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Abstract. One class of partially invariant solutions of the Navier—Stokes equations is studied here. This class of solutions is
constructed on the basis of the four-dimensional algebra L4 with the generators

X1= 10y + @13y — x|, X2 = 20y + $30, — x50,
Yi= 918y + 90 — {9y, Yo =v2dy + 958 — yY39,.

Systematic investigation of the case, where the Monge—Ampere equation (10) is hyperbolic (Lf, + k + 1 > 0) is given. It is
shown that this class of solutions is a particular case of the solutions with linear velocity profile with respect to one or two space
variables.
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1. Introduction
An unsteady motion of incompressible viscous fluid is governed by the Navier—Stokes equations
u, +u-Vu=—-Vp+ Au, V.-u=0, (1)

where u = (u, v, w) is the velocity field, p is the fluid pressure, V is the gradient operator in the
three-dimensional space X = (x, y, z) and A is the Laplacian. The Navier-Stokes equations contain
complete information about the structure of flows under usual temperature and pressure. Despite progress
in numerical methods and techniques, there is considerable interest in finding exact solutions of the
Navier-Stokes equations. Each exact solution has value, first, as the exact description of the real process
in the framework of a given model; secondly, as a model to compare various numerical methods; and
thirdly, as theoretical tool to improve the models used.

One method of constructing exact solutions is group analysis [1]. A historical review of the devel-
opment of group analysis can be found in [2]. Many results obtained by group analysis are collected in
[3]. The method is based on symmetries of given equations. Note that many of invariant solutions of the
Navier—Stokes equations have been known for a long time: these solutions were obtained by assuming a
form of the representation of the solution. Group analysis gives a method for obtaining a representation
of a solution. The first group classification of the Navier—Stokes equations in the three-dimensional case
was done in [4]. The first classification of the two-dimensional Navier—Stokes equations was studied in
[5]. It was shown that the Lie algebra admitted by the Navier—Stokes equations is infinite-dimensional
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Classification of infinite-dimensional subalgebras of this algebra was studied in [6]. There is still no
complete classification of subalgebras of this algebra. For each subalgebra of the admitted algebra one
can try to find an invariant or partially invariant solution. Several papers [7—13] are devoted to invariant
solutions of the Navier—Stokes equations. Short reviews devoted to invariant solutions of the Navier—
Stokes equations can be found in [7, 14—-16]. Another class of solutions proposed by group analysis
is the class of partially invariant solutions [1, 17]. The theory of partially invariant solutions is still
developing [18, 19]. While partially invariant solutions of the Navier—Stokes equations have been less
studied [7], there has been substantial progress in studying such classes of solutions of the inviscid gas
dynamics equations [1, 20-26].

It should be noted here that there are also other approaches for constructing exact solutions of
the Navier—Stokes equations. We mention two of them: nonclassical symmetry reductions and direct
methods [16, 27], and linear profile of velocity [28, 29].

This manuscript is devoted to the class of partially invariant solutions, which generalizes the class
considered in [30].

2. One Class of Partially Invariant Solutions

The class of solutions studied in [30] is a class of partially invariant solutions with respect to the group
H with the generators

X=8X, Y:ay, U:tax‘l'au» V=t3y+8u.

There exist no invariant solutions that correspond to this group. In fact, the universal invariant of this
group is ¢, z, w, p. Hence, the rank of the Jacobi matrix of the universal invariant with respect to
the dependent variables g equals two. Therefore, § > 2 and one can only construct partially invariant
solutions with respect to this group. According to the classification [ 18], a partially invariant solution with
minimum defect § = 2 is a regular partially invariant solution of H (2, 2). In this case a representation
of the partially invariant solution is

w=2f(z,1), p=h(z,1), u=ux,y,z1), v=v(x,y,21).
For the gas dynamics equations such a class of solutions was studied in [19]. V. V. Pukhnachov (oral
communication) noted that for the Navier—Stokes equations this representation can be generalized by
including two arbitrary functions k = k() and [ = [(¢):

w=2f(z,1), p=hz,t) —k@Ox* —11t)y*,  u=ulx,y,z1), v=v(x,y,2,1). (2)
The arbitrariness of the functions k(z) and I(¢) gives additional possibilities for satisfying boundary

conditions. Representation (2) can also be explained from the group point of view. In fact, let us
consider the four-dimensional group H*, which is generated by the operators

X1 =¢10, + (]5; 0y — xd){/a,,, Xy = ¢p0, + ¢§8u — x¢§’8p,

Yi= 10y + Y10y — y¥i 0, Yo = Y20y + Y50, — y¥3 0.
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Here the functions ¢; = ¢;(¢), ¥; = ¥:(¢), (i = 1, 2) satisfy the natural conditions for the algebra to
be a four-dimensional algebra:

o1y — Pl 0, YiYs — YUY #0,
$195 — =0, Yy — Yy =0.

A regular partially invariant solution with respect to the Lie group H* has representation (2), where
k=¢!/Q2¢;), I = ¥/ /(2y;). The solutions studied in [34] and one of the solutions in [27] are particular
cases of (2).

3. Compatibility Conditions

As is well known, the main difficulty in the study of partially invariant solutions is compatibility
analysis of reduced systems. The compatibility analysis can be reduced to a consecutive performance
of algebraic operations of symbolic nature [35, 36]. These operations are related with prolongation of a
system, substitution of composite expressions (transition onto manifold), and finding ranks of matrices.
Typically, the compatibility study of systems of partial differential equations requires a large amount
of analytical calculations, and it is necessary to use a computer system for these calculations. Here the
system REDUCE [37] was used.

