, in question, of the spin and the initial
average direction of propagation. We invite experimentalist to finally carry out the

experiment on the SG effect for the electron as described in the bulk of this work.
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Chapter I

Introduction

Many physicists would be surprised to learn that the classic Stern-Gerlach
experiment (Gerlach and Stern, 1921,1922a, 1922b) has not yet been carried out
(Batelaan, Gay, and Schwendiman, 1997; Dehmelt, 1990; Rabi, 1988; Badurek,
Rauch, and Tuppinger, 1986; Estermann, 1975) for the electron. The reason for the
obstacle in performing the experiment is that the Lorentz force arising form a
transversal magnetic field component to the initial direction of motion of the electron
causes a deviation of the particle from its initial path thus causing a blurring (Gerlach
and Stern, 1921) of the expected splitting of a beam. It is, by now, well known to
every student of physics that the original experiment (Gerlach and Stern, 1921, 1922a,
1922b) was done with a beam of neutral silver atoms. The experiment showed that
such a beam splits into components as a consequence of the fact that the silver atoms
possess angular momentum thus establishing the quantization of angular momentum.

Regarding the electron and its relationship to the rest of the microscopic
physics, it is worth recalling the well known remark (Dehmelt, 1990) made by Albert

Einstein stating:* We know, it would be sufficient to really understand the electron .

Regarding the Stern-Gerlach experiment and its role in quantum physics, Julian

Schwinger (Schwinger, Englert, and Scully, 1988) states:‘“ Even today, it is not

widely appreciated that the Stern-Gerlach experiment epitomizes the quantum

mechanical description of microscopic phenomena’’. The intuitive appeal of the




Stern-Gerlach experiment is about establishing the quantum nature of the microscopic
world and of the quantization of angular momentum and spin, by the observation, by
classical means, of small spots, but nevertheless of macroscopic extensions, on an
observation screen due to a beam splitting by a non-uniform magnetic field acting on
spin. The inference (e.g., Wheeler and Zurek, 1983; Brown and Maclay, 1969;
Deutsch and Candelas, 1979; Kennedy, Grichley, and Dowker, 1980; Manoukian,
1989, 1987a, 1987b, 1990) about the quantum nature of microscopic physics by such
classical means is certainly very satisfactory and quite convincing about the
correctness of this monumental theory. Much effort has been done in the literature
(Batelaan et al., 1997; Schwinger et al., 1988, Bloom and Erdman, 1962; Scully,
Englert, and Schwinger, 1987, Martens and deMuynck, 1993; Englert, Schwinger, and
Scully, 1988; Patil, 1998; Platt, 1992; Garraway and Stenholm, 1999; Cruz-Barrios
and Gomez-Camacho, 2003) on the theoretical nature of the Stern-Gerlach effect, as

of today, an analytical dynamical treatment of the problem which is (1) quantum

mechanical, and takes into account (2) the field equation OJB= 0, (3) the quantum
counterpart of the Lorentz force, (4) the two, rather than one, dimensional aspect of
the beam hitting the observation screen and (5) the rather non-trivial correlations that
occur, as is explicitly shown, between the dynamical variables describing the intensity
distribution.

It is the purpose of this research investigation, as reported in this thesis, to
carry out a rigorous theoretical analysis of the Stern-Gerlach effect which takes into

account the five indispensable points just mentioned. An analytical dynamical
treatment of this effect to the leading order in |e|/ Ve = JE , for the electron, where

a is the fine-structure constant, and for spin 1/2 charged particles (e.g., the proton), in



general, is shown to lead to a unitary, i.e., a positive definite, expression for the
probability intensity distribution on the observation screen, where the magnetic field
has a controllable uniform component along the initial average direction of
propagation of the particle, in addition to a non-uniform, almost longitudinal,
magnetic field lying in the longitudinal plane defined by the quantization axis, in
question, of the spin and in the initial average direction of propagation. With an
initially prepared Gaussian wavepacket the analysis leads to a sum of so-called
bivariate Gaussian distributions for the probability intensity distribution with a non-
zero correlation (Manoukian, 1986). The uniform longitudinal controllable magnetic
field, as will be shown, has a dual role in our analysis. Although longitudinal, it
reduces effectively the quantum Lorentz force contribution by reducing, in turn, the
correlation between the dynamical variables describing the probability density of
observation, and also provides a positive definite expression for the latter. Needless to
say, the reduction of the effect of the Lorentz force effect is of great importance for
carrying out the experiment as mentioned above. Another aspect of a transversal
magnetic field perpendicular to the non-uniform component along the quantization
axis of the spin, tends to cause a further splitting of the beam in a direction
perpendicular to the quatization axis as well. This unpleasant characteristic does not
happen in our work by our careful choice of the magnetic field set up. The feasibility
of performing the experiment with (an almost) longitudinal non-uniform magnetic
field was emphasized several years ago (Brillouin, 1928) and also quite recently
(Batelaan et al., 1997). But what our analytical study shows that the presence also of a

uniform longitudinal controllable magnetic field yields to a unitary expression for the



probability density on the observation screen in addition to reducing the Lorentz force
effect.

The thesis is organized as follows. In Chapter II a detailed study is carried out
of Gaussian distributions, their free time-developments and the computations of
various expectation values of pertinent observables for this work. It also summarizes
some of the important properties of bivariate Gaussian distributions with non-zero
correlations. Chapter III sets up the Hamiltonian together with the magnetic field in
question for the experiment. Most importantly, this chapter is involved in carrying
out, explicitly, the time-dependent averages and the correlations for the interacting
case needed in Chapter IV. In this latter chapter, we perform the rather difficult task
of developing the time-evolution of the Gaussian wavepecket for the interacting case
and after a very tedious analysis done the expression for the intensity distribution to
be observed on the detection screen in the experiment is obtained. In Chapter V
detailed graphical analyses are plotted, based on our analytical expression obtained in
Chapter IV and a physical interpretation of the pattern of the beam splitting is given.
Chapter VI deals with our conclusion and achievements and also invites
experimentalists to finally carry out an experiment on the Stern-Gerlach effect for the

electron as discussed in the bulk of this work.



Chapter 11

Gaussian Distributions

2.1 The Gaussian Distribution and Its Free Time-Development

As an initial state for the physical process to be analyzed in this work we

consider a wavepacket defined in the X - description by
0 % O
W (X)=——7—exp[-p [i‘ eXp[T— (2.1)
0() ( )3/4V/2 E%o B EI_4 %

where
ﬁO :(O’pO’O) (22)

taken to be along the x,- axis, denoting the average momentum of the particle in

question. That is,

(W, |(=nD)W , )= B, (2.3)

as 1is easily checked. This equation together with several other expectation values will

be worked out in Section 2.2.



In Eq. (2.1), y denotes the standard deviation. It provides a measure of the

deviation of the position of a particle about its average position, as described by the

wavepacket. It is explicitly given by

<()? - <5(>)2> =y (2.4)

where X denotes the position operator, and where we have used the notation

<‘P0 | D| ‘PO> E<D> for convenience. Here we have used the notation Yy, rather than

the standard symbol 0, in order not to confuse it with the Pauli matrices.
In this section, we are interested in the free time-development of the

wavepacket in Eq. (2.1), i.e., of the expression
0 ] U, -
o ﬁ-%tHo ﬁwoﬁ(x) =, (.1) (2.5)

where H, is the free Hamiltonian

H,=- (2.6)

for a particle of mass M . The interacting case will be studied in Chapter I'V.



By using the integral
® o H H
I dke™ e =Y exp -0
E y O U

and considering the integral expressions

00
I die™e™FY
—00

2 e

0 [l W D_ iﬁﬁ_&D o
G T PG e ey [

as applied to the wavepacket in Eq. (2.1), we obtain

it

2 i 2 il 0 - Po O

e M (—D )LIJO (X-') — e— % O ) y3/2 J.d3l_€.81%+1;ﬁ38_];2y2|:|
1l

U

or

2.7)

(2.8)

(2.9)

(2.10)

2.11)



Upon using the identity

722

_.0-, PO
—zﬁh BB 2M% +2kd'i+ D k2y?

W
ipot 20 lht 0 P O 1
=k +k§'— L5 @ 2.12)
2Mh h
and setting
—y +— 2.13
2, =Y M (2.13)
Eq. (2.12) may be rewritten as
1Dyl 22’%% b H i
= - -— @ 22 +—p, @
TR TR




Hence we obtain for Eq. (2.11)

We now make a change of

P
2575
to obtain
W, (%.1) = (2?2)3/4 W
Finally the integral
j:'odxe"”‘z

gives

(2.15)

(2.16)

(2.17)

(2.18)
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1O o I /2
_ y3/2 r __ipot —EH(—HIH |:| T Dg
Y (X,¢)= e e Mg 0=
(1) ()" o, 0
O . » Dz (] /2
3/2 i b [ B’C_pOtE DB g
__ Y W% o (L M D U
= e e exp (2.19)
O , iht DD lht
(2773) 4@/ + Ey
H oM HH 20

which simplifies to the expression

Isg - ipot E [l &tljz %
2 oM Bx E

W, (%.1) = S O MO g 2.20
A e 0 “Pg iht O (220)

(27_[)3/4 y3/2 %_'_ l .0 E 4y2 %_'_ 2%

0 2My [ 0 2My
2.2 Expectation Value of Observables
Throughout this section, we use the notation
[d'xW, (%) AW, (¥) =(4) (2.21)

for any observable 4.

For the subsequent analyses we need to evaluate the expectation values

() () () (e ) (2, ) (e ) (P2 ) (xemip, ) (3,2 ) . (222)
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The free time-dependent counterparts of the any observable A is given by

“H
Ade " (2.23)

and is referred to as the Heisenberg representation of 4. Here H is the free

Hamiltonian defined in Eq. (2.6). The expectation values of time-dependent
observable will be worked out in Section 3.3.
To the above end, the expectation values in Eq. (2.22) are explicitly evaluated

as follows:

B . e‘;f’o & _% e%ﬁo & 4)‘6;2
e
1 X, e_ V2

r2

1 22
___ rsin B y
32 rsm ocos @

= J'dm’@a’qor2 sin 0
(271)

}”2

= Idm’ed(pW #*sin” Bcos @ ¥

=0 (2.24)



where we have used the integral

2m
quocos =0
0
—RE ¥ “hE P
. e W e vl
<x2>:J'a’3x—e R R

(27_[)3/4 yz/z (2 7_[)3/4 3/2

)?2

1 52
— (3% 2
—Idx x,e

( 27_[)3/2 );

2

. . - 2
rsin Bsin @

32

= J'dm’@a’qor2 sin 0
(277)

}"2

. . Ty
7’ sin® Osin @ *

= [drd6dg

(271)3/ ?

=0
since

2m

d@sin =0
! @sin @

(x)= P N
R R e

=J'd35€;x3 e

(27_[)3/2 y3

12

(2.25)

(2.26)

(2.27)



}"2

:Idmf@afqor2 sin G%Vrcos @

(2)

2

1 )
= (drd8d p——~——r’ sin Bcos & '
I 7 ¢(27T)3/2 ¥ r’ sin Bcos

=0

by using the fact that

Ia’@ sinB@cos@=0
0

therefore

—h ¥

¢ " e_;ZD ihiD e e
(27_[)3/4 V/z Er axlm(z ]_1)3/4 32

i

P o n7% —§ D_ x O o™ -
_Idx Va0 © Va0 ©
(2n)” Y % D(2n)
ih
'7@@

=0

13

(2.28)

(2.29)

(2.30)

(2.31)
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i i
——po¥ %2 —bh¥ X

e’ e d o0 e v
T/ze N -7 0 i ¢ i
(2m)"y* 0 omb(2n

W 0.0 x i M@ ™" -z
= d3_' ¢ ih——2 4y’
e s T
_Lﬁog 2 LPOR =2
. e’ e U, x U et i
i B e
ih
217<x2>+p0
= Do (2.32)

i i
Pl i —Po3 72

0 g e’ e‘:T,z
ox, 'D‘(z 7.1)3/4 32

i
——p ¥ % — P b3
7 S 7 .
e [, X3 O e 4y

3¢ (!
J ¥y Bt

-0. (2.33)

Hence we have

(p)=p,o” (2.34)

which verifies the expression in Eq. (2.3).
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We now consider quadratic variables including correlation functions. These

are evaluated as follows:

-1 B3 52 Z o3 72

(2 ]_1)3/4 0 €

:J'drdedqor2 sin 6();3/2); r?sin® Bcos® @
2

}”2

=Idrd9d(p+/2r4 sin® Bcos’ @_W (2.35)
(2m)" y

and using the integrals

Ide sin0=2 (2.36)
) 3

2m

J'czqocos2 Q=11 (2.37)
0

i /2 1/2
Ia’rre ¥ =113 1D Dnd

%—% —3)/%—% (2.38)

we obtain



16

1 4 ond”
<X1x1>—(2n)—3/2y%ﬂf3f 00

=y, (2.39)

Similarly, we have

rZ

:J’afm’@a’qor2 sin 6+ﬂrsin Bcos @rsin &in (p_ﬁ
(271)
=Idrd9d(p+/2 r*sin’ Bsin q@os qe_ﬁ (2.40)
(2m)" y

and using the integral

2

Idgosin @cos @=0 (2.41)
0

this gives

(xx,)=0 (2.42)



. 1
= Ia’rd@afqor2 sin 6(27_[)3/

4
r

3/2

= Idrdedqo(zn)

and using the integral in Eq. (2.25) leads to

r 2

2

}"2

. )
sin® Bcos Bcos @ ¥

<x1x3> =0
hE o _E L
€ 4y 4y’

=Idrd9d(0r2 sin @ 5

= [drd6d¢

(277)3/ 2

(2m)

}”2

1 2 .2 2 27
. . y
77— sin Bsin” @

2

. . 2
r*sin’ Bsin”> @ * .

