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ทักษ์กมนต์ วิจักษณ์ธนาวุฒิ : หลักการเชิงพลวัตควอนตัมของพลศาตร์เชิงบังคับใน

ฟิสิกส์ควอนตัมและทฤษฎีสนามควอนตัม (QUANTUM DYNAMICAL

PRINCIPLE OF CONSTRAINED DYNAMICS IN QUANTUM PHYSICS

AND QUANTUM FIELD THEORY) อาจารย์ที่ปรึกษา : ศาสตราจารย์

ดร. เอ็ดเวิร์ด มานูเกียน, 272 หน้า.

เริ่มจากโครงสร้างของลากรางเจียนในปัจจุบันสำหรับพลวัตของอนุภาคมูลฐานในฟิสิกส์

พลังงานสูง และแม้แต่การเพิ่มเติมลักษณะทั่วไปของลากรางเจียนการวิเคราะห์อนุกรมวิธานและ

การวิเคราะห์เอกภาพได้หาพลวัตบังคับในสูตรอนุพันธ์เชิงฟังก์ชันของทฤษฎีสนามควอนตัม ผ่าน

การประยุกต์ของหลักการเชิงพลวัตควอนตัม ดังที่ทุกทฤษฎีของอันตรกิริยาพื้นฐานในปัจจุบันนั้น

คือทฤษฎีเกจดังนั้นจึงจำเป็นต้องมีเงื่อนไขบังคับเกจในทฤษฎีหลังจากการหามาอย่างละเอียด ของ

แฟกเตอร์ที่เรียกว่าแฟกเตอร์ Faddeev-Popov โดยสูตรข้างต้นเราแสดงให้เห็นว่าทฤษฎีการไม่

แปรเปลี่ยนเกจ ไม่จำเป็นต้องแสดงในรูปของแฟกเตอร์ที่คุ้นเคยนี้ และการดัดแปรเพิ่มเติม มีการ

แสดงรายละเอียดในส่วนของเนื้อหา โดยปกติจะเป็นการแสดงว่า โดยทั่วไปเป็นจริงเมื่อพิจารณา

เทอมเกจแตกหัก วิธีการหาผลลัพธ์ของทฤษฎีบททั่วไปสำหรับพลวัตบังคับคือการพิสูจน์ และกฎ

ของการประยุกต์เป็นการพัฒนาในสูตรข้างต้นดังต่อไปนี้ ทฤษฎีสนามทั่วไปถูกพิจารณาเกี่ยวกับ

ความหนาแน่นอันตรกิริยาของลากรางเจียน LI(x;λ) เมื่อ λ คือ ค่าคงตัวคู่ควบสามัญ ดังนิพจน์

ต่อไปนี้ ∂LI(x;λ)/∂λ อาจแสดงในรูปของฟังก์ชันกำลังสองในสนามไม่อิสระ แต่บางทีโดย

ทั่วไปเป็นฟังก์ชันใดๆก็ตามของสนามอิสระ ความจำเป็นเหล่านี้รวมทั้งกรณีพิเศษก็คือ ทฤษฎีเกจ

ที่สามารถทำให้เป็นปกติได้ในปัจจุบัน เป็นการแสดงว่าในวิธีการเอกภาพนั้นคือแอมพลิจูดของ

การเปลี่ยนสถานะสุญญากาศถึงสุญญากาศ (การกำเนิดเชิงฟังก์ชัน) อาจแสดงได้แน่ชัดในรูป

อนุพันธ์เชิงฟังก์ชัน ซึ่งโดยทั่วไปนำไปสู่การแก้ไขกฎการคำนวณ โดยรวมถึงแฟกเตอร์ Faddeev-

Popov และการดัดแปรดังกล่าวได้มาอย่างชัดเจน มีแหล่งกำเนิดภายนอกในผลที่ได้และไม่ขึ้นกับ

ความสมมาตรใดๆ และข้อสรุปความไม่แปรเปลี่ยนอย่างที่เกิดบ่อยๆในทฤษฎีเกจไม่ปรากฎในวิธี

การอินทิเกรตตามวิถีประเด็นทางฟิสิกส์ของทฤษฎีบทและประเด็นทางฟิสิกส์ภายใต้การวิเคราะห์

แบบทั่วไปในทฤษฎีสนามควอนตัมในสูตรอนุพันธ์เชิงฟังก์ชันเป็นที่ชัดเจนเราได้ทำการวิเคราะห์

พลวัตบังคับในฟิสิกส์ควอนตัม และสองวิธีการที่ต่างกัน นำมาใช้อีกในสูตรอนุพันธ์เชิงฟังก์ชัน

[1] กำหนดฮามิลโทเนียน H(q,p) และเซตของฟังก์ชันตัวดำเนินการสับเปลี่ยนคู่Gj(q(τ),p(τ))

เมื่อ j = 1, . . . , k ฟังก์ชันการแปลงที่ได้คล้องจองกับฮามิลโทเนียนใดๆ H̃(q,p,Q,P) ด้วย



II

เงื่อนไขบังคับ Q(τ) − G(q(τ),p(τ)) = 0 ซึ่ง P = 0 และ H̃(q,p,G(q,p), 0) = H(q,p)

[2] กำหนดฮามิลโทเนียน H̃(q,p) เราพิจารณาระบบใหม ่โดยนิยามฟังก์ชันตัวดำเนินการบังคับ

Gj(q(τ),p(τ)) เมื่อ j = 1, . . . , k ทำให้ G(q(τ),p(τ)) = 0, Ĝ(q(τ),p(τ)) = 0 และฮามิลโท

เนียนใหม่กำหนดได