For the case k = 0, [ = 0 the analysis of compatibility was done in [30]. As was mentioned, the
arbitrariness of the functions k(¢) and I(¢) gives additional possibilities; however, compatibility analysis
of the overdetermined system obtained after substituting representation (2) into the Navier—Stokes
equations (1), becomes more difficult. Here the compatibility analysis of this overdetermined system is

given.
Introducing the functions #(x, y, z,t), U(x, y, z, t) by the formulae:
Y . of
u=1i—x—, v=0—y—,
az 0z

the second equation of (1) becomes
il n L
ax Ay
The general solution of the last equation can be given through the analog of the stream function

Y=Yk, y,2,1):

W

= , .
dy ax

The first two scalar equations of (1) take the form

1//‘»1 + 1//ywxy - 1pxw,vy + wayz - X (fzt + fzwxy + 2ffzz - fzz) - yfzwyy
=AYy — xf + 2xk,
— Y — 1ﬁyl/fxx + I//)cwxy —2f Y —y (fﬂ - lepxy +2ff— fzz) + Xf ¥
= — A Yy — yfer + 291 3
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The third equation serves for determining the function h(z, t) (if the function f(z, t) is known):
he+2f =2f.+4ff.=0.

Compatibility conditions are derived with respect to the following equivalence transformations:
representation (2) is invariant with respect to rotations in the (x, y)—plane and shifts in (x, y, z) and ¢.

3.1. PRELIMINARY ANALYSIS

Let us consider some solutions of (1), which we call simple.
The first solution is a solution of the form

1
Yy, 20 = 57y (@ 0+ ¥l D) + x4z, 1) + bz, 1) + xya(z, ). )
This representation is a particular case of the solutions with linear profile of velocity'
u=x(a—f)+yc+b, v=—xy —yl@+f)— A

Substituting the representation (4) into (3) and splitting with respect to x and y, one obtains the com-
patibility conditions:

Lf. +k+1=—cy+a? Lo =af. +k—1,
Ly = f,y, LA = Ao — by Lc = f,c, Lb = Ac — ab, (&)

where L is the linear operator
LF=F, +2fF,— F,— f.F.
The second type of solutions has the representation

V(x, v, 2z, 1) = x%a(y, z,t) + xb(y, z, 1) + g(v, 2, 1). 6)

Because the Navier—Stokes equations are symmetric with respect to rotations, the case ¥y, = 0 is
similar to the case ., = 0. As in the previous case, after substituting the representation of the solution
into (3) and splitting with respect to x, one obtains compatibility conditions. Two of these conditions are
ay, =0, by, = 0.Hence, the function b(y, z, t) is linear with respect to y: b(y, z, ) = ya(z, t) + Az, t).
If a # 0, then g,,, = 0, but this case corresponds to (4), which was considered earlier. Hence, a = 0.
The remaining compatibility conditions are

Lf,+k+1=d Lo =af, +k—1,

Li=ak, Lo — ¢y — ((a+ f2)+ Mgy, +ap =0, (7
where ¢ = g,. This solution has a linear profile of velocity with respect to x

u=x(a—f)+o, v=—yl@+ f,) —A.

! Solutions with linear profile of velocity with respect to one, two or three space variables were studied in [28, 29].
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Let us consider the representation

Y(x,y,z,t) =alx,z,t) + b(y, z,t) + xyo(z, t). ®)
After substitution of this representation into the Navier—Stokes equations one obtains

Axxcbyy, =0, Axcbyyy, = 0.

Without loss of generality, this case can be considered as a particular case of representation (6).
We exclude the above considered solutions from the further study of the compatibility conditions of
system (3).

Remark. A solution of the form
Y(x, y,z2.) = x°0(z, 1) + XAz, 1) + y2e(z, 1) + yb(z, 1) + xya(z, 1) + Q(x + yq(z, 1), 2,1)  (9)

is a particular case of (4) if the function Q = Q(§, z, t) is a quadratic function with respect to the first
argument. This case corresponds to a linear profile of velocity, which was studied before. If Qgz¢ # 0,
then the compatibility conditions require that g is a constant. By rotating in the (x, y)—plane this case
can be transformed to (6).

3.2. MONGE-AMPERE EQUATION

Adding the first equation of (3) differentiated with respect to x to the second equation differentiated
with respect to y, one obtains

Vi, — Yy = Lf: +k+1. (10)

The right side of this equation only depends on z and ¢; therefore it can be regarded as the Monge—
Ampere equation with a constant (depending on the parameters z and ¢) right side. A method for solving
the Monge—Ampere equation depends on the sign of the right side.

The next theorem is one of the main results of this paper.

Theorem. Any solution of system (3) satisfies the Monge—Ampere equation (10). If the right side of
the Monge—Ampere equation is non-negative, Lf, + k 4+ 1 > 0, then the solution of the overdetermined
system (3) is either a solution of system (5) or system (7).

Before proving the theorem a few comments are in order.

Particular solutions of the Navier—Stokes equations of type (2) with both positive and negative right
sides are known. For example, solutions with linear profile of velocity (4) with respect to x and y
can be of both types, depending on the value of a> — cy. For solutions that are linear with respect
to one independent variable x (9), and essentially nonlinear with respect to y, the right side of the
Monge—Ampere equation is positive. In case (6) the type of the Monge—Ampere equation is hyperbolic.