. )
rsin Ocos @ cos @ *

17

(2.43)

(2.44)

(2.45)
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The integrals

21

Id(psin2 Q=T (2.46)
0

a4

IdQsm 6=— (2.47)
) 3

and the integral in Eq. (2.35), then give

1 4 o’
)= oy 30V B
=y’ (2.48)
) e‘gﬁog _ )?22 egﬁoa ¥
<X2X3> :Id3x (27_[)3/4 ¥E "X, (2 7_1)3/4 22 i
= (d’x ! X, X e_ <22
_I (27_[)3/2 ); 2X3
=Idrd9d(0r2 sin 6———5—r'sin Bsin @ cos g

(2m)

r2

= [drdfdg *sin® Bcos Bsin @ 2 (2.49)

L
(27_[)3/2 yg
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and since
2n
quosin p=0 (2.50)
0
this gives
(x,%,)=0 (2.51)
e‘gﬁo & _Lz e%ﬁog _4‘y2

}"2

= Ia’mfeafqor2 sin 9(2);3/2)/3 2 cos® & ¥
T

r2

- Idrd9d¢(27_[)+ﬂyr4 <in Bcos? & 2 | (2.52)

The integral

J'd@ sin 8 cos’ 9=§ (2.53)
0



and the one in Eq. (2.35) imply that

That is, quite generally we may write

<xixj> =y*d.

20

(2.54)

(2.55)

We also need the following expectation values, where the orders of non-

commuting operators are to be noted:

xID e’l

(2.56)
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) X oo aO
() = dgx(z R e M P !

=0 (2.57)
I T L R
O P R L
B B e‘%ﬁg@ _x22 0 x O eéf’og _L;z
=[ ) " 3" 2;2E(z S 4
ih
—2l—y2<x1x3>
=0 (2.58)
<X >: d3)?—e_;%@ e_gx i ihiD eé%@ e_é
4 I (27_[)3/4 );/2 2 Ef_ ox, DD(2 n)3/4 32
_ . e‘éi’o@ _% Dh X, E eéﬁoﬁ _%
_I (27_[)3/4 );'/2 %2 % 2)/2 |ﬁ(2 7_1)3/4 2 €
= hz <x2x1>
~0 (2.59)
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i
s 2 —P x
B 5 e h _W Dh x2 + D eh _W
X, ==+ P55 ¢

_J'd xme e D(2TI)

ih (2.60)

Bl #

PR .
(s W ogindg S
<x2p3>—jd XWe ' x, E[-lhax3li|(2 ]_1)3/4 2o €

. i
_7130 o X 71‘70 by Xz
7 X n
e : O x, 0 e 4y

:Idsjéme 4y X, %hzyzg(z 7_93/4 326

ih
W<x2x3>
—0 (2.61)
™ 5 g a0 eéﬁoB e
<x3p1>—J'd3x(2 )3/4 );/2 w X3Ef' GXIDD(Z n)3/4 ﬁ/ze‘wz
B N PO
:J.d3x(2n_)3/4 yg/z Y XSEf 2;25(2 ]_[)3/4 3/2 v
fi
- l 2<x3x1>
(2.62)
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e S oo a0 e —
(np2) = d3x(2 )y M Tl ’
- e_gpOE xiz 0, x [l e%pOE -5
:Id3x(2n)3/4 V/z i 3 [ 2;2 po%(2 7_1)3/4 2 i
= (%% ) + oo (x3)
=0 (2.63)

B e‘gpoE _Lzz |:| . a D ehpo _i
<X3p3> =Id3x (2 )3/4 y3/2 v X3 El_lh ax3 E(z ]_[)3/4 - v
) i e

=—. (2.64)
That is, we may write

(xp,)= ’550‘. (2.65)
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Similarly, we evaluate the following expectation values

! i
——po ¥ X —po b 72

- 3= e’ _42|:|. al:ﬂ]_ GD e’ _4y2
<p1p1>_Id XWQ Y El—lha_xl% lh&lgme

578 % Lpy3 B

. e’ U o0l x O e -
:J’d3x T e 4y D_lh_D h 12D — e 4y
e y? 0 gy 2°0(en)

mOoOod

whE o _F Lo ?

(e Dp i g g e
J em)*y? @ 2m 2vo 2vo(en’

== (2.66)

——Do %2 iﬁ(} 72
e o . o0 L T4y
pipy)=[d% e " [rih—m—ih—f
< 1 2> I (27_[)3/4 V/z 0 axl[ﬂ] axQD (2 7_[)3/4 9/2
i =2 i ) D
R o X 0 e -
= (Pi— ¥ in a2 + e vy
[ Gy Bt g O
e_#70B - fyz O, x, (. e%ﬁom ‘fT,z

= (d’Y ————e ¥ gh—% +p, ik xl% e
I (27_[)3/4 );/z B 2)/2 ODD 2VZD (2 71)3/4 0

=0 (2.67)
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~Lpol3 ¥ L5y 72
et L0000, 90 e -
ppy) =[x ———e ¥ rih—rih—0 e
< 1 3> J. (27_[)3/4 V/z § axl 0 6X3 5(2 7_[)3/4 32
e Eg agh xo o 5
S [ I ——— (Fih—[33h =] et
I n)y? g gl 2’Hen’ 5
— (3% e_éﬁOR ‘% O, x, . x 0 eéﬁom ‘%
—Id X i, Oh—5mih=—5 i €
(2m)" v 0 2v'm 2vo(en)
hZ
:‘4—),4<xsxl>
=0 (2.68)
~Lpo 7 L pE 2
et rd ..o o0 e Y
pap,) = [d'F—=—e ¥ frih—[-ih—f—ar——e¢
< 2 2> I (27_[)3/4 );/2 0 ale]] ax2D (2 ]_[)3/4 32
—i[)OB ¥ ii’om » U
L A T I A R ST N
RO AR el o K
Lpm 2 5 N
—_ 3= e h 472 II' xz D:D x2 D h g eh 4 2
T e H T e
’ in n
:‘4 7 (%) —§O<z> P 27
hz
=p, v (2.69)



26

——po ¥ 72 /
= (x D000, 00 &
2 3> I X(27T)3/4 yv,/ze ’ D_’ha Oih 6% ¢ e
0 onog onp(2n)’ y2
:Id% e—%ﬁoﬁf -%D 50 0 Sh 20
3/4 [rih T v
(2n)" y” R 2’ He ™ 3ze4yzg
=
:Id% e_éﬁoa ‘%D x, 00, x O i -
7 Oh—mih—2 + L KT
e e Bl 2y T PH e e
n’ in
- _ 74
B o)+ )
=0
(2.70)
(paps)=[d’ ST I ;
pp) = [d5— ¢ Bn 8 500 TR
7 e [rih— —'h—De— K4
(271) y3/2 . (%%% 1 6X3D (2 ]_[)3/4 323 4y
(27T)3/4 Vﬁe [Fih—[a1h— 1] e pan
0 o0 2v'g(en’™ ZRE
=
= (% he T [ M :
= 42 = X ? i °
I x(2 )3/4 er ’ [U]h23zﬂﬂih X3S+h q e R
T 2l 2 2vaea” v
2
__ i’
= XX, ) t—
4y4< 3 3> 2y2
hZ
a2
2.71)



27

Thus we may rewrite Egs. (2.66) - (2.71) in the unified manner:

2

R S
(pp,)=Pip} vl 2.72)

where
Py =p,0°. (2.73)

The evaluation of the product of three observable is more involved and the

details are worked out below:

1 Y
=(d’x
I X (27_[)3/2 X, X, X, e
:J'aim’ea’qor2 sin @-——;7— " sin’ Bcos’ @

(277)

}”2

1 2
= dm’ed(p—rs sin* Bcos’ @ 2y
I (27_[)3/2 yg

=0 (2.74)



since

21
I d@cos’ p=0
0
= Pl _Lzz %POB _¥
<x1x1x2> :Id%? (2:[)3/4 Ve eV xxx, (2 781)3/4 — 4y’

1 e
— d3 = 2y
I X (27_[)3/2 X, XX, €
:J’afm’@a’qor2 sin 6+ﬂr2 sin® Bcos® @sin Gin (p_ﬁ

(277)

}”2

=Idrd9d(p #*sin* Bsin @os® @ ¥

32

(2)

=0
as follows form the integral

2

Id(psin @cos” =0
0

=2
X

4y

P& & éﬁog
- 3= € 4y? e
<x1x1x3> —Id X——F-6¢€ X, X,X5

(2 7_[)3/4 3/2 ¢

28

(2.75)

(2.76)

(2.77)



}"2

:'[ahﬂa’ea’(pr2 sin 6#7/2 sin® Bcos” @ cos @
T

2

1 5 3 2 2)p
_ ; y
75 sin Bcos Bcos” @

= J’drd@dqo(zn)

on account of the integral

Ia’@ sin*B@cos8=0
0

}”2

=Idrd9d(0r2 sin 6———5—rsin Ocos @ sin® Gin’ (p_ﬁ

(2m)

r2

1 2
= (drd0d p—————r"sin® Bsin® @os @ *¥
I (27_[)3/2 yg

29

(2.78)

(2.79)

(2.80)



as a consequence of the integral

2m

Id(psin2 @cos =0
0

1 - 2
= d3—> 2y
I X (27_[)3/2 X, X, X, €
:J'aim’ea’qor2 sin 6+ﬂrsin Bcos @ cos’ g

(277)

}”2

= (drd8d p————r" sin” Bcos® Bcos (p_ﬁ
I (271)3/ %

where we have used the integral

2
quocos =0
0
i =2 i =2
—ph @ X —ph X X
n -— n -
e 4 e 4)’2

yZ
e xx,x,

(2 7.1)3/4 3/2 €

30

(2.81)

(2.82)

(2.83)
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1 . . . vl
—5 5 rsin Bcos @sin &in @cos €@ 24

= Ia’mfeafqor2 sin @
(27)

2

1 5 3 2y?
. : y
—7— 7 sin” Bcos Bsin ros @

= J’drd@dqo(zn)

as follows form the integral expression

2

Idgosin @cos =0
0

‘;Po & X Li’o b _X
1 eh

}”2

=Idrd9d(0r2 sin @ ¥ sin® Bsin’® @ ¥

3/2

(2m)

r 2

1 el
= (drd8d p————r’sin”* Bsin’ @ *
I (27_[)3/2 yg

31

(2.84)

(2.85)

(2.86)



as a consequence of

2m
I dsin® ¢=0
0
e‘;ﬁog s eé!"o b ¥
(ot =[5 e e
=Id35€ ! X, X, X e_;”22
(27_[)3/2 272743
:Ia’mi@aiqor2 sin 6# r*sin® Bsin® @ cos @
T
=Idrd9d(0 75— 7 sin’ Bcos Bsin’ (@_W

(2)

=0

since

IdQ sin*B@cos8=0
0

i
-—Dpo &
hPo

1

= J.d3)_é —(27_[)3/2 y71

i
% —p 3 3

el
(2 7_1)3/4 3/2 €

4y
Xy X3 X3

=2

2y*
X,X,X; €

32

(2.87)

(2.88)

(2.89)



on account of

}”2

1 2.2 2y
.o ¥
77— sin Bsin @~ cos” @

=Idrd9d(0r2 sin @
(271)

r2

1 5.2 2 2
. . y
—5 5/ sin Bcos” Bsin @

= Ia’rd@dqo(zn)

2n
Ia’gosin p=0
0
_%ﬁo@ ¥ %I’om _®
e 2 e 4y2

4
e xxx,——r—e

(2 ]_1)3/4 3/2

)«CZ
- 3= 2y°
= J'd X——r— XXX e

(27_[)3/2 V

}”2

=Idrd9d(pr2 sin @ Feos’ G

3/2

(2m)

r2

1 el
= (drd8d p————r’ sin Bcos’ G *
J' ¥ ¢(2n)3/2 ¥ r” sin Bcos

33

(2.90)

(2.91)

(2.92)



by using the integral
IdQ sinBcos’ 6=0.
0

We may then write for all 7, j,k =1,2,3:

<xx xk> 0.

Similarly, we evaluate the following expectation values:

80 e oy

h
=5 o)
=0
) e‘%ﬁoﬁ & 5 0 eéﬁoﬁ _7:;2
om0 e
e—épom _47:; 0 0 éﬁoﬂ _x;

X% E{h 2 pOW
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(2.93)

(2.94)

(2.95)



- <x1X1X2> *+ Dy <x1x1>
=Dy
e %POB % 3 D P 4x;2

PASERS e_gpOE § U, x, O e%pOE ‘%
_I x(27_[)3/4 V/z 1% th 2u(2 ]_[)3/4 /2
h
=——{xxx;)
=0
- e_é'ﬁo[3 ‘i 6 [l eéﬁom =
. K 0. x, O e%pOB =
:J.d3x (27_[)3/4 ¢/2e 4y X, zﬂh 2;2 %(2 7-[)3/4 = 4y
h
- 2<x1x2x1>
=0
- e_%lﬁOE -z 0 0 eéﬁo@ —
) = o

i [
——po ¥ X —p @ X

e XX, [h 2 + P[0

3

e’ vl O, x O e Y
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(2.96)

(2.97)

(2.98)
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=0 (2.99)
™ o o0 eéﬁog 'L;
)= g B
_iﬁom % i< b ¥

et " O X5 O eh T4y
Id%cme Y xx, E{h 2U(2 71)3/4 e !