Here we also present two known solutions [27, 34].
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As the first example one can consider a slight generalization of the solution [34]>
u=—y—gz1), u=Q(x — gz, 1), w = wo,

where wy is constant and €2 denotes constant angular velocity. Compatibility conditions for this solution
are

g1+ wog1; — g1zz + g2 =0, 8 + woga; — g2 — 281 = 0.

This solution can be represented as type (2) if k = —Q?/2,1 = —Q?/2, h = h(t), 2f = wy. In this
case

Lf.+k+1=-Q*<0. (1)
The second example is the class of steady solutions studied in [27]:
=@, h=2f@- @) u=xik), v=-y@e)+2 ),

and constants k and /. The functions f(z) and u(z) satisfy the equations
W —2fu -t +20=0, f=2ff 2V 2 W =k

For this solution
Lf, +k+1=(f +u)?*>0. (12)
The next section is devoted to the proof of the theorem.

3.3. HYPERBOLIC CASE

Further we consider the hyperbolic case, where the right side of the Monge—Ampere equation (10) is
non-negative. By virtue of this assumption it is denoted

oz, t)=Lf. +k+1.
It is well known [38] that in this case the Monge—Ampere equation can be integrated?
gy =2ax + G (8x,2,1). (13)

where g(x, v, z,t) = ¥(x,y,z,t) + xya(z, t),and G = G(z, t, ) is an arbitrary function. Substituting
this representation into the first equation (3), with the help of the second equation, one can exclude the
third-order derivatives:

S = bygl + bsg?, + bigu + brge, — by =0, (14)

2 In [34] the functions g and f do not depend on time ¢. But this is not significant, because without loss of generality one can
include in these functions dependence on time.
3 There are some studies of an elliptic case of the Monge—Ampere equation, for example [39, 40].
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where

b= 40lG§Gg§, by, = ZG&, by = (Gg + 1) Ggg, bs = Ggg,
by = x@ — 2k — ) + y&Gs + (f — @) (§Ge — G) + G, +2fG. — G.. — 40’ G,
o= La—oaf,+k—1

By direct calculations the expression DS — G¢ DS —2g,,G¢£ S = 0 can be rewritten as a polynomial
of second order with respect to the derivatives gy, gx::

o (14 G}) Gesegh + @Gigegr. + fi8u + 28 + f3=0. (15)
Here D, and D, are the total derivatives with respect to x and y, respectively,
fi = (&@ =2k = 1) +YAG)Ges + f1. fo = 2e.Gee +aGer),  fr = —ya@Ge + [

with some functions f i @ =1 3) which are not explicitly dependent on x and y. Because the
expressions of the functions f1 and f 3 are very cumbersome we omit their representations here. For
the treatment of complicated mathematical expressions we used the system REDUCE [37].

Note that if G¢¢ = 0, then this is a particular case of the representation (8) or (9). In fact, assume that
Gg: =0o0r G = gg, + B for some functions ¢ = g(z, t), B = B(z, t). By (13) the function g(x, y, z, 1)
has to satisfy the equation

8y — q8x = 2ux + p. (16)
If ¢ = 0, the general solution of (16) is
g =2axy +yp +¢o(x, z, 1),
which is a particular case of (8). If ¢ # 0, the general solution of (16) is
g =q '@’ + Bx) + p(x — gy, 2, 1),
which is a particular case of (9).
3.4. THE NONLINEAR CASE (Ggg # 0)
Let Gg¢ # 0, then Equation (15) with the help of (14) can be rewritten as the quasilinear equation
a18xx + a28x; +az =0, 17)
with the coefficients a; = b;Gege — fiGee, (i = 1,2, 3). The last equation and Equation (14) can
be regarded as a system of linear algebraic equations with respect to x and y. The determinant of this
system is equal to Ggzaa(a — 2(k — 1)).
If @ = 0, then by virtue of the definition of @ we get @ = (k — [), and the following prolongation

DyH — G¢DH — g.Ges H = —6(k — 182G G = 0,
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where H = DyS — G¢ DS — 28:G¢: S. Because g,,G¢Ges # 0, then k — [ = 0. This means, that
a = 0. In this case

H+ ZgXXGESS = _ngx ((gszéé + Géz)z + gingg(l + Gg)) =0.
The last equation contradicts the condition g,,G¢z # 0. Therefore, o # 0.

3.4.1. The Casea(a —2(k — 1)) # 0
If a(o — 2(k — 1)) # 0, then (e — 2(k — [))Gg¢: # 0 and, hence, Equations (14) and (17) can be
solved with respect to x and y:

X = ®1(gxs &xz»> 8x» 25 1), Y = D2(8xxs 8xzs 85 2> 1) (18)

Differentiating the last equations with respect to x and y, substituting the expressions of
8y» 8xys &xyz> &xxy iNto them and taking linear combinations, one obtains

D,® — G¢ D@y = g5, ®11Ges + P120t; + g1x8r:Gee + 8:xGe:) + 2@ 130+ Ge =0,  (19)
H(gxxs 8xzy 8, 2, 1) = DyCI)2 — GED_X(DZ
= 80.921Ger + 022020 + gu8x: Gt + guGe) + 20230 —1=0,  (20)

HS(g)cxa 8xz> 8x5 %5 t) = _q)Z,lecbl + q)l,leq)2 - CDZ,Zqu)l + q)l,Zqu)Z
= gu(P1,1P23 — P13P2 1) + gro(P12P23 — P13P22) + P12DPo s — PPy + Py =0
where ®; | = gg%, P, = %’ D, 3= % Note that after substituting the expressions of the func-
tions ®;, (i = 1, 2) into the last equations, Equation (19) is a consequence of Equation (20) and the

function H (g, &xz> &x» 2, t) is a polynomial of fourth degree with respect to g., and second degree
with respect to g,

H = th)ch + hlgxz + ho,

where
2 4 2 2 2

hy, = 3gxxGE€ + 4(xgxngggGés + 2« (GggggGgg - GEEE)
The coefficient of the polynomial H with respect to gix is 3Ggg(1 + Gg) # 0 and does not depend on
gxz- Hence, the equation H (g, 8x:, 8x, 2, 1) = O canbe rewritten as H; = g, — x(8gxz, 8, 2,¢) = 0.In
the same way, after differentiating the last equation with respect to x and y, substituting the expressions
of gy, &xys &xyz» &xxy iNto them, one obtains

DyH — G:D, H = g* H\Gt + Hy(20; + 8:8::Ger + 8uGe.) + 2Hza = 0.

Since H(gxx, &xz» &x» 2, 1) = 0, the left side of the last equation can be rewritten as a polynomial of
degree three with respect to g,,:

HZ(gxxv gXZ7 gxs th) = 0 (21)
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If the Jacobian 5((5; 'ZZ")) is not equal to zero, then from the equations

H](gxx, gX27 gx, th)=07 Hz(gxxv gxza ng th)ZO-

one can define

& = Vi(gx, 2, 1), 8xz = Va(gy, 2, D).

Substitution of these derivatives into (18) gives the contradictory equalities

x=®(g. 2 1),y =Po(ger 2. 0). (22)

OUHLHy) _ 0Hy x _ 0Hy _ 0, this means that the function I/-I\z = Hy(x(gxz» &x> 2, 1),

If the Jacobian - =24
0(gxx,8xz) 0gxx 08xz 08z —
8xz» &x» 2, 1) does not depend on g.. Furthermore H,, = 0, because otherwise one can define g, as
a function of z and ¢ only, which contradicts the condition g,, # 0. Therefore H, = F(H;). In our

case,

H, = a3H} +aH? +a,H, + a.
Thus, the coefficients a; must be constants and a, = 0. Note that

a =Z1X +32, a =Z3X2+Z4X +79\58§Z +Eﬁgxz +Z7,
where@,- are functions of the variables g,, z, r and

by =by = 3(1 + G)bs, bs = 3GeeGeeee — 5G g
If /b\l # 0, then from the equation @, = const we have x = —27\1_1(32 — @), which does not depend
on g... In El;liS case the equation @; = const is a polynomial of degree two with respect to g,, with
Eoefﬁcient bs # 0. This means that one can obtain contradictory equations of the type (22). Therefore,
by =0or

3G Gieee — 5Gg = 0.
This equation can be integrated twice with respect to &:

Ge: = MGe +q)°,
Two more integrations with respect to § give:

MG +Eq+y)P +26+8=0.

Here the functions A = A(z,1), g = q(z,t), y = y(z,t), B = B(z,t) are arbitrary and A # 0. Note
that in this caseiz} =0, bp =b3=by; =bs =bg =0, /61\3 = by,

ao = ¢1(8x, 2, DX + 0(8x, 2, 1), (23)
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and
hy = 30%(Ge + q)° (gu(Gs + @) + 20)°.

Assume that the function x(g., g, 2, t) does not depend on g,, : x = x(gx, 2, t). Because of the
prohibition for obtaining equations of the type (22), the coefficients h; (i = 1, 2) of the polynomial H
have to be equal to zero. Since Gz # 0, we have

8u(Ge +q) = —2a.
The left side of this expression is the total derivative with respect to x of G(g., z,t) + q(z, t)gx. Thus,
G(gx 2, 1) +q(z, 1)gx +20(z, )x = ¢(y, z,1). (24)
Because g,, = G gy + 20, then
¢y = 8xy(Ge + q) = (G¢ + 9)Gegux + 2a(Ge + q) = 2ag.

After integrating the last equation with respect to y, there is ¢(y, z,t) = 2ya(z, 1)q(z,t) + h(z, t).
Substituting the function ¢(y, z, t) and g, into (24), one obtains

gy +q8: =2yaq +h.
The general solution of this equation is
g(x,y,2,1) = yh(z, 1) + y’a(z, 1)q(z, 1) + P(x — yq(z, 1), 2, 1)
or
Y(x, y,2,1) = —xya(z, 1) + yh(z, ) + y*a(z, )q(z, 1) + O(x — yq(z, 1), 2, ).

This is a particular case of (9). Therefore, we only need to study the case % # 0.
Assume that % # 0. From the expression for the function @y = 0 (23) we conclude that

(pl(gXa Z,I)ZO, QDO(gx, Zﬂt)zo'

Splitting these equations with respect to g, one obtains

q; =0, ag: +qk —1) =0,
2020 (A + 2 f Ay = hgp + [k — ad) — (0 h + ad)? + M@ — 4k — D) + 422a% = 0.

The same analysis of the equation H3(gx, &xz» &x> 2, 1) = 0 as for the equation H, = 0 leads to a
contradiction. Therefore, the case a(a@ — 2(k — 1)) = 0 is studied.
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3.4.2. The Casea =0
Let us consider @ = 0 or

da ) da  ’x af
ot

In this case the coefficients a;, b;, f;, (i = 1,2,3), bs, bs do not explicitly depend on y.