= (xnx)
=0 (2.100)
P e-;poﬂ _4% ou eh " _§
<X1)C3p1> _J.d X (27_[)3/4 V/z € RS El—l axl DD(2 ]_[)3/4 3/2 €
—RE E 0 -
= ¢ eV xx,0d al ¢ i

h2y D(2 7_1)3/4 0 €

=27 ()
—0 (2.101)
) LI o0 o™ =
o) = g 5 0
— d3 = e_épo ’ _iTzz Dh X D eh ] _§
_I X (27_[)3/4 y3/2 e X X3 % 5 poE( ]'[)3/4 32



h
= 2l—y2<X1)C3X2> 4 <x1x3>

=0
_iﬁoﬁ iz ipOR i
e T 0 D e 4y
(xx,p5) _Id * (27.[)3/4 VE €A% E_lh Ox, D(2 7'[)3/4 7
“hE P T
" U, x, 0 e 4y

4
e X1 X3 th 2 U(z ]_[)3/4 2o €

=0
i e_éi’Om —% 0 eh o _§
(oxp)=[d et E'_l OXIDD(2 Ny
e_EﬁOE -Lzz O, x O e#QB _§

4y
e Xy Xy th 2 l_l(2 7_1)3/4 0 €

= 3 <x2x2x1>
=0
- e_éﬁom - 0 0 eé‘ s
<x2xzp2> :J'd3x(2n)3we o X, X, El_lh ax, D(2 7_1)3/4 2 € v
I n . 0 o 5
:Id3x (27_[)3/4 yg/ze "X th 2 +p0E( 7_1)3/4 3/2 '
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(2.102)

(2.103)

(2.104)
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= poy (2.105)
——po ¥ %’ 11"0 ¥
. e v ol e e 4
<x2x2p3> —Id3x (2 )3/4 yg/z e Xy Xy E—m ox, D(2 7_1)3/4 9/2 '
e z U, x, O egpOE -z
_ 3 4y? 4y
_Id (27_[)3/4 V/z e y szz % 2y2 U(z ]_[)3/4 3/7
h
- 2 <x2x2x3>
=0 (2.106)

)= [ B2
2431 (27_[)3/4 );/2 2 3D axlm(2 )_1)3/4 3/2
R o 0, x O e;pﬂ 7
=J'd3x (27_[)3/4 V/ze v X, X3 [{hzy D(2 )_1)3/4 30 )

~0 (2.107)
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. e‘%Po & % P |:| ehpo _4X;2
<X2X3p2> =Id x (2 )3/4 V/Z € " XX Erlh Ox, D(2 )-[)3/4 32
_ e‘gi’o 3 B 4)?7 D X, [ egl’o & _ 4)?7

=0 (2.108)
) e‘%ﬁog _i 0 D e%f’oa X
<x2x3p3> =Id3x(2n)3we a Xy X3 Ei'lh o, D(2 7_1)3/4 2 € v
_ - e_éﬁog ‘Lzz U, x, O e%pog B x;
_J'd3 (27_[)3/4 V/Z eV L X, E{h > u(z 7_1)3/4 e 4
ih
= 217<x2x3x3>
=0 (2.109)
B B e‘éﬁo@ i 90 eéf’og _76;2
<x3x3p1> _Id3x (27_[)3/4 NE eV X33 Ef_l ax, D(Z n)3/4 2 € )
_ e_%laOE _:iz ] X, [l eél3 : _4)?;2

Iaﬂfcme v X3X3%h 2u(2]1)3/4 326

0 (2.110)
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_EPOB i 0 a O éf?o _i
<x3x3p2> :J.d%? : i ¢ NN ih——0 EZIE N
(2m)" y 0 o.0(2n
_%Iaoﬁ Lzz N ] %POE _i
=Id3” : Vi ¢ ¥ G2 + Py 63/4 2 N
(2n)” y 2y 0N
= 2<x3x3x2>+p0<x3x3>
- 2.111)
_i<0[g 72 if?o@ ¥
— (3= ¢ 3 P J,00 ¢ K4
= - h—Q
<x3x3p3> Id X (27_[)3/4 e € XN E]_l o, 5(2 7_1)3/4 w2 €
L S R L 2
:Id% . Vi © Y xxs ah X3zD 83/4 2 ¢ i
(2m)”* y 0 2v'o(2n)
ih
— 2l_y2<x3X3X3>
o (2.112)

We may thus conveniently write for all 7, j,k =1,2,3:

(xx;p,)=06"p,y* 8. 2.113)
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The expressions for the expectation values for the following products then

readily follow:

=0 (2.114)
’ p
<X1p1p2> =T <x1x2x1> + yf <x1x1>
h
= ’3 2 (2.115)
2
<x1p1p3> " <x1x3x1>
=0 (2.116)
2 2

=0 (2.117)

=0 (2.118)
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=0 (2.119)

=0 (2.120)
7
<x3p1p2> =T <x3x2x1> + ];f <x3x1>
=0 (2.121)
2
<x3p1p3> R <x3x3x1>
=0 (2.122)
(sp) = =) #7045 42
1P2P> 4y 1%2X) v 1%2 0 2y 1

0 (2.123)

= ilp, (2.124)



" i
<x3p2p3> = _4 3 <x3x3x2> +%<X3x3>
_ih
= Epo
2 2
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(2.125)

(2.126)

(2.127)

(2.128)

(2.129)

(2.130)
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n’ "

<x3p3p3> = _V<x3x3x3> +W<x3>

=0. (2.131)

These allow us to write

ih . il
(x.p.p;) =5p05’k += P ‘. (2.132)

For the product of three momentum components, we explicitly have

O 0 0m a° m 0 0
W (X)=Tih— -—xx, +—n W (X
b b 0( ) El_ axlg[ﬂ] 4V4 1% 2)/2% 0( )g

M R Odm O @ O .
:%’_me+2V2E%7-);X1E+2VX1DWO(X) (2.133)

0

ik’ in’

3
<p1p1p1> = _W<X1xlxl> +W<x1>

=0 (2.134)

- ih Ao U A\
Pa0p, W, (%) = D_lh_DDD_Wszz +7x2 +p, +W% W (x)%

EELIJO ()  (2.135)




O iw’ 7 p, 0
Erg_@xzxzxz _szxz O
0 oY y 0
agp # 00k N 0 S
0 0
og” gyt 0
= 0
1 p hp] U O
EL 4)/40 XX, + yzo X, +%|p§ > ); DPOS
B ik’ th S
_4X2 + 0
H 2y y 5
in 3n°p
<pzpzp2> = _W<x2x2xz> _TA;O<xzx2>
M, #» O0in O ikp, k'O

+ + + +—1]
e HRyH Ty 2B

2 2
+p, + i 1920 1Py
2ty
3 3712[70
= +—
Py 4)/2

O o0m a

)N (55) = OO0 %% +W%

0O Ox;Om 4y

n O

M ¥ OOih O

W, (%)

ik’

=M% Y00 s B0t
T a4y " 2y y CH 2y

in’ 3il’
(x:)

<p3p3p3> = _W<x3x3x3> +4_y4 X

(x)

ood
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(2.136)

(2.137)

(2.138)

(2.139)



0. 900 » inp, O, \0
W, (X) =ih—O——xx, +——x,0%¥ (x
PP, 0() Ef_ axl%% 4)/4 1% 2)/2 1% 0( )%
M ihp, O0in O Oin’ wp,d
=T xx, + X[ xOto—x t MW, (x
™ 2y "y "H ey = 2y B
} I/ ih :
<p1p1p2>:_ 6<x1x1x2>_4)];0< 1 1>+4y4<x2>+2§0
- 7’ p, +h2p0
4y’ 2y
_tho
4y?

O o O #? O O
Y (X)=7Tihi— ———x,x, W, (X
bPDs 0( ) E_ a&%% 4y 1 3% 0( )%

—HD h—zxx U] i xD+ﬁxDLP ()?)
o oy ray g

O o 0 #° ihp O 0
W, (%) =0ih—Om—— X +—5ox, +p, +—0 W (%
bp,P, 0( ) E_ o E[ﬂ] 4)/4 2% yz » TPy 2)/2% 0( )%

:UD h—zxx +ihﬂx + 2+iDDih xmq’()_&)
%_4)/422 yzzpo 2}}%%1%0
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(2.140)

(2.141)

(2.142)

(2.143)

(2.144)
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in’ n’ O, #» 00irn O
<p1p2p2> = _;7<x1x2x2> _2—540<x1x2> +Ep§ +W%%E<)ﬁ>

=0 (2.145)

— hpy : W (x 2.146
% X3 Xy +2V2 X3%%xl% o(x) ( )

=0 (2.147)

O 0 O »2 n O 0
Y (X)=rTih— - xXx, + Y (x
YLV 2V 0( ) El_ axlg% 4)/4 33 2)/2% 0( )E

v X3X3 +2VZD%2VZ xmY (55) (2.148)

i in’

<p1p3p3> = _é7<x1x3x3> +W<x1>

=0 (2.149)
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o 0m ihp, O ,_\O
W ih— —xx, +——x,0%¥ (X)0
NN XNGE Er- o DT 5% *5, 50 A )D

M » ihp, OO0 ih O i’ O, .
h NNt +- Po x3 Dqsz +p0D+ x3D ¥ (x) (2.150)
y O

=0 (2.151)

0 0 »° hz 0 0
P ih—O———5 %% t—0W (X)0
Dy D3 D3 ( ) El_ ax2 D% 343 2y2 i ( )D

M #° 72 0 ih N
?‘HW’% 7" +pomw() (2.152)

in’

<p2p3p3> = _W<x2x3x3> -

2 73 72
h_]940< 3 3>+l <x2>+ Py

4y

2
Ly (2.153)
4y*

Therefore

i j hz i I
(pp;pi)=Pipip} Y i’ +p8" +py OB (2.154)
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The expressions for the expectation values obtained may be then conveniently

summarized through the equalities:

(x)=0 (2.155)
(p) = pso” (2.156)
(xx,)=y?o 2.157)
ih .
(x.p,)= ol (2.158)
R ‘
<p,~pj> = PoPi +V5U . Py = p0° (2.159)
(xx,%,) =0 (2.160)
(x.x;p,) = 8" poy* &7 2.161)
(x.pp,;)= %p(’;c?”‘ +%pé5"‘ (2.162)
(pp;pi)=Pipips Y i +p8" +pi OB, 2.163)

2.3 The Bivariate Correlated Gaussian Distribution

The bivariate Guassian distribution will be also needed in the sequel.
Accordingly, we spell out its definition and some of its properties (Manoukian, 1986).

The probability density of the bivariate Guassian distribution is defined by

f(Z) :Lw/detg exp

c 0
2 Z (z -k)C, (Z_/ ~H,; )E (2.164)

1
24

J=

oo
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where zZ = (zl,zz) is a two-dimensional vector, [I = (Upﬂz) ;and C=HC Hisa 2x2
matrix such that detC >0.

The vector [i and the matrix F,H arise in the following manner:

Idzz Zf(2)=n (2.165)

RZ

that is, [ is the expectation value of the random variable Z, and
[ (1) -m) 1 (2) =(C), 2.166)

where C ! referred to as the covariance matrix, is the inverse of the matrix C, which

exists since, in particular, we have assumed that detC > 0. That is, the matrix element

(Q"l)n provides a measure of the correlation between the variables z; and z,.
g :

Differently said (Q - ) gives a measure of the deviation of the product z,z, about the
ij

product of their means (,p,. The variance, or the standard deviation square, is a

special case of the correlation for the case where i = j. We will encounter the above
distribution in our analysis of the Stern-Gerlach effect in Chapter IV, where the

physical meaning of the variables z,,z, will be spelled out in detail.



Chapter 111

The Hamiltonian and Time-Dependent Correlations

3.1 Setting Up the Hamiltonian

We work with the Pauli Hamiltonian defined by

AL
H= TV [ B (3.1)
where p =—ihl], [i is the magnetic moment
p=uc (3.2)
u=-2 (3.3)
and the g - factor, for example, is given by
g2 (3.4)

for the electron and
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205.59 (3.5)

for the proton. The deviation of g form 2 is due to quantum electrodynamics and is

referred to as the Schwinger term and is of the order a/21, where a =é*/hc is the
fine-structure constant.

In Eq. 3.2), 0 =(0,,0,,0,), with 0,,0,,0, denoting the Pauli matrices

,.goo oo-o Olo@ 36
TROE CTH o T Ho A |

In Eq. (3.1), Eq. (3.3), ¢ denotes the charge of the particle and carries its own
sign. That is, for the electron q:—|e|. A is the vector potential and will be

conveniently chosen such that

=l
:}\rx

(3.7)

defining the so-called Coulomb gauge. The magnetic field B is given by the familiar

expression:

oo
I
Lt
'

(3.8)

and must satisfy the field equation
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MB 0 (3.9)
We choose the magnetic field in the form
B =(0,b-Bx,, Bx,) (3.10)

where b, 3 are constants, and note form Eq. (2.1), that b — Bx, is along the direction
of the average initial momentum of the particle in question (see Eq. (2.2)). We note

explicitly that B, as given in Eq. (3.9), satisfies the field equation Eq. (3.8). [The

usual textbook expressionl§=(0,0, Bx3) 1S incorrect since it violates the field

equation. ]

Eq. (3.7) implies that

04, 04, _

0 3.11
Ox, Ox, G101
04, 04,
OB - 3.12
dx, ox, Bx, ( )
04, 04,
—= = 3.13
ox  ox, Bx; ( )

. 3.14
Ox, Ox, (3.19)



Upon writing

Ay =x, [ (x,x;)

4, = x;8(x,,x,)
we get
S(x,x) =g(x,x,)

to infer that ' and g depend on x, only, i.e.,

fOax) = g(x,x,) = f(x)
and
A =x,1(x), 4, =x,f(x).
We substitute Eq. (3.18) in Eq. (3.11), Eq. (3.12) to obtain

04, _ df(x)
utnke IR 0 S DA
Ox, ® dx, px,

(YO o4

X .
dx,  Ox, px,
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(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)



Eq. (3.20) gives
—df (xl) = B % =0
dx, " 0x,

f(xl) =Bx,, 4 = F(x19x3)
while Eq. (3.19) gives

04
_1_x2B =b - Bx,
Ox,

04, _

—=b
Ox;

A =bx;.
These finally lead to

A, = bx,
A4, = Bx,x;

A4, = Bxx,
or in vector form to

A= (bx;, Bx,x;, Bx,x,) .
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(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
(3.28)

(3.29)

(3.30)
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Before proceeding further, we recall that our initial wavepacket is given by

i

—Po¥

Y, ()?) :Lexpg—

(27_[)3/4 yv,/z

¥ 0
ay’d

and
0 x>0
B
‘LIJO (x)‘ = (27_[)3/2 y3
with
ﬁO = (09 poao)
and

<L|J0|(_ih E)HJ o>= Do

with the latter defining the average initial momentum of a particle.

The experimental set-up is chosen as in figure 3.1 below, where we note

(3.31)

(3.32)

(3.33)

(3.34)
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Observation

Screen X
A
w /

Figure 3.1. Experimental set-up for the study the Stern-Gerlach effect, with p,

\

denoting the average initial momentum of a particle.

that the additional component to the magnetic field to B, is chosen along x,, i.e.,
defining a longitudinal component, instead of having another transversal component
B,. This is to avoid the splitting of a beam, in addition in the direction to the
quantization axis Xx,, along the transversal axisx, . In the component B, =b—fx,, b

is so chosen to minimize the quantum action of the Lorentz force.

We introduce the dimensionless parameter

2
9
a =21 3.35
e (3.35)
and the sign function
o1 ,¢g>0
£(q)=sen(¢) =0 (3.36)

!l ,g<0
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to rewrite the Hamiltonian in Eq. (3.1) as

H=H,+H, (3.37)

0 n- no-, 1 S0
H =¢ a [+ |—AD+¢ a A* —— |—gd BO 3.38
=ela) o, LA el0) i i (T BT 0
and we have used the fact that
pUi=(pUi)+Ap=Ap (3.39)

since 0 A& 0.

We note that for |q| =

e|, /0, =a defines the fine-structure constant.

To the leading order in ,/a_, H, in Eq. (3.38) is given by
q |

= _Mic(b)%pl +Bx,x; p, +Bx1x2p3) ~HEP, (b _sz) +BG3X3E (3.40)

where we have used the expressions for A and B in Eq. (3.30), Eq. (3.10),

respectively.
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3.2 Fundamental Commutation Relations

To carry out an analytical quantum dynamical analysis of the Stern-Gerlach

effect, we need to evaluate various commutation relations. These are spelled out

below.

In particular, we have

Hi» p,H=R9, (3.41)

and

[plploxl] =DpX —xpP
=D (xlpl _ih) EV2VZ
=x,pp, —ilp, —ihp, —=x, p, p;

= ihp,. (3.42)

In the same way we get

[p,p,.x,| = ~2ifp, (3.43)

[p3p3 , x3] = 2ihp, . (3.44)



We also need the following commutation relations:

[xl’plpz] =X PPy T PiPrX
=xpp, X PP, tilp,

=ihp,

and in the same way

[x,. pip,] =ifp, O
[x,, p.ps] = itip,

[xl’p1p3] =ihp;

[x3,p2p3] =ihp, B

[xzapzps] =inhp;H

[xx,, o] = X300, = PiP2%X
= XX, PPy — DX (xzp2 —ih)
= XX, PPy — X, D, ()czp2 —ih) +ih (xzp2 —ih)
= X, X, P, Py — XX, P, P, +ilix, p, +ihx, p, +h’

= ihx,p, +ihx,p, +1’

[x1x37p1p3] = ihx, p, +ihx; p; +1’

60

(3.45)

(3.46)

(3.47)

(3.48)
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[pipisxx] = ppixx —xxpip,
=p (plxl) —ihx,H=x.x,p, p,
=p ()clp1 —ih) —ihxH-xxp,p,
=p [xlxlp1 —2ihx1] =X, X, P, P,
=X,p (xlpl) —ihx, p, —2ihx,p, —2h* =x,x,p,p,
=X, ()clplp1 —ihpl) —3ihx, p, -2n* —X,X, P, Dy

= x,.%,p,p, —4ihx,p, -2n’ —XX D Py

= —dihx,p, —2h° (3.49)
[pzpz,xeZ] = —4ihx, p, -2h? (3.50)
[p3p3,x3x3] = —4ihx, p, —2Hh? (3.51)

[prlxl] = PiXX, — XX p
=x,(pix,) —inx, —x,x,p,
=x, (x,p, —ih) —ihx, —=xx,p,p
=x,X,p, —2ihx, —=x,x,p, P

= ihx, (3.52)

[P, x,x,] = 2ihx, (3.53)

[ p3.x3x,] = 2ihx, (3.54)
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[p1p19x1x2] = PiPiXX, XX, P py
=D (xlxzpl _ihxz) XX PPy
= XX, p, p, —ihx, p; —ihx, p, —x,%, p, p,

= —2ihx, p, (3.55)

[pzpzoxlxz] = —2ihx, p, U

[plpl’x1x3] = =2ihx, p,

[p,ps,%x,] = =2ihx,p, O (3.56)
[pzpzax2x3] = —2ihx, p, B

[p3p3,x2x3] = =2ihx,p,§

[plaxle] = DX, —XXx,p
= X,X, p, —ihx, =x,X,p,

= —ihx, (3.57)

[pz,xlxz] = —ihx, [J

[pl’xlx3] = —ihx,

[p5.3%%,] = =ifx, O (3.58)
[pz,x2x3] = —ihx3g

[p3,x2x3] = —ihx, B
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3.3 Time-Dependent Expectation Values and Correlations Functions

A time-dependent observable A (t) in the interacting theory is given by

L Ly

A(t)=e" Ade’ (3.59)
where H is the Hamiltonian defined in Eq. (3.1) and A is the corresponding time

t =0 observable.

An observable 4 (t) satisfies Heisenberg’s equation of motion

()= B ()8 (3:60)

as follows directly form Eq. (3.59).

If we replace H by H, and A(t) by 4, (t), then, we note that

(3.61)
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where we have used the fact that

O
,¥g=-ihLZ (3.62)

%M 0 M

and that

[H,.p]=0. (3.63)

We may then integrate Eq. (3.61) to obtain

%, mﬂﬁt (3.64)
and similarly by using Eq. (3.63),
po(1)=p. (3.65)

Now we use the interacting Hamiltonian A, with H, given in Eq. (3.40).

To the leading order in ,/a, , we have

[xl,pl] =ih

i
[H.p] = —%(wz +X,p5) (3.66)



and hence

which upon integration gives

)2 (t) =D +Zl_[z(x3p2 +x2p3)t +AC/][—€CP2P312

leading to the expectation value

<p1 (t)> ) <p1> +qV'BC(<x3p2> +<X2p3>)t + 4P <p2p3>t2 =0

M?c

where we have used our earlier results in Eq. (2.155)- Eq. (2.163).

Similarly, we obtain

[xz,pz] =ih

ih .
[H, pz] = —MLCBJCIZ% +ihpo,

65

(3.67)

(3.68)

(3.69)

(3.70)



:ﬁ X1Ps Aq4[j pipst —HBo,

< >= y2) +BA70 x1p3 UB<Jz>ﬁt+

<p2 (t)> =D _HB<02>t .
In a similar fashion we have by detailed calculations:

[x3,p3] =ih

[H p3] = _M (bpl +Bx1p2) —ihppo,

d

O in 0o o . O
Em() é lngpl+ﬁﬁx thzH—zhlJﬁa%

(bpl + .Bxlpz) + o, Z\(lejc PPt

<)

66

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)
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D (t) =Ds EV(bpl +[3x1p2) +H303E1 + qu p1p2 (3.77)

(s () =)+ G (o) + L) +hBlo it +500(me) G79)

(p: ()= HB(0,)1 (3.79)

[pl,xl] =—ih

[plploxl] = —2ihp,

1 : .
[H,xl] = bYYa (—2zhp1) —i( —zhbx3)

—ih ihgh
:Mp1+]\jc % (3-80)
d i Chin ingh  p, I
—x (t)=— 1)+ +13 ¢
a i 0=nm e ) Me B T

_10 q
—MHM +V(x3p2 +x,p3 )1 +mpzp3f E‘—c?% ‘mpsf (3.81)

0 4B 5 5 (3.82)
q q
+ Bm—zc(x3p2 +x2p3) _2Mzc Ds Btz +3M3 pzps
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(x(1))=0 (3.84)

[pz,xz] =—ih

[pzpzaxz] = —2ihp,
_ 1 ) q .
[H,xz] = E(—Zzhpz) —E(—lhﬁxl)g)

—ih ih
= +Mifxlx3 (3.85)

i OFih lhqBD &tDDx p,

ix@— 443
dt’ B_ 3M£_LLE

O ,[
H7 x1p3 U,Bo-zat"'szﬁg PPt H

Bﬁx

. =l

3p1t+ 1p3 p1p23 U

"H

<

_ 1 qB OqB HB qB qB
_ﬁpz ﬁcxl)% +BA/[_X1P3 Vaz Mzcx3p1 Me x1P3B’

ﬁqu'ngll% Aq4[33 JLVZ H

_ 1 qB OuB qB O _ 4B
—ﬁpz _ﬁcxl)% _Bﬁaz Me 3P1H Me p1p3 (3.86)




DH,BG L 4B O, ¢qB

_BZM 2 2Mzcx3p15t _6Mscp1p3t3

(i (1)) = ) i () = s
- DHA[; <02> 2]qwﬁzc <x3p1 >ﬁf2 - 6?\4330 <p1p3 >t3

[p3,x3] =—ih

[p3p3,x3] = —2ihp,
1 . .
[H,x3] = W(—21hp3) —Mic(—lhﬁxlxz)

_Tih - ihgB

Mp3

1%

0™ " a HH

hBA7P3(t) Me B M

qB

10 [l
=ﬁg3 +Eﬁ%(bpl +,Bx1p2) +IJBJ3@‘ +—p1p22‘25

2M*c

gB 0O +x1pzt+x2p‘t+p‘pf l‘zD
c M M M
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(3.87)

(3.88)

(3.89)

(3.90)



0 g uB a
1 o D_(bpl+ﬁx1p2) M 0s0
=—p, - x1x2+EM L
M c L qpB (x +x ) U
8 M 1Py TXy Py &
0 qB B
Mc bp, ~ Mc plpzaf
Ogb » HB O
ZLp QBxx +DMDZC v PH B Ry
M Me qpB M3
TR
qub HB .
01 gB 0O =2M>*"™ 2m 2, qP
x. (t)=x, + —— XX + LI
3() 3 Ds Me Ht B oM J2V4%)
ZMZCXZP1 ﬁ

[xloplpl] =2inhp,

[H,plpl] = _Mic g;xspz (2ihp1) +Bx, p; (2ihp1 )E

ZhQB (

X +Xx
e PP 2D\P3)

c <p1p2>t3
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(3.91)

(3.92)

(3.93)

(3.94)

(3.95)
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09 03780 00 (020 +5. On () (0

e, + 22 2 ]
7 ﬁ" lepz B’C Bplpsﬁ
- %D + 2pp,ps O

Me PPy Y X, P s TtH (3.96)

2 2
2 () p (t)=pp +%(x3p1pz +x,p,p3 )t +Mifzplpzp3t2 (3.97)

(p()p (1)) =(p.11) +%(<x3plpz> +(x,pps))t +]2\;1—B<

2, p1p2p3>t2 (3.98)

3.99
m (399)
[xZap2p2] = 2inhp,
[H,Pzpz] = —i BB, p, (21'7f“zp2 )@"‘ upo, (Zihpz)
2ih .
=" Ciﬁ x,p,ps +2ihuBo, p, (3.100)

] 2ihgB

G (), (=5 7525 (), (), 1) + 20w, (1)

St~
iy

=VB§X Bp2p3 —2upo, p,
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2¢B 0 O
= ﬁfgmm + AL (02160, (3.101)
! (t) = PP E!%I_B)ﬁpz% -2upo, p, ﬁt
8 (3.102)
]\qlz p1p2p3
_ [2qB O
<p2 (t)pz (t)> = <p2p2> + <x1p2p3> —2upB <02p2>
5 Me i (3.103)
+ﬁ<p1p2p3>t2
h2
(p, ()P, (1)) =0 * o 2B, (0,)t (3.104)
[x3ap3p3] =2inhp,
[H,p,p,] = —i thp, (2ifp,) + B, p, (2ifp, 3 - uBo, (2itp,)
2ih
- ;lq (bp1p3 +Bx1p2p3) —2ihupo; p, (3.105)

()2 (08= 1 77980, (1) 2y () + B, (1) 22 (1) s (1 =210 (1)
Z\/Iq PP +B B’C fﬁmmﬁ”uﬁ%m

2 2
= —qc(bp1p3 + Bx1p2p3) +2 B0, p, +MLZP1PZP3I (3.106)
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P (l‘)p3 (t) =p:0s T %(bplf% +Bx1p2p3) +2/.1B03p3§t

B (3.107)
q 2
+ Me Y2V 2924
_ g d
<p3 (t)p3 (t)> - <p3p3> + B;‘ ; (b<p1p3> +B<x1p2p3>) +2HB<U3p3 >Et
3 ¢ (3.108)
q 2
+ Me <p1p2p3>t
(), (1)) =2 (.109
4y

Now we consider time-dependent correlations. Again to the leading order in

Jaq,

[H, p1p2] = _i g} (ihpz)x3p2 + B(ihxlpl +ihx, p, +h2)p3E +Uﬁo-2 (ihpl)

ih . .
= —%(x3p2p2 TXPpPs XDy Py —lhp3) +lhll,302p1 (3.110)

where we have used the facts that

ENIA =ihp. g (3.111)
[xzaplpz] = ihp, g |

and
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[x%,. o] = i, p, +ifx, p, +1°. (3.112)

Hence we obtain form Eq. (3.110),

0 ing 35 ()2 ()2: )+ () (1) (1)
2 () (05=L5 Mo Ho, ()5, (), ()=, )
0 .
@lhﬂﬁgzpl()

) g

O
B %xs +%tﬁpzpz +DBX1 +%ZDHP1P3D

- .
MO O P tD " 0 HBo, p,
— -1
H'sz M Bp2p3 Dy %
_4qB
" Me (x3p2p2 X, pp; TX, P25 lhps) —UBo, p,
(3.113)
_l_ﬁDpzpng L PPy | PaPaPs Dt
McH M M M 0
D?B D p,prt x1p1p3D 0
D (t)pz ( ) pp, YO O —uBo, p,t
Mc [O+x, P, s —ihp, D O (3.114)
qB
T M e (p1p1p3 +2p2p2p3)
E(x3p2p2 x1p1p3 D
D (t)pz( : plpz &@_ ﬁ UB azpl
< xzpzps lh p3 (3.115)
qB
+M(<p1p1p3> +2<p2p2p3 >)t2