Assume first that & # [, then one can define the value of x from (14) and substitute it into (17), which
becomes a third-order polynomial with respect to g,

Hy = h3g}, + hagl, + higu + ho,
where*

hy =G (14 G;) #0

This means that one can define g, = x(gx;, &, 2, t) from this equation. Note that the coefficient in
H,, which is related with the maximal order (second) with respect to g,., is equal to

8uGie + aGege. (25)
By the equation H (g, &xz»> &x» 2, 1) = 0, the left side of the expression
H, = DyH, — G¢DH, =0.
is a polynomial of second degree with respect to g,:
Hy = arg? + aiguw +ao = 0.
Before further consideration, we note that if from the equations
H(gxxs 8xz1 8x2 2, 1) =0, H(gxxs 8xzr 8x5 2, 1) = 0.
one can define
gxx = W1(8x, 2, 1), 8xz = W2(gx, 2, 1),
then after substitution of these derivatives into (14) one has the equality
x = ®(gy, 2, 1). (26)

Differentiating the last equality with respect to y we have g,,®; = 0. If ®; = 0, then (26) is a
contradictory equality between the independent variables. The case g,, = 0 was considered earlier.

4 The analysis is similar to the previous case. For the polynomials and their coefficients we use the same symbols as in the
previous case. However, the functions H, H», H3, etc. are now different.
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First assume that the function x (g, g«, z, t) does not depend on g,,. In this case all coefficients of
the equation H; = 0 with respect to g,, have to be equal to zero. Hence, from (25) we obtain

X = —Ongénggg. (27)

Hence, DS = H3(g«;, &, 2, t), which give the equation H3 = 0. Since g, # 0, then Ggge # 0.
Because it is prohibited to define g,, from the equation H; = 0, H, = 0, H; = 0, all coefficients of
these polynomials with respect to g, have to be equal to zero. In particular, from the coefficient related
with the highest (second) degree of the equation H3; = O we have

2
3G
2Ge:

Geess =
Since Ggz: # 0, the general solution of the last equation is

G =—2""In(gx + B) + ng. + v,
where B, A, i, y are arbitrary functions of the independent variables z, ¢. In this case,

&xx = 2a(Agx + B). (28)

The general solution of Equation (28) is

B

Sz 200 + 91 + g,

§=—

where ¢; = ¢1(y, 2,1), @2 = @2(y, z, t). All coefficients of the polynomials H; and Hz with respect
to gz, which have to be equal to zero, are polynomials with respect to g,. This allows splitting them
with respect to g,, otherwise g, can be defined as a function only of z and ¢. Further examination
of all these coefficients leads to the equality 4 = 0. By virtue of u = 0 and substituting g into the
equation

g_y - G(gxa Zv t) + zaxv
one obtains ¢ , = 0, ¢, ,, = 0. This means that g,, = 0 or ,, = 0. This case was studied earlier.

Assume that x,  # 0. The study of this case is similar to the previous case where a(a —2(k —1)) # 0.
Because the Jacobian 242 hag to be equal to zero, then Hy = F (g« — x(8xz» &x» 2, 1)). In our case

0(8xx:8xz)
H, = @ H{ +a Hy + do,
The coefficients a; must be constant and g, = 0. Note that
a ZZIX + b, @ =i7\3)(2 +E4X -i-i;sg,%Z +/b\égxz + b7,

where/b\i are functions of the variables g,, z, r and

Gy=b =by=(1+G2)bs.  bs=(2GeGeeec — 3G2).
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If 751 # 0, then x = —Z;l@ — @) does not depend on g,,. This case has already been studied. If
Gz = 0, then o = Zl = 33 = 79\5 = /b\ﬁ = 0. This requires ’b\4 = 37 = 0. Analysis of these coefficients
by splitting them with respect to g, leads to the condition that a, = a3 = 0 in Equation (17) and that
a; is linear with respect to g,: a; = a(z, t)g, + ¢(x, z,t), where a # 0. This gives the contradiction
g8y = 0. Thus, by = 0 and Gz # 0 or

1
G= —Xln(k§+ﬂ)+ué+%
In this case

50 =E4X +36gxz +Z7 =0.

If the coefficient 34 = 0, then as it is done earlier, analysis of the coefficients 34 = 36 = 37 = 0 by
splitting them with respect to g, leads to the condition that Equation (17) be written in the form

a1(gun — 2a(rgx + B)) =0,

where a; = a(z, t)g, + ¢(x, z, t) with a # 0. These cases have been already studied.
If by # 0, then

X = _321(368):2 +Z7)
Returning to the equation H; = 0, which becomes a cubic polynomial with respect to g, and analyzing
the coefficients of this polynomial, which have to be equal to zero, leads to a contradiction. This
completes the study of the case k # [.

Assume that k = [. Note that if a; = 0 in Equation (17), then Equation (14) is reduced to

(8x:Gee + Ge:)” + Gie(8uGs +200) + (guGee)” = 0.