(P () (1)) =0. (3.116)
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In a similar fashion we have

[H, p1p3] = _i E’pl (ihpl) +,Bp2 (ihxlpl +ihx, p; +h2) +Bx2p3 (ihp3 )H
- UBo; (ihpl)
__ihg

C Mc
—ihpBo;, p,

Ebp, p, +B(x1p1p2 +X;p,p3 ~ihp, +X,p;p; )Q (3.117)

since

[x3,p1p3] =inhp, 8

3.118
[x.. p.ps] =ifps G119)

[x1x3,p1p3] = ifox, p, +ilix,py +1° (3.119)
and

E Cbp, (1) i (1)

ihg U
4o (N (s :L'B_CD O, () py () pa () + 3, (¢) 2 (¢) 5 (1)
ar PP B0 Mg B ) e () () (1)

Hinupo, p, (1)

ooBHEEE

%’Cl +%t§p1p2 +HDX3 +%EDP2P3
0

.0 + B - », O
[(Tihp, + 0, +=2tOp,p
H 2 sz IY; E 3P3

Ooo
Sl<
I O OO

—HEEEER

O
O
H*llﬁgspl
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O pp,+ X3 p, p5

[lbplpl +B80 m+ HBo,p,

D+X2p3p3 —ihp, m (3.120)
qB
+m(p1p1p2 + P2P3Ds +p2p3p3)t
g Ok, pp, + Xy p, ps [ [
J2 (I)p3( ) DD; +B—Ebp1p1 +B e 3. ’ 3[D+UBO-3P1DI
EM D+X2p3p3 —ihp, [ =i 3.121)
qaB

T (p1p1p2 +2p2p3p3)

2M?c

O

D Ox,p,p,) +(x,p,py) O
plpl +Bﬁ+
x2p3p3 lh pz ¢

O
g

@'HB U3p1>

%?Q

(p ()P (1)) =(pips) +
+ m (<p1p1pz > +2 <p2p3p3 >)t2

%— BB_po'l' Po lhpo%

5 th . (3.122)
q 2
+ +2 /
2M2 D4y2 pO 4yz pOEII
2 2
(p(f)ps (1)) = ab_,, a2 (3.123)

4y’Mc  8y’M’c

[H> pzps] = _i B, (ihpz) +Bx (ihp2 )pz +Bx, (ihp3)p3a

~ U 5-Ba, (ifpy) + Bo, (ifp, )

ih '
= —VZ(bplm +Bx,p,p, +Bx,p;p;) +inpB(o,ps —0yp,) (3.124)



77

as follows form

[x3,p2p3] =ihp, g

(3.125)
[xz,p2p3] =ihp, g

hence

1l
]\j P1P> +'BBX +_th2p2 Lﬁ)ﬁ +%§P3P35

~up (02p3 —G3p2)

u O p,p, 00
:id’plpz"'ﬁ e - UB( 2Py — 3p2)
Mep D+x1p3p3[|] (3.126)
A(;B (plpzpz +p1p3p3)t
= O, p,p, O
Bq_l:bplp2 +B0 e
pz(t)p3( ) P2P3+[+MCD D+x1p3p3[[ﬂ]t
U
D_”B (02p3 _03172) 0 (3.127)
+=9B_(p pup, + i)

2M*c



Dq O + [(x1p2p2> ()
() () =)+ D PP PR

B’HB (<O'2p3> —<03p2 >) E

—c(<p1p2p2> +<p1p3p3>)t2

<p2 (t)p3 (t)> = UBp, <03>t

[H,xlxl] = ﬁ(—%hxlpl —2h2) —% (bx3 (—2z'h)c1 ))

ih ) 2ihgb
= —M(bclp1 —lh) + MZ

X1 X3

as a consequence of the commutation relations

[plpl,xlxl] = —4ihx, p, —2712%
[pl,xlxl] = 2ihx, =

and
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(3.128)

(3.129)

(3.130)

(3.131)



(O [O1 b
o+ gb U ad
[Dl Bﬁpl MCX3HI 00
[ U] QB (xp x b DZEE
2 BW—ZC 3D 2p3) > P ¥ Ol
_2 2M 00
MiE B 05
Py 29 214 -
3Mc HO
O 9B .
+9hk qB lil
%Hﬂ Me (xspz +x2p3)t +mp2p3t2%
ih  2gb0 p, 0
=47 4204 +& [
v men T S T H
O qB
glpl +E(x1x3p2 +x1x2p3)t %
BF qpB P +p1p1 %
. M?c M O
O qpB (xpp +x 2 -
20 Mo PP 2p1p3)t E
-5, U
M= g b =
S" 3 ppapit’ _&)%plt O
O qpB b %
F L.
0 &M—c(wlpﬁxzplps) Ve plpsngD
0 qpB %
E3M3 p1p2p3 B
lh 2 b
<qb N pp; U

1
M Me 1%3 +M(x1p3+x3p1)t+ IVE t
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(3.132)



O qB
EV4UN M (x1x3p2 XX, p; )t2

3

0, _9P qB Db £
O 302 x1p2p3t T 2M
qB
5 e — (x5, ppy + X, 05) 10
X (t))c1 (t) XX t—1 4B gb
-———p\p,p; - x3p1t2
0 4M’c 2Mc
0 50 b
qB gb O
= F(xgplpz +x2p1p3) e P
O
qB
HI2M3 p1p2p3
ih  2gb0 1 PP 3D
——t KXt t—(x,p; tx =
M Me Bxl 3 2M( 1P3 3p1) e

)+ 8 (1) + ()1
0 I 1
%"3;20 <x1p2p3>t +W<p1pl>
o 324[320 ((pip2) +(xpipy)) 0
_ 2 0 4B i 4 2

(i 1) ()= G 5 B g )= g o
00 O
El— ]qW'BZC ((rspipa) +(xapi >)Bt3
Uno gb O
B E 6M20 <p1p3> E
0 4B

§12M3 <p1p2p3>
)+ () + ()
lh 2qb 13 2M 13 371

M Mg |1
¢ %W—2<p1p3>t3

[ .

2

Dnooooooooooooooobbn

i
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(3.133)



since

and

[H,xzxz] = ﬁ(—@'hxzpz —2h2) —juic(ﬁxlx3 ( —2ihx, ))

_ih . 2ihq B
——M(2x2p2 —1h)+ e XX, X,

[pzpzaxzxz] = —4ihx, p, -2n’ H
[pz,xzxz] = —2ihx, g

T8 () (0= 537 (25 ()22 () =i0) #2088 ()5, (1) (0

Mc
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(3.134)

(3.135)

(3.136)

(3.137)



@EDDDDDDDDDD

O g8 0.0
BC2p2 + X, X, Py — UBO,x, [} 0
O i

4B PP
x2p1p3t + jzwzt

O O
B,‘ Ezc X1 P2 Ps Hﬁﬁazpzﬁtz
qB

2
M

E

O
qB O
azpz x3p1p2 B’z

|
‘:

U

U

U

U

5 0

q 0
p1p2p3 _Exl)%pzt 0
0

U

U

p1p2p3 5

D]]ID I

@)

[, X,

D.I_Elxl)%pz +x2x3p1 x1x2p3ﬁf
M
_in 2q[3

M Mec ELI_Dx3p1p2 +x1p2p3 x2P1P3D
] Hm? M >
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1 : :
[H,x3x3] = W(—4zhx3p3 —2h2) —Mic(ﬁxlx2 ( 2ihx, ))

in L\ 2in
=7 (2P, —ih) +qux1xzx3 (3.142)

[p3p3,x3x3] = —4ihx,p, —2n’ H

3.143
[p3,x3x3] = 2ihx, 8 ( )
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d 0 ik 2ih 0
B ()5 (8= 5 o (25 (0. (0-m) + 2088 5 (0, (1), ()5
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D
qB PiP
E"zMz x3p1p2t + ;43t
q HB 0
D) D+BA/[_2(bp1p3 +Bx1p2p3)+ﬂ03p3512
'Hm 4B aB
il Mc —=—pp.pit’ _Mc XX, pst
O gb HB qB
B+B2]\/I—2cp1p3 +W03p3 _2M x2p1p3Et
qB
E_ oM e p1p2p3l3
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Now we use the commutation relations

[pp1, X%, = =2ix, py, [ Py xix,] = =2k, p, (3.148)

[pl,xlxz] = —ihx,, [pz,xlxz] = —ihx, (3.149)

1 . . . .
[H,xlxz] = E(—hhxzpl —2lhx1p2) _Mic (bx3 ( —thxz) +Bx,x, ( -ihx, ))

_ih ihg
= _M(xzpl +x1p2) +E (bx2x3 +Bx1x1x3) (3.150)

consider the time derivative

(3.151)

and the explicit expression
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0
EFz Bﬁpz x1x3Bf 0

=N S -
TEoar * 2 x3p152—6M3 st
0 0
iR +1q\4_€(x3p2 ex,p )i+ PP

qB
=xp t X, X +X,X t
2P Mc( X3P, TX 2p3)

qB pp
+M cx2p2p3t + jlwzt
B .
+ = (x,p,p, + X, 0, py —ilip;)1* (3.152)
M C
L 4B qB
M3 pzpzpst - Me —— X\ X3 Pyt
OuB qB O0._ 4B
- Bﬁazpl M e X PPy Btz - oM e p1p1p3

to obtain

* Aqfc ((xsp222) + (320, p5) =i01( py)) (3.153)

M3 <p2p2p3> ]qw’[z <x1x3p1>t
O U
B Bél_ﬁ<02P1> +#ﬁzc<x3p1pl>5t2 - 616{4%0 <p1p1p3>t3

(x,(t)pi (1)) =0. (3.154)
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Similarly we have,

O 0Ol b 0O H
EFI + D _Z(\]/I_CJ%HI B
O b 0,0
x(6)p, (¢) = E*Bzzl—ﬁzc(wz +x,p;) 2;\1420 2 Hﬂ%
0 CIB 3 O
E3M3C p2p3t B

,O
- upo, Ht +2]C{/I€ Y2924 H

X
mwm
+
-
<
S
=
CP

O
= XD, +Dq7‘ 'B;c XX D3 _Hﬁo-leg
qB PP
T Me x1p1p3t + jlwz !
D qB ¢ U»
—ih —0 3.155
," = (x1p1p3 l p3) M 2P1H ( )
qB _gb
t— Me p1p1p3 Me — X3Pyl

qB _gb qB
Bm—c(xspzpz +x2p2p3) Me p2p3H2+3M3 p2p2p3

<x1 (l)p2 (t)> = <x1p2> + ﬁ[q\Tch<xlxlp3> _HB<O-2xl>ﬁt

+ 2;14[3 (pps)t* + ;4 (pipy)t

OgB (( . HB O
yes xpips) =ih(p,)) == (0, p,)

; , M a) (3.156)

+ 2;{430 <p1p1p3>l‘3 _;]J—C<X3p2>f

0 b 0,
+ &%(%mm) +(x,0,p5)) - 2]({42 <p2p3>H

qB

+ <p2p2p3>l‘3
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(x(t)p, ()} =0. (3.157)

Therefore

<x2 (1) P (1) +x (1) , (t»

=0. (3.158)

Upon setting

A= be DD p3t +[3Dx1 +_%x1 A@H% +P3

:bD x, NP, 3p2t+lezg t2D
R VR VRV

+.BD +x1p1t+x1p1t_lh L PPy 2DD P L]

M M M2%3M%

M M?
O $25%p, 0 5SDD e 0 (3.159)
ESRIBE] IY; u IYE 0
+p0 : O
XX P t+2x1p12p3 e th p3t2 +p1p13ps t3ﬁ
M M M M



we obtain

1 1 1
()= +2 ep )t 41 o)+ ()
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2 ih 1
§{> F— (x4 ()

1 2
+3 B+H<x1x1p3>t "'W<xlp1p3>t2

OdmMOoOoOOoOo.

S, .1 :
E‘F<p3>t +W<p1p1p3>t

or

Therefore we have
<xl (t)x2 (t)> =0.
By proceeding in a similar manner we get

[plpl’xl'XS] = =2ihx, p,, [p3p3,x1x3] = =2ihx, p;

[pl,x1x3] = —ihx;, [p3,x1x3] = —ihx,
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” i
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0 gb HB qB g qB
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<x3 (t)pl (t)> = <x3p1> +qﬁi(<x3x3p2> +<x2x3p3 >)t

1
C]B <x3p2p3 >t +M<p1p3 >
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b W 508
(x, (1) P, (f»:qﬁ[z poyzt+2;\]420 W £ +6A‘14€ i ot (3.169)
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or

(x (t)ps (1)) = qﬁlz Pyt + 2;’;’20 4h;2 £+ 651\‘2 P 4h;2 o (3.172)
and
S0 (f)>A+4<x1 ()2, (1)) _ 208 40 4h;2 =1 4h;2 617y
We set
C=b§x3 w2 t%)% +;;Bx +ﬂt%xl +ﬂ% X, »—% (3.174)
to obtain

x3p3 x3p3 P, h p3p3 tZD
M 2

C= bex3
ih
+BBxxl x1p1t+x;\51t jlw iﬁﬁ%xz +£2

) .
:,,@% L2%ps 00 +P3_1;tzD
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1 2 i 1
ﬁ*g(xlxu%)t +W<x1p1pz>t2 -#(m)tz e —(ppip,)t°

O, 2ih. ik 1 #» ,0
—bEy +——f —t _Z_Zt N

0 M2 M M 4y O (3.176)

o1, 2 ik i, 1 K L0 '
+'BE].Z\7p0yt+M 2pot IVE — Dol +F4 5 Pol [0
0 h? O 1 K [

C\=bry* + o+ fF— t+——— it 3.177

(C) EV i b [ﬁMpoy2 i DL (3.177)
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¢ 00, # 1 > oo
-4 + + t
M5 Taa' B /%Mpoyz sy PHE
gb ,  qpB 2qB
= - +— t+ — p,.t 3.178
Mcy Mch"y2 3Mic 4> 0 ( )

and hence

2

b
(x, (1), (t)>:—iy 2M2 PR 24M4 e = pt*. (3.179)
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Finally we have by the same reasoning

[pzpzaxzxs] = =2ihx;p,, [p3p3,x2x3] = =2ihx, p, (3.180)

[pz,x2x3] = —ihx, ,[p3,x2x3] = —ihx, (3.181)

1 . . . .
[H,x2x3] = E(—21hx3p2 —21hx2p3) —juic(ﬁxlx3 (—1hx3) +Bx,x, ( -ihx, ))

ih ih
= _M(xd?z +x2p3) +Lﬁ(x1x3x3 +x1x2x2) (3.182)
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B B (3.184)
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O4gB uB 0.
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BC M 8 i (3.185)
TR G e SRV NY
0 gb uB B 0
H s e T () o )Y
616{5 <p1p2p2>
(x: (1) p, (f)>:%<03>pot2 (3.186)
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O 01 O 0
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0 guB qB O, 4B sd
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qpB DoP
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(x, (1) (r)>=<x2p3>+§;—c(b<xzpl>+ﬁ<x1xzpz>) +uB(03xz)§t

qB
2M?c

1
+—=—(x,p,p)1° +M<p2p3>

Hp

+ %(b@mﬁ +p <x1p2p2>) l;f (orp: >E

qB
2M3c

_OuB 9B O,
M<azp3> + Me <x3p1p3 >B’
9B
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(3.188)
4+ 4P > P QB<

<p1p2p2 Me x1x3p3>

(2 () ps (1)) =

<%

(o,) (3.189)
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and therefore

<x3 (1) P, (1) +x, (¢) ps (’)> _3HB ICATS (3.190)

We set

T BT R

to obtain

p=F +2 G0y, Xy, i +BaPs i
M H M M

+EX1+%t%x2x2 +x]2‘52t+x2p2t—ﬂt +p2p22 tﬂ

2x,%;p; ‘- in X P3P 2
2

=X XX, + —Xx,l +
17¥343 1
M

N X3Epl t+2x]3\5;p3 £ _Ai;lz pltz +p1jwl733p3 A

2x,x ih X
1% D> { _Mxlt + 1p2£72 £

(3.192)

Txxx, +
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M M? !
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2 i 1
<D> = <xlx3x3> +—<x1x3p3>t _l_<xl>t t—s <x1p3p3>12
M M M

1 2 2 by o 1 3
+ M<x3x3p1>2t+ Ve (xgplpit Y (f?l)t Ve (pipsps)t 5195
1
+<x1x2x2> +H<x1x2p2>t _H<x1>t +W<X1p2p2>f2
1 2 n 1
+ﬁ<x2xzpl>t +W<x2p1p2>t2 —ﬁ@l)f +W<p1p2pz>t3
(D)=0 (3.194)
and hence
d 3
()% ()= % po(0)7 (3.195)
(s ()% (1)) = 2= py () (3.196)
2 3 2M2 0 3 . .

We may then summarize our time-dependent expectation values and the

correlation functions for the interacting theory to the leading order in ,ja, to be

given by

0
(p, (1)) = P, -uB<02>t% (3.197)
g
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() = -4
<x3 (t)>=%<a3>’2 E
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() ()= 2 :
(i (1) p: (1)) =0 0
(1O ()= gt + 2 :
(P2 (1) 2 (1)) = By ()1 -

M2 4y M?
(m()s )=y 3o
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— _ﬂ 2 qB 2 qB n
(x ()% () = e’ e ? oVt 24Micy
(0 ()5 () =L py (o)

OO OOdOdOOOOmmOodOooOodmO
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(3.198)

(3.199)

(3.200)



Chapter IV
Quantum Dynamical Development of the

Stern-Gerlach Effect

4.1 Initial Conditions and the Density Matrix

The dynamics is most elegantly described in terms of the density operator. At

t =0, it is given by
0l 0o
=w, WY(WI(1 0)+w, Yo 1 4.1
p WH?@ (W[ 0) WEEIW (0 1) (4.1)

where |‘P> is our initial wavepacket state in Eq. (2.1) in the X - description. We have

o0 00
also used spin states E)D, %D- Here the weights w,, w_ satisfy the normalization
U Ot

condition
w, +w_=1 4.2)

and for

(4.3)

N |~



106

we have an unpolarized beam of electrons. For w, =1, for example, we have a

polarized beam of electrons with spins along the +x; - axis.

For ¢ >0, the density operator p (t), is given by

p(t)=w+e_l"H§S|LP><LP|(1 0)er” +w_e_;H5%|W><W|(O et (@4
U U

- + D .
since e " 0 D| LIJ> defines a time developed state.
-0

The probability density at time ¢, in the X -description, is then given by
1 (20)=(3 0 (0)]3) @5)
satisfying the normalization condition

d’x f(¥)=1. (4.6)

The probability density of observation on the screen (see Figure 3.1.) is then

given by
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f(x,x5t) = idxxwlp(t)l W)

2 2

=w, } dx, 4.7)

a0 ” a0
We WY [, |(We
(We Eb%' ) wLx2< E EEI“’)

which we will evaluate in the sequel.

4.2 Fundamental Commutation Relations Involving the Interaction

Hamiltonian

We recall the structure of the interaction Hamiltonian adopted
H = _i(bxdﬂ +Bx,x;p, +Bx1x2p3) —H @J—z (b _ﬁxz) +[303x3§. (4.8)

To perform the dynamics of the system, we need various commutation relations of /,

=2
) .. p
with the kinetic energy operator .
gy op 2M

To the above end, we have

%_i Cbxsp,py+ Bxx; py p, =~ i Bx; p, [T
ppH, =p 0O Mec O+ Bx,x, p, p; —ihBx, p;
E‘U o, (b _sz)pl +pBox;pH

oo=H

_ __q Dxpipp+ Bxxipippy —ihBx; pp, ~ihfBx;pp,0
Mc D+Bx1x2p1p1p3 —ihﬁx2p1p3 —ith2p1p3 L
- U, (b-Bx,) pp, +Box,p,p,B
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— _i (bx3p1 + ﬁx1x3p2 + Bx1x2p3 )plpl

2ih
—H @72 (b - sz) + B%xsﬁplpl +qu (X3p1p2 +x2p1p3)

2ih
=H pp +_Qﬁ(x3p1p2 +X2p1p3) 4.9)
Mc
hence
2ih
[pp.H] = qu(wlpz +x,,D; ) (4.10)

0 g

_ 0O
p,p,H, = p, 0 Mc
FH @72 (b - Bx, )pz +info, + .BG3X3P2§

. 0
(bx,p,py + Bx,x,pyp, + Bx,X,p, ps —ihBx,ps )

MmO

-_ 9 Bb)%plpzpz +Bxix;p,prp, + Bx1x2p2p2p3g
Mec [3-ihBx, p, p; —ihBx, p, ps O
-—H @72 (b _sz)pzpz +ih,302p2 +ihBO’2p2 + ,BU3X3PZPZE
__ 4 2ihg
== o (bxp B p, B p) paps = BNy
—H @72 (b - sz) + [303)63@]?2]?2 —2ihuﬁ021?2

2ih )
=H p,p, +qux1p2p3 —2inppo, p, (4.11)

or

2ih .
[p2p29H|] :qux1p2p3 —2ihupPo, p, (4.12)
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0 . . 0
T~ (bx, p, p, —itbp, + Bx,x, p,p, =ihBx,p, +Bx.x,p,p )]
H =p. 2 Mc

PsPsty = Ps

Q’H @72 (b _sz)p3 +B03x3]?3 —ihﬁaﬁ

oo

q be3p1p3p3 ihbp, p; —ihbp, p; + S
Mc D8x1x3p2p3p3 ihBx, p, p; =ik Bx, p, p; + Bx,x,p; 3 P30

—U @72 (b - sz)p3p3 + [303)63[73[73 —ihBO'3p3 —ih B@]%E

q
- (bx3p1 +Bx,x;p, +Bx1x2p3)p3p3
Mc
2ihgb 2ihq B
+ +—Xx
Me D\ps Me 1P2P;3

-H @72 (b - sz) + 303?(3@1931?3 +2ihuﬁ03P3

2ih .
=H p,p, +ch(bp1p3 +Bx1p2p3) +21hﬂl303p3 (4.13)
therefore
[p3p3aH] = Me (bp1p3 +ﬁx1p2p3) +21hUB03P3- (4.14)

Accordingly, we obtain

[RihqB
DM—c(x3p1p2 +sz1P3)
Op° O 1 2ihg B .
%,]ﬂ%_ M E" Z\/Iq X, P, s —2ihpPBo, p,
O 2ihg
0 Mc

(4.15)

OoOoOoooo

(bp1p3 +Bx,p,p; ) +2ihul303p35

or
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0p’ ingB q
}EM oH% Me — DD +—2 (sz +b)p1p3

2ihg ihpp kB
+M—2€x1pzp3 M 0,p,

(4.16)

O;p;

To obtain further commutation relations of the operator resulting in Eq. (4.16)

with the kinetic energy operator, we note that

Oihig B ih O
DM—2x3p1p1p2 Me (sz +b)p1p1p3D

. o-,. B
plpl%,fllgz Bzthf (x.p,1,p; =ihp,p;) é
=;qu X;D\D\ P\ D> A;l (Bx, +b) pyp,pips
+2Z§CB (x> s —ihp,p, ps —ilp, p, p3)
—%ﬁazplplpz i@Gﬁ T3P, P\Ps
_%%%Pll?ff;—zqc(ﬁxz*'b)l’lps é
= ﬁj—?ﬁ(% 2 3)_%%% +%03p3ﬁplpl
9B
_0p* 0 4B
RN v el (4.17)
Evlpl, o ,H.% 9B (4.18)



Oihg B ih 0
T2 PP+ M (Bx, +b) pupap

0
Op® O n”qpB 2ihg B O
pzpzw |E pz% Me —— PP t——— Mzc X\ Py P2 Ps %
ihuB ihup
702]72]72 +70—3p2p3 ﬁ
ihgB ihq
Mz NPyt ——(Bx, +b) p,p,p,p;

nqB nqB 2ihg B

M2 — PPt Mc — PPt Me — MDD D) D3
inupB LB

- M O,p,0,P, t M O3P,P, P

Ohg B ihq O

B DM—ZCX3P1P2 +M—2C(Bx2 +b)p1p3 Ep ,

2ih ih ih s
s =Sren i
21°q B

+Wp1p2p3

2K qﬁ
= ? |Dp2p2 p1p2p3

O Op* 1 2r%gpB
, H
gzpz % |% Mc — D\P)Ds

Ohg B

. ihq [l
D]—j—z 0 DM—zc(x3p1p2p3 _th1p2) +M—ZC(BXZ +b)p1p3p3D

HA=p.0
Pl By 0T 5 ging ihuB inuB

M?c M

X\ PrPsPy ————0,D,D; +703p3p3 ﬁ
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(4.19)

(4.20)
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ih . .
= Afz’f (x,p.p, P3P —ihp,p, p; —ihp, P, py)
ihg 2ihq B
te (Bx, +b) p,pspsp; NYIRRI
P ihup
_702]72]73173 +703p3p3p3
Ohg B ihq 0
T XPPy +———(Bx, +b) p,p; 0
ZDM c M- c Op.p
2ingpB _ihup LB .
M e 1P P M 2P) M 3P
2h7q B
+M—2CP1P2193
Op? O 2n°qB
= M,H.Epsps +Wp1pzp3 (4.21)
O Op* , [0 2K%qp
, JH 1= 422
gsps % .% e DPiD>Ds (4.22)
thus obtaining finally
Op> Op> I 1 4n’qp 2nq B 2n°q B O

q
) >H R + t—
%M EM |% M B Me PPrPs Me PiPrpPs Me p1p2p3%

_4n’qpB
M3c

PDaDs - (4.23)

Since the components of the momenta commute we have
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|:|—-2 =2
P gP ,H,%:o (4.24)
%M %M N

if the latter involves more than two factor of . We also note

EH H =0 (4.25)
sl |

is of higher order in \/E .

4.3 Quantum Dynamical Evolution of the System
With exp(—itH / h) as the time-evolution operator, the following expectation

values of the Heisenberg operators in the state Eq. (2.1), relevant to the observation

screen, to the leading order in /a, , are readily obtained:

<x1 (t)> =0 (4.26)
_HB _
(x, (1)) = 2%@ (4.27)

and the important non-trivial correlation occurring between the dynamical variables

X, (t), X, (t):
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(50~ (5 D)o ()= () =~ #ABRV- LB (a3
with
- O =0 E =0 )
and
y(r)= V% + 4;2;2),4 éyz- (4.30)
We use a variation of the Baker-Campbell-Hausdorff formula which states that
if

B[4 B]E 0
B, 51.[ 4, BJEH=0
. B[4, BJER= 0

for two operators 4 and B, then

ol 1
[4.8]+5 4.5
eA+B = eEE 6 eBeA '

4.31)

(4.32)

(4.33)

(4.34)
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We set

it p

q=-"LPr (4.35)
h2M
it

B=-—H, (4.36)
h

to obtain

O it 0 0 i 0p° 1]
exp[T—H=exp[— +H
o e e
% > Op? N it'q O
=e — , ex
P Y ?M |% P hM3cP1PzP3D @i
0it, 0. 0 it 0 '
expB_%HIHeX _%HE

where H, = £

Accordingly, for the time-developed state we have to evaluate the expression

|:| 2 D—-Z
epo E =exp D_ 2th2 5 |EDeXP TPIPZPSD

U

exp B—%H, Hepo —%HE LP()?)