Hence, a; # 0 and from Equation (17) one can define g,, = —afl(azgxz + ap). Substituting g, into
(14) gives a polynomial of second degree with respect to gy.:

S =a;*Geelai +a; (1 + Gg)) g, +Di1ge. + by =0.
This means that Equations (14) and (17) can be solved with respect to g,, and gy,:

o = P1(8. 2. 1); gue = P28, 2, 1). (29)
Because g, # 0, then the first equation of (29) can be integrated

D(g 2.1) =x +q(y,2.1)
or

g.)( = (D(x +Q(y7 Zs t)a Z? t)'
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Here the function g = ¢(y, z, t) is an arbitrary function of integration. The general solution of the last
equation is expressed by the formula

g(x,y,2,0) = ®1(x +q(y, 2, 1), 2, 1) + Pa(y, 2, 1)
Note that
G(gr ) =Gx +q(y.2.1), 2, 1)
and the equation g, — (2ax 4+ G) = 0 is rewritten as
gy ®1 (X', 2, 1) + Doy (v, 2, 1) = 2ax’ + G/, z, 1) — 2aq,
where x’ = x + ¢(y, z, t). Differentiating the last equation with respect to y one obtains
Gy @1 (X, 2, 1) + Poyy (v, 2, 1) = —2agy. (30)
Differentiating one more with respect to x’ gives
Gy P1xx =0.

If &, = 0, this is a particular case of the representation (6). If g¢,, = 0 or ¢ = yki(z, t) + ka(z, 1),
then integrating equation (30), we have

Dy = —akiy® + yYi(z, 1) + ¥a(z, 1)

This is a particular case of the representation (9).
The case @ = 2(k — [) is studied in a similar way as the previous case @ = 0. Note that in this case
a(k — 1) # 0. A detail analysis leads either to contradictions or to the studied cases.

4. Group Classification of System (7)

System (7) is split into three parts: the system of the first two equations

Lf. +k+1=d? La =oaf, +k—1 31)
is determined and can be studied independently; the equation

L) =aA
is for determining the function A(z, #); and the equation

Lo =@y — (@ + fo) + Mgy +ap =0

is for the function ¢(y, z, t). In this section group classification of system (31) is studied.

4.1. EQUIVALENCE TRANSFORMATIONS

The first stage of group classification requires determining a group of equivalence transformations of
Equation (31). An equivalence transformation [1] is a nondegenerate change of the dependent and
independent variables and arbitrary elements, which transforms any system of differential equations of
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a given class to a system of equations of the same class. It allows using the simplest representation of
the given equations.

Since the arbitrary elements are k = k(t), [ = I(t), then for calculating group of equivalence
transformations we have to append to Equation (31) the following equations

k.=0, k;=0, k=0,
lzza

All coefficients of the infinitesimal generator of the equivalence group
XO=0'0 + 870+ 070y + 570+ ¢+ ¢y
are assumed to be dependent on the variables ¢, z, f, o, k, [.

Calculations show that the group of equivalence transformations of system (31) corresponds to the
Lie algebra with the generators

X{ =0, X5 = 2&(1)0, + £'(1)dy, X5 = —2t0; — 20, + f05 + 200y + 4k + 410;.
4.2. ADMITTED GROUP
To find an admitted group we are looking for the generator

X=0"9,+¢%9.+¢7 8, +¢%8,

with the coefficients depending on ¢, z, f, «. Calculations lead to the following result.
The equations that determine the extensions are

c1(tk’ +2k) + ek’ = 0, (W' +2) 4+ !’ =0,
where ¢ and c;, are constant. Analysis of these equations is similar to the analysis of the group classifi-
cation of the gas dynamics equations [1]. Let us consider the vectors v(¢) = (tk’ + 2k, k') and v,(¢) =

(tl’ + 21, 1"). If they generate a two-dimensional space (where ¢ is changed), then ¢; = 0, ¢, = 0. This
corresponds to the kernel of principal Lie algebras. The kernel is infinite and defined by the generators

X1 =2&(1)d, + E'(1)dy.

An extension of the kernel can be made by specializing the functions k = k(¢), I = I(¢).
Let the vectors v (t), v,(¢) generate a one-dimensional space

vi(t) = si(ky, k), Va(t) = sa(ky, ka),
with some scalars s; = s1(¢), 52 = 52(¢). Note that in this case s? + s # 0 and k? + k3 # 0.

If k; = 0O, then k(¢), I(¢) are constants and k # [ (otherwise the space is zero-dimensional). Hence,
c; = 0 and the kernel is extended by the generator

X2 == 8[.
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Table 1. Group classification of system.

Functions Extension
1. k=q1t72, l=q2172 X3
2. k = const, [ = const X2
k=1=0 X2, X3

If k, # 0, then
(t—k'k) K +2k=0,  (t—ky'k))l'+21=0.

By virtue of an equivalent transformation (shift with respect to t), one can assume that k; = 0. The
general solution of the last equations is

k=qut™?,  I=qt  (qi+4q #0).
In this case ¢, = 0 and the extension of the kernel is

X3 =2t0, +20; — fOy — 200,.

Assume that the vectors v (¢), v»(¢) generate a zero-dimensional space. This gives that k(¢) = [(t) =
const. If this constant is not equal to zero, the kernel is extended by the generator X,. If k(¢) = I(¢) = 0,

the kernel is extended by the generators X,, X3.
The result of the group classification is given in Table 1.

Remark. A detailed analysis of invariant solutions of the case k = [ = 0 is done in [30].

4.3. GROUP STRATIFICATION AND INVARIANT SOLUTIONS

The group admitted by Equation (31) is infinite. Classification of an infinite group is more difficult.
This obstacle can be overcome by studying group stratification of an infinite group [1]. Group stratifi-
cation allows splitting the initial system into automorphic and resolving systems. Any solution of the

automorphic system is obtained from one fixed solution by a transformation belonging to the group.
The infinite group with the operator X; has the prolonged operator

X = 2$(t)az + E/(t)(af - 2fzaf1 - Zazaa, - 2ﬂz8ﬁ/) + E//(t)Sf}a

where 8 = f,. The universal invariant of the first order of the operators, which are obtained as coefficients

of £, &', " is
J = (t7 IB’a’ azv ﬂZﬂ IBt +2fﬂ270‘1 +2fa2)

Hence, the automorphic system AG of rank 2 can be written in the form

a=a(,p), =90t p),B.=yt.B), B+2ff.=c(t.p), a+2fa:=eo@ p), (32
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Table 2. Group classification of system.

Functions Extension
1. k=q1t72, l=q2172 Ys
2. k = const, [ = const Y
k=1=0 Y,V

where «(t, B), @(t, B), y(t, B), ci(t, B) and (¢, B) are unknown functions. Compatibility conditions
for the last system and the initial system (31) are

p=yag, < =yy+a’+p (33)
o + (@ + B2 —k —Dag — ylags — 20—k +1=0,
Vi + @+ % —k — Dy — y*ygs — 20y = 0. (34)

Thus, the group stratification of system (31) with respect to the infinite group with the operator X
is the union of the automorphic system (32) with the functions (33) and the resolving system, which
consists of Equations (33).

The group of equivalence transformations of Equation (33) corresponds to the Lie algebra with the

Yy =0, Yy = —2t0; +2B03p + 200y + 3y 0, + 4k + 419,

The kernel of the admitted group is empty. The group classification with respect to the arbitrary elements
k = k(t) and [ = [(¢) is summarized in Table 2, where

Y, =9, Y2=2t8,—2,385—2a8a—3y8y.

System (32) and (33) are equivalent to the initial system (31) provided f., # 0. Let us consider the
degenerate case f,, = 0. In this case the function f(z, z) is f = zq(t) + qi(¢) , where the functions
q = q(t) and q| = q,(¢) are arbitrary. Substituting this representation into system (31) one obtains that
the function « depends only on ¢, and

(q—a) — (g —a) = =2k,
(G+a) —(q+a)P=-2l

These equations can be considered either as equations for the functions « = «(¢) and g = ¢g(¢) with
known functions k = k(¢) and / = I(t), or the functions ¢ = «(t) and g = ¢(¢) are given, and the
functions k = k(¢) and [ = [(¢) are defined by these equations.

Let us consider invariant solutions of the resolving system with f,, # 0 (or y # 0). Because the
case k = I = 0 has been studied in [30], then we only need to study two cases: a) k = const, [ =
const (k2 + 12 #0);b) k = qi172, | = g2t 2, (¢* + g7 # 0).

The case k = const, [ = const. Further study is also valid for k =1 = 0.

The admitted algebra of the resolving system consists of the generator Y| = 9;. An invariant solution
has the representation

o =a(p), y =v(B). (35)
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The functions «(B) and y(8) have to satisfy the equations

B*+a?—k—Da' —y*a” =20 —k+1=0,
B*+a? —k—Dy —y*y" —2ayd =0.

Since the case y = 0 corresponds to f,, = 0, then y # 0. In order to find a solution of the initial system
(31) one has to solve the automorphic system. One of equations of the automorphic systemis 8, = y(f).
By virtue of y # 0 and 8 = f, the function f = f(¢, z) has the representation f = H(z+q(¢))+s(t)
with some functions ¢ = ¢(¢) and s = s(¢). The solution of system (31), which corresponds to the
invariant solution (35) has the representation

o = a(z +q(1)), f=H(z+q)+ s(). (36)
Substituting this representation into system (31), one has
QH+q +25)H' —H" —(HY +k+1=0a*> QH+q +25)a’ —a”" —2aH —k+1=0.

From the first equation, by considering Z = z + ¢(¢) and 7 = ¢ as the new independent variables and
differentiating the first equation with respect to 7, one obtains H”(q” +2s") = 0. Because f.. = H" # 0,
then ¢’ + 25 = sy = const and the last system becomes

(H —a)' — 2H + s0)(H' — @) + (H' — a)* = 2k,

(H' 4+ a) — QH + so)(H' +a) + (H' +a)*> = 2I.

The case k = t~2q,, | = t~2q,. The admitted group of the resolving system consists of the generator
Y, =219, — 2B0g — 2000, — 3y 9,,. An invariant solution has the representation

a =t""A@B), y = 17327 @p). (37)

Similar as in the previous case one obtains the solution of system (31), which corresponds to the invariant
solution (37). This solution has the representation

a=t"AE),  f=tTTPHE) +s0), (38)

where £ = t71/2(z + q(t)) and ¢ = ¢q(¢) is an arbitrary function. Substituting this representation into
system (31), one has t~!/2(¢’ + 2s) = so = const and the functions A(£), H(£) satisfy the equations

(H' = A"+ (% —2H —So) (H' =AY +(H' = A + (H' — A) =24,

7 4 S
(H' + A+ <§

—2H — s0> (H' +A) +(H + A)? 4+ (H + A) =2¢g,.
5. Group Classification of System (5)

System (5) is split into two parts: the system of the equations

Lf,+k+1=—cy + o2, Lo =of, +k—1, Ly = f,y, Lc = f,c 39)
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Table 3. Group classification of system (5).

Functions Extension

k#1

L. k=qit™, 1=qt7 (q1 # q2) Xs

2. k = const, [ = const X6
k=1

3. X3, X4

4. k=l=ql_2 X3, X4, X5

5. k=1=const#0 X3, X4, X6

6. k=1=0 X3, X4, X5, X¢

is closed and can be studied independently; the equations

LA = Ao — by, Lb=XMc—ab 40)
are for determining the functions A(z, ¢) and b(z, t).