(4.38)

But from Eq. (2.20),



116

R 0 o p g O
S 0 =g O
W, (%,1) = A — d »8 g (4.39)
34 iht O . iht [
(2r)* i+ M i R
ERETIIe I s TV &
For the subsequent analysis, we set
1
F = ' ) (4.40)
ay? %4_ it U
o 2my’
To carry out the time-evolution operation on W, we use the identities
eia;f(x)=f(x +a) (4.41)
a2 ial
()8 ()= £ (r+a)e g () e
:f(x +a)g(x +a)
a% _ i(—ia)£ _ .
e f(x) =e hf(x) —f(x —za). (443)

Hence to the leading order in the exponential we have

exp%h Hepo—x exp —x1 expﬁE X, —ﬁ Fﬁexp x3 l (4.44)

where H, is defined by Eq. (3.40) and we set
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U po ’
exp B_XZHGXP -x/F )expEfx, —22 Fﬁexp —x3F) =f(x1,x2,x3). (4.45)

In details, we have

1= epo—u( (b~ Bx, +aﬁx3)5

eXp —(bx3p1 + Bx,x;p, + Bx,x, ;s )D (xl 5 Xy x3)
H% Mc

= eXpB_U( b sz) +0, Bx, )Hexq}__(b)%pl +Bx1x3p2ﬁ
exp B%xz Hexp(—fo)exp E-sz —%ﬁ Fﬁ
z‘q O
exp ﬁ Bx x1x2 Fﬁ

=exp B—H( b sz) +0, Bx, )Bexq}__ bx,p, + ,Bxlx3p2ﬁ

_ D

expB—XZHexp -xF expﬁ—ax2 — Fﬁ

O

exp ( )exp E x1x2x3F H

—expB—IJ( (b-Bx,)+o ﬁx3)Eepo——(bx3plﬁ

Oip, O 4B

expB?sz + Mo
po

expﬁﬁx x1x3 t F ﬁexp _x3

O 2B 0O  tqf 0

exp +—xx xFD
ErM 1B’C2 Me 1353 H

XX, %exp (—xl2 F )



—expB—lJ( (6-Bx,)+o, ﬁxg)gexvg—— bwﬁ

exp B— Bx x1x3 %exp (—xl2 F )

[
exp E—Bx po t Fﬁ
exp (—fo ) exp H_% X%, X%, F @

exp x D2F exp Dx .
il e e
O 2tqB 0 z‘qb oo _p, O 0O
eXpEr Me B’C _CX3H?"2 MO@)%FH
20 tgb O O

exp( x3F)exp —— [ X5 F
H M ¢ 5" M H H

—expB—/J( b - Bx, +J,Bx3)Eexg%h %
itgBp, (~xF)

exp Bﬁ XX, Hexp
2 g 0

exp B-VQCX%F exp E-sz —%H Fﬁ
2t O

exp H— Bx &tﬁ)@Fﬁexp (—fo)
exp B— x1x2x3 ﬁ

f(x1 Xy Xy expBgu( b ,Bx2)+0 Bx3)H

exp BM XX, BexpDH— 2iqb x1x3FDH

O 2tq[3

sz —&ﬁ )c3FD
Mg H

Bx - tHx FBexp Er x1x2x3 ﬁ
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%_ituBGZ 0 _p 0, itaBpy

U
U
U
U
" ) MtH X, X, O
S (%533 )exp s yap o . 0 (440)
i ey o LS z—pOtHx3F 0
] Mc Mc 0
U U
El-thﬁ 1D ) —&tD 2 qﬁ&txl)gFD
0 Mc M g
Gt O p O
%HB% _BﬁotH"'asB)%H U
U
U U
lwsaz : P 5\9/10 ﬁ ZZ:BPO xx; O
= f(xl,xz,x3)expg S (4.47)
o 24b g -34B O P B pp
] Mc c M 0
A2 U
o2 qzﬁpo XX, F 0
] c g
2it’q B’
exp 3Z\q/IBC [;ll 1;2 ];;f(xlaXZax3) E (4.48)

where the operator on the left-hand side of Eq. (4.48) gives

2

o]
I
3
T
Jo
N+
[y

209BR° p, p3 exp I, +2 209BR pi ps Py FD
Sn B 3 non i @Ez Mc nh MB @

28qBH Py p3[f 0 Og 2t3q[3h2&pzﬂz [l
3 ex —Dx3 . -
0 3M°c h h D 3M°c h h

I¢)
>
o
I:El?l:l
o
+
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 exp 3P0 1 Doy 320 2048 py p, B 20 &ﬁ FE
B_ZH On 3Me n nflPHE” MH TH

0 i O

expD—4t qBSh Dz—&tﬁ&&FD

0 3 0° Mdnh g

0 4t36]ﬁhz P, s U
exXp le eXp — X, 225 1
( ! ) L 3M3C ! h h L

O 48qBr°  p, p, .0
exp(—xiF )ex L2
p(=F) PUSwe “nn B

Ehpo 20qBn* p, p,0

i
expHET]X, — FEexp —
"2 E_H M ﬁ Sn 3Mc honp

0 2
_ Dy U Do D, tq,Bh P p3D
=ex X,rex x, ——-1 FHEexp—
PHs “H™PHE" 2P e on
0 8it C]ﬁhz p, Op; .U
exp(—x*F )ex —x -0 F
p(=iF) P S IBXZ v Hn B

U 8it th2 p U
2 2 2
exp(—x;F )ex —_— —F

p( 3 ) pD_ 3M3 1 3 h D

C O O U0 po g
=ex
PHa "BEE" ﬁ
0 g qBr p,0 B Qip, 284BK p, pOl
exp -, + s Do 2 qﬁ3h &D FDexg]—lpo 2 q/zh &—D]%
HD ho 3M°c hDH Ok 3M°c h hf
U0 giqpn g O
qBn l Po U
ex - by -——t F
p@LE% e “F T HTE ﬁ

120



121

U0 263q BH>
exp - O, + 20 q[f )2
h 3M°’c & D B

H O

3 2 3 2 D
[ 6¢ q,?h N @’Cz _&ﬁ%}c} P2 q[jh &FEFSD
0 3M°c M 0 h 3M°c h O [

exp

Op, 0O 00O gt
=expB%XZHexpﬁ-Hx2 —%ﬁ Fﬁ

po AqBr’  p, O
2 O py 3
€X x F )ex X,

p( 1 ) P h 3Me 17 U

O p, 4qBH> p O
exp(—x?F Jexp—2r—1— x L F?

Ol6r’qfr’ O _py 0 0
eXpPH——5 X -t F
pD 3M3c sz } %

Op, 0O 00O gt
=expB%XZHexpﬁ-Hx2 —%ﬁ Fﬁ

On 4itgprt O O
oolosir)en g 5 e ]

0 Do 4t3‘1ﬁh2 D3 0
€X — X, —F
P e " TH
i6r’qBn* O WP 4it’q Bn’ 0o  p, 0 .50
Xp g e —I— xsFZDsz ——OfBX3F3D
0 3M’c n 3Mc 0 M c
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i 0 * 0
=exp§%xzﬁexpﬁ-ﬁx2 —%ﬁ Fﬁ

O 8ip,t° [l
exp(—xle)exp (—fo)exp E—MM)@WE
[ } : [l
eXPD‘&M q'fh w2 Fg
O h 3M'c ho0
OerqBr’ 0O p, O 50
ex X —— 1 F
ij_3M3c 18"2 w S %
2
_.Op_ 0O Hg p D
= exp B;Oxz Eexp E—sz _MO Fﬁ
0 8ip,t’ [l
exp (—fo)exp (—fo)exp E—% x1x3F2%
OerqBn*> 0O p, 00 | p, 4icgBr> O,
eXpH————X —-—1 +— FoF
PIme H M E T Tawe TH
2
_.Op_ 0O Hg p D
—expB?Oxzﬁexpﬁ-sz —ﬁﬁ Fﬁ
0 8ip,t’ [l
exp (—fo) exp (—fo) exp E—% x1x3F2% (4.49)
Oler’qBr’ 0O p, O 50
eXpF——7—xX -t
pD 3M°c IBXZ M BX3 E
O 8ip,t’qBh ,0
21=1F(x,x,,x )exp——r—2xx,F
f(123) pEl_ e %

- (4.50)
Oergfn’ 0 _py 0 0
2 3

€X X
PE M -
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O @ Op* [
ex — S H X,X,,X
pg'th % |%f( 15X 3)
O ihg Bt ihgt’ 0
UL
0 O =[3]
. o f (3, %,,x,)
O ingBt*  p, p, ippr* _ p, _ipfr’  p,0
E]— X t—-0, —0, H
M- c h h 2M h  2M h

=exp

thus defining the expression in question denoted by . Also introducing

iupt p,U
eXpE_ I;BM 03 ?Ef(xlaxzaxS) (452)

we have

2
0]
=exp B—xz Bexp E-sz B Fﬁexp(—fo)

2 o O
eXP@LD’% g@ DF@

2
_ . Op,_ 0 Ho _p L
=exp B?OXZ Eexp E—sz _ﬁoﬁ Fﬁexp(—xﬁF
OuBt? O
exp (—fo)exp BﬂQ)@Fg
oM C

OupBt? O
= f(xl,xz,x3)exp E{%Q%F% (4.53)

Similarly for



expgio- _D—f(xlaxbe)

we obtain

Uip, O /Jﬁtz M Ho s po U
=X 1— O,[1kex X, +———0o, — F
PER E pﬁ% 2o 2 Tm

exp (—x1 F)exp (—fo)

O Ehpo Upt
=¢
XPB_XZ oM

oo F@e@er“ﬂ*aﬁxz Etie:

exp (—x1 F)exp (—x3F)

2D
0

upt’ t
f(xl,xz,x3)eXpE1szW ZEC HjD UB

and for

U ihgPt
eXPE{' ]\qlec X, Z;lz [;13Ef(xl,x2,x3)

we have
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(4.54)

(4.56)
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00 wgpe p,d O
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Lip,
- PH, MHT Dthxh%

2
U
expﬁgx —B, Fﬁexpgqiﬁx1 &ﬁﬁFg
ho 0

M

exp (—fo)exp(—fo)exp quﬁxl)g ];; F%
oM U

Po ]
=exp B—xz Bexp E-sz I; E

O ip, hqBt*  p,0
exp(—x'F )ex 0 X,
p(=F) PU 0 M hE

U0 2ingBe
2ihgPt” O _p, O
expOn ) o e e “i’

H O

j U >0
:expﬁ%xzﬁexpﬁﬁxz—% Fﬁ

O ip, hqBt’
exp (—fo)exp E'_%Ai—gcxl b

[(Hin O p, 0O [
exp(—fo)exprIsz_ 0 4 3FzE
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; il 2 0
:expﬁ%xzﬁexpﬁﬁxz —% Fﬁ
(D2 2 O
exp (—fo)exp (—fo) exp %%M%F%

D4ihq[3t2 O P U 2D
eXpi——H>—X -——1 F
P MZC IBXZ M BX3 B

(2 p,q Bt O 4ingBt® O p, .0 [
= f(x,x,,x, )ex x.x. Frex -t F. (4.57
f(l 2 3) pETTZC13 % 4 Me xlez M BX3 ZDD ( )

Also the definition

O ifigt* O
@=expg—£z\/qﬁc (Bx2 +b)7%%f(xl,x2,x3) (4.58)
leads to
0 0 * 0
@:expg%xzﬁexpﬁ—axz —%ﬁ Fﬁ
00  jge 0 O
exp@gxl—z —(Bx, +b)%g F@
00 g b O
eXPH BRIV (Bx, )%%Fﬁ
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(4.59)

For the expression

O ihgBt*  p, p,U
:eXpEl_ 2]?4%0 X3 ?#%f (xlax2>x3) (4.60)




we have

—ex ey [ ip, hqﬁt p,
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exp( )exp %ﬂxlag ];2 F@exp(—fo)

2
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I O
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Op, 020 * 0 Upg ¢ O O
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05—
0 2M%

exXp [
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Op,qBt’ [
exp (—fo)exp 0 ;’\420 x1x3F%

RingBr* O _p, O .0 2
ex by - —tr, Frexp| —x; F
PD Me 15"2 IY; BX3 E p( X3 )

3 Op,q Bt* 0 [ihgBt* O
_f()cl,)cz,)c3)expD ]0\120 x1x3FEexg]D YO

leading for the expression in Eq. (4.51) the result

OupBt? O
:f(xl,xz,x3)exp%%03x3F%

Op,uBe’ O O wBe’ O _p, Dﬁﬂ
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P ERpEIE
%% MtHx3FZDD (4.61)

(4.62)
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Collecting the above terms together, we obtain

ztuﬁa 0 _p, OitqB p,

exp B— Bx - tEHepo Py
exp B—t—qx1x3FHexp Er%xl sz —&ED)%F

o 0O O
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exp %— ﬁg —%tﬁ Féexp(—(xl2 +x32)F)

which simplifies to
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%Xp DLU xFe IE BB_OI"'bBXl)%F%D
o oM M Og
D Ot up [l
gxpB—U x3Hexp( ( )F) E

4.4 Explicit Analytical Expression for the Intensity Distribution

Here we have to evaluate the expression

. 0-*»00g, .00 %00
Elo@le = " HEY (DD B YL
U oo o H
o . % (4.64)
O-Zx (0O ad -“u
+tw. e’ W(X)onoe " PY(x
=" BB " 88

and then integrate over x, to obtain the probability density in question in Eq. (4.7).

To the above end we use the identities:
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2y° (1)
1 hit
F iF(¢)) = —
PO ) =
) o 1 ht
iF (t)+(lF (t)) _8y4(t)Myz
and we set
X, =X, —%t
F= 1 . =F (1)
4y25+ ifit [
H 2my*H
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(4.65)

(4.66)

(4.67)

(4.68)

(4.69)

(4.70)

4.71)

(4.72)

(4.73)
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From Egs. (4.63), (4.65)-(4.73), we obtain, up to a normalization factor, the

following expression for the x, - integrand in Eq. (4.7):

4.74
;B 00 (4.74)

O
@xpﬁz——xﬁwxrﬁ-zﬂo v gf(xpxy )

where a(t), of order /a , is a function of ¢ only, and up to a mutiplicative time-
p y p p

dependent constant,

f(xl,x3;t) =w,f, (xl,x3;t)+w_f_(xl,x3;t)

0, i £ B xiAijij]
=W, exp Dc x5 —— UPx, -
2y° M V- (¢
ﬁ )0 Ok= @75
0, 2 x.A.x [

t
+w_e x; +— uPx, ——2
Xpﬁ 2y’ () Vs Ol

A summation over the repeated indices i, j =1,3 in Eq. (4.75) is understood, and

2 2\,2 422
A13 =A31 :_thy +Qﬁp0t y +QBp0t h A _A33 =O.