Calculations showed that the group of equivalence transformations of system (39) corresponds to the

Lie algebra with the generators

X¢=0,  X{=260.+&Wd;,  X,{=yd, —cd,
X¢ = =218, — 20, + f0; + 200y + 2y 0y + 2¢, + 4kd) + 410

The equations that determine the admitted Lie group are
c1(tk’ +2k) + c2k’ =0, ca(tl' +20) + cl' =0,c3(k —1) =0, cyk —1)=0,

where ¢y, ¢z, ¢3 and ¢4 are constants. The same analysis as in the previous section gives the kernel,
which consists of the generator

X =28(1)0. + &' (1)dy, X, = yd, — cd,.

An extension of the kernel occurs by specializing the functions k(¢) and /(). The result of group
classification of system (5) is presented in Table 3, where

X3 = Y04 + 200,, X4 = cy + 200, X5 =2t0; +20;— fof—20d, — 4y 0,, Xe = 0;.
5.1. GROUP STRATIFICATION AND INVARIANT SOLUTIONS

The group admitted by Equation (39) is infinite. The infinite group with the operator X has the prolonged
operator

X =2&(1)0, + é/(t)(af - 2fzaﬁ - Zazaat - 2:313/3, - zyzay, - 20280,) + E//(t)af,,
where B = f,. The universal invariant of first order is

J = (tv ﬂ’a’ oz, ﬂzs Vzs Czs /31 +2f1329at +2f0[z, Vi +2fyzvct +2f€z)
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Hence, the automorphic system AG of rank 2 can be written in the form

Oé=0£(l‘,,3), )/:y(tvﬂ)’ CZC(I7:3)7 O‘zzfpl(t’ﬁ), ,Bzz(/’Z(tuB),
Y. = ¢3(t, B), c; = @4(t, B), Bi + 2B = ¢s(1, p),
o + zfaz = (/Jﬁ(t’ :3)’ Ve + 2fyz = (/)7(t’ ,3)5 G + 2ch = (pS(tv ﬂ)’ (41)

where «(t, B), y(t, B), c(t, B), ¢i(t,B) (i =1,2,...,8) are unknown functions. The compatibility
conditions for the last system and the initial system (39) are

@1 = Palg, $3 = Q2B P4 = @2Cp,
05 =g+ BE+ad —cy —k—1,
@6 = o + g s, ©7 = Vi + Vs, w3 = ¢ + cpps, 42)

o+ @ +p2—cy —k—Dag — plags —2af —k +1=0,

@ + (@ + B* — cy —k — Dpap — ©30288 — 20920 + y2cp + cpryp = 0,

Vit (@ + B2 —cy —k —Dys — @3vp5 —27B =0,

e+ @+ p*—cy —k —Deg — p3cps — 2¢p = 0. (43)

Thus, the group stratification of system (39) with respect to the infinite group with the operator X
is the union of the automorphic system (41) with the functions (33) and the resolving system, which
consists of Equation (43).

The group of equivalence transformations of Equations (43) corresponds to the Lie algebra with
generators

Y? =0, Y] = —2t0; +2B0g + 2000, + 2y 9y + 20, + 3920, + 4k + 410y,

Y{ =yd, — co..
The kernel of the admitted group is one-dimensional and consists of the group, corresponding to the
generator

Y] = yBV —Cac.

The group classification with respect to the arbitrary elements k = k(¢) and [ = I(¢) is summarized in
Table 4, where

Yy = =219, +2B0p + 209y + 3¢20,, + 2y 0, + 2¢0,,
Y; = o, Yy = y0y + 200, Y5 = cdy + 200,.

5.2. CONCLUSION AND DISCUSSION

In this article we have systematically investigated a class of partially invariant solutions of the Navier—
Stokes equations, where the Monge—Ampere equation (10) is hyperbolic (Lf, + k + [ > 0). It was
shown that this class of solutions is a particular case of a solution either of system (5) or system (7).
Note that the representation (2) is very rich and includes some solutions that were studied earlier. The
presence of two arbitrary functions k(¢) and /(¢) gives additional possibilities for satisfying boundary
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Table 4. Group classification of system (43).

Functions Extension

k#1

L. k=qit™2, 1=t (q1 # q2) 2]

2. k = const, [ = const Y3
k=1

3. Y3, Yy

4. k=1=qt? Y1, Y3, Y,

5. k=1=const#0 Y2, Y3, Yy

6. k=1=0 Y1,Y2, Y3, Yy

conditions. The problem of describing all solutions of the given representation (2) where the Monge—
Ampere equation (10) is elliptic (Lf, + k + [ < 0) still remains open, although there are examples of
solutions of such type of the Navier—Stokes equations(constructed here and known before).

In this paper the group classifications of systems (7) and (5) was discussed. These systems have
infinite admitted groups. Infinite-dimensionality is an obstacle for classification of such groups. To
overcome this difficulties, group stratification of these groups was done. Group stratification allows
splitting the initial system into automorphic and resolving systems. Any solution of the automorphic
system is obtained from one fixed solution by a transformation belonging to the group. Therefore
the problem of constructing solutions is reduced to finding solutions of the resolving systems. Group
classification of resolving systems was done. The admitted groups are finite-dimensional. All invariant
solutions of system (7) were presented.

Note that we did not present here a comprehensive study of invariant solutions of the group admitted
by (7). This study is a subject for the construction of new solutions of the Navier—Stokes equations.
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