A = 4.76
Mc 2M% ¢ 24MYye ! (476)

The later expression in Eq. (4.76) is to be compared with the correlation of the

dynamical variables x, (t), X, (t) in Eq. (4.28).
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In reference to the x, - integral in Eq. (4.7), we have, with

_ppr
b(1)=E- 4.77)
and for the shifted x; - integral,
a1 '2
Idxze pD_2 (t)( +@1()x1x3 +b( )Exz)
(4.78)

:\/Ey(t)expmﬁl(f)xﬂ% ’—Lb(t)gg

where [ ( )x1x3 QZ is necessarily of a higher order correction in ,/a,

Accordingly, for the probability density f (xl,x3;t) we obtain the preliminary

expression given in Eq. (4.75). Upon setting

g>' =Idx1dx3g (xl,x3)fi (xl,x3;t) (4.79)

(g), =(g)" (4.80)

where y(t) as defined in Eq. (4.30), we note that any significant correction to the one

derived in Eq. (4.75) consistent with the following constraints, as dictated by the
explicit expectation values in Egs. (4.26)-(4.29), by normalizability and positivity, are

easily obtained:
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1) <x1>ti =0 + higher orders
2 (1) =HB (5)* + higher ord
T, gher orders
3) <x12 >tt =y(¢) + higher orders
2d/2
4) ﬁ)@ y(t) + higher orders

5) <(x1 - <x1 >f)(x3 —<x3>f )>[t =4, + higher orders

6) Idxldx3f (xl,x3;t) =1

N f (xl,x3;t) is real and positive

where 4, is given in Eq. (4.28), Eq. (4.76), and higher orders stand relative to the

parameter /0, .

To satisfy, in the process, constraint 2) (see also Eq. (4.27)), we multiply the

O (ur>/2m) B
right-hand side of Eq. (4.75) by an overall normalizing factor expD—MD
O 2y’(r) O
U 0

= . ’ A x [

f(x11x3;t)DW+eXpE] 21 2+ E%_ Hpt g_ xA,x;

J2v()g o 20 v()E

4.81)
. . 27 x.4,x [0
+w_exp - 1 5612 +om, Upt g - X Ax;
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Consistency with the constraints 1) — 6) necessarily gives

JdetC S% eXPﬁ'%(Xr =%,)C’ (xj 'XJO)ﬁ S
f(xgt) == 0 0 (4.82)

2 O 01 . [

El-w_ exp H-E(xi +xi0)C- (xj +xj0)%

) 1
where [C] = H/H, C"' =C* = ,i,j=1,3,
[~] H'H % (z‘) J
I Oybty* _qBpt’y’ _qBpt'n’O
cB == - 0 — 0 4.

y* (t)E Mc  2M’c  24M*yer (389
X, :%ﬁéﬁ (4.84)

and w, =w_ =% for an unpolarized beam.

The probability density in Eq. (4.82) is a sum of bivariate normal distributions

(Manoukian (1986)) and
¥ig= g-g ‘E (4.85)

is the so-called covariance matrix describing the correlation between x, and x; on the

screen for i # j. 2 is a measure of dispersion in all directions in the (xl,x3) - plane.

The multiplicative factor,/det C / 21 is the standard normalization factor.
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Finally, the constrain 7) implies that detC >0, i.e., it leads to a positivity

requirement. This in turn implies that we should have

332 2,2
ldle|, _ Bpy ,_Bpi'w| W (4.86)
Me M 24M3y4‘ 4M2y4

In reference to this inequality consider first the case with »=0, i.e., the

constraint
2,2
c<t+ I (4.87)
4M~-y
with
q|Bp,t> O i O
= 2|M20c oy e (4.88)
By setting,
t2
A = |“2| f{ (4.89)
Pos=y (4.90)
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with the latter denoting the macroscopic distance from the particle’s initial center of

the wavepacket to the observation screen, we may rewrite C as

ALM AT w0

c=-—"_=
gl n t g 12M*y'g

For the electron with Az0107m, t010°s, LO1m, y<10~m

0 1.12x102'0
C01.73x10’ 0 +%E (4.92)

which is a very large number and the positivity constraint in Eq. (4.87) cannot be

satisfied. On the other hand, the uniform magnetic field (O,b, 0) may a priori be set at
b= gL (4.93)

defined simply in terms of the non-uniform magnetic field gradient
0B, /0x, = =3 = -8B,/ d, (see Eq. (3.10)) and the distance to the observation screen
L, independently of any of the details of the spin '% charged particle considered and
of the (initial) spread Yy . [The uniform magnetic field component b may be, of course,
chosen so that C* =0, but this would mean to choose a different uniform magnetic
field for every different charged particle, and a different spread y, and would not be

physically as interesting.] The matrix elements in Eq. (4.83) then simply become
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cP=C"=-=¢ (q)igﬁﬁ% (4.94)
3lgl vy yM ¥ (1)
and the positivity constraint
1 Az L ht n't’ 4.95)

_—= <l+
gl y yMy — 4M’y

is readily satisfied. For example, for the electron with Az=10"m, L=0.7m,
y=0.6x10"m, t =10"s, corresponding to an initial average speed of 7x10° m/s , a
magnetic field gradient 8 =1.96x10>T/m , and a uniform longitudinal magnetic field
b=68.6T [at present, the desired magnetic field can not be produced], the left-hand
side of Eq. (4.95)1s  0.1.

A detailed graphical analysis of the probability density f (xl,x3;t) in Eq.

(4.82) with the matrix C as given in Eq. (4.94) will be carried out for charged as well

as neutral particles in the next chapter.



Chapter V
Analysis of the Intensity Distribution on

the Observation Screen

We recall the explicit expression for the intensity distribution obtained in

Chapter 1V,
g
,—Daz+exp x =X C"(x —X; ) 0
f(x19x3: ): H— H O (5.1)
21 %I-w eXpH- x +X,, C” (x +xo)%
J
where
1
c'"=C¥= 5.2
40 )
and
C® =Y = 1 Ebbty quO ry’ QBpot4h2D (5.3)
y ()D Mc 2M’c  24M*yeq '
2
p-=HPE (5.4)

2M
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In figure 5.1, we plot the probability density in the absence of the magnetic
field, i.e., for B=0 ,1=10"s, y=0.6%x10"m, and the corresponding one for B#0 ,
with B=1.96x10>T/M is plotted in figure 5.2, for the electron for an unpolarized

beam. The probability density for other values of the parameters are in figures 5.3-
5.12. This is also plotted for the uncharged case, respectively, in figures 5.13-5.18 for

direct comparison.
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-0.003 -0.002 -0.001 0 0. 001 0.002 0. 003

Figure 5.1. Plot of the density f(xl,x3;t) for B=0 ,¥=0.65%10"m, t=10"s
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Figure 5.2. Plot of the density f (xl,x3;t) for electron, based on Eq. (4.82), Eq.

(4.93), Eq. (4.94) with Az=10"m, y=0.65x10"m, t=10"s, L=0.7m.
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Figure 5.3. Plot of the density f (x,,x;;¢) for B=0, y=0.6x10"m, t=10"s



144

0.003 |-

0.002 |

0.001 |-

-0.001 +

-0.002 +

-0.008 +

-0.003 -0.002 -0.001 0 0. 001 0.002 0.003

Figure 5.4. Plot of the density f (xl,x3;t) for electron, based on Eq. (4.82), Eq.

(4.93), Eq. (4.94) with Az=10"m, y=0.6x10"m, t=10"s, L=0.7m.
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Figure 5.5. Plot of the density f (x,,x;;¢) for B=0, y=0.55x10"m, t=10"s
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Figure 5.6. Plot of the density f (xl,x3;t) for electron, based on Eq. (4.82), Eq.

4.93), Eq. (4.94) with Az =10"m, y=0.55x10"m, t=10"°s, L=0.7 m.
q
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Figure 5.7. Plot of the density f (x,,x;;¢) for B=0, y=0.50x10"m, t=10"s
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Figure 5.8. Plot of the density f (xl,x3;t) for electron, based on Eq. (4.82), Eq.

(4.93), Eq. (4.94) with Az=10"m, y=0.50%x10"m, t=10"s, L=0.7m.
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Figure 5.9. Plot of the density f (x,,x;;¢) for B=0, y=0.45x10"m, t=10"s
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Figure 5.10. Plot of the density f (xl,x3;t) for electron, based on Eq. (4.82), Eq.

4.93), Eq. (4.94) with Az =107 m, y =0.45x107m, t=10"s, L=0.7 m.
q
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Figure 5.11. Plot of the density f (x,,x;;t) for B=0, y=0.40x10"m, t=10"s



152

0.003 r

0.002 |

0.001 |

-0.001

-0.002

-0.003 b 1 1 1 1 1 P 1 1 1 1 1 1 1 P 1 1 1 1 1 1 1 L P LoH
-0.003 -0.002 -0.001 0 0. 001 0. 002 0.003

Figure 5.12. Plot of the density f (xl,x3;t) for electron, based on Eq. (4.82), Eq.

(4.93), Eq. (4.94) with Az=10"m, y=0.40x10"m, t=10"s, L=0.7 m.
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Figure 5.13. Plot of the density f (xl,x3;t) for uncharged particles, based on Eq.

(4.82), Eq. (4.83), for |x,|=107m, y =0.65x10"m, 1 =107s.
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Figure 5.14. Plot of the density f (xl,x3;t) for uncharged particles, based on Eq.

(4.82), Eq. (4.83), for |x,| =107 m, y =0.6x10"m, t =107s.
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Figure 5.15. Plot of the density f (xl,x3;t) for uncharged particles, based on Eq.

(4.82), Eq. (4.83), for |x,| =107 m, y =0.55x10"m, 1 =107s.
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Figure 5.16. Plot of the density f (xl,x3;t) for uncharged particles, based on Eq.

(4.82), Eq. (4.83), for |x,|=107m, y =0.50x107m, 1 =107s.
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Figure 5.17. Plot of the density f (xl,x3;t) for uncharged particles, based on Eq.

(4.82), Eq. (4.83), for |x,| =107 m, y =0.45x107m, 1 =107s.
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Figure 5.18. Plot of the density f (xl,x3;t) for uncharged particles, based on Eq.

(4.82), Eq. (4.83), for |x,| =107 m, y =0.40x107m, 1 =107s.
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In every case a clear splitting of the beam along the quantization axis is
observed. The asymmetry with elongations in the second and the fourth quadrants in

figures 5.2, 5.4, 5.6, 5.8, 5.10, 5.12 for the electron, as a negatively charged particle,

are easy to understand. For the electron & (q) =-1, C” =C" >0 and the probability
density gets, respectively, positive contributions for x; >x;,, x;, <0 and x; <-—x,,

x, >0. Exactly the opposite happens for a positively charged particle with

elongations in the first and third quadrants. The formal physical argument for this
asymmetry is that it arises as a consequence of the direction of the Loentz force, as
determined by the so-called right-hand rule, on a charged particle as applied to the
transverse part of the non-uniform magnetic field. For an uncharged particle, the
symmetry is clearly restored as observed in figures 5.13-5.18. That is, form the
pattern of the beam splitting observed, in addition to the confirmation of the Stren-
Gerlach effect, one would also determine the nature of the particle whether it is

positively charged, negatively charged or uncharged.



Chapter VI

Conclusion

We have carried out a rigorous quantum dynamical analytical treatment of the
Stern-Gerlach effect and as seen form the bulk of this work, the computations turned
out to be quite tedious. The analysis was based on the following important

contributions taken into account: As mentioned above, (1) it is a quantum mechanical

treatment, it takes into account (2) the important field equation O0B= 0, (3) the
quantum mechanical counterpart of the Lorentz force, (4) the two, rather than one,
dimensional aspect of the beam hitting the observation screen, (5) the rather non-

trivial correlations that occur, as we have shown to exist, between the dynamical

variables. The analytical study was based on a leading order treatment in Ja , where
a is the fine-structure constant, for spin 1/2 particles, including the electron, and
shows to lead to a unitary, i.e., a positive definite, expression for the probability
intensity distribution on the observation screen, where the magnetic field has a
controllable uniform component along the initial average direction of propagation of
the particles, in addition to a non-uniform, almost longitudinal, magnetic field lying in
the longitudinal plane defined by the quantization axis, in question, of the spin and the
initial average direction of propagation. With an initially prepared Gaussian
wavepacket, the intensity distribution on the observation screen was shown to be
given by a sum of bivariate Gaussian distributions with a non-zero correlation and the

corresponding expression in question is spelled out in Egs. (5.1)-(5.4). The uniform
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longitudinal controllable magnetic field had a dual role in the analysis. Although
longitudinal, it reduces effectively the quantum Lorentz force contribution, which has
otherwise caused difficulty in performing the experiment, and in turn, reduces the
correlations between the dynamical variables and also provides a positive definite
expression for the probability density which is an indispensable property for the
physical interpretation of quantum phenomena. The clear splitting of a beam on the
observation screen obtained, also shows an asymmetry of beam patterns observed
which indicate whether the particle is positively or negatively charged. For an
uncharged particle, the symmetry of the patterns is restored, again indicating that the
particle involved in the experiment is uncharged. An experiment of the Stern-Gerlach
effect for the electron (or, e.g., the proton) as described in the bulk of this research is
certainly worth carrying out and, needless to say, is a challenging one to perform. We
hope that this work will initiate experimentalists to finally perform such an
experiment of the Stern-Gerlach effect for the electron as we have described, analyzed
in this work and have finally derived the corresponding analytical pertinent

expressions above for this effect for the first time.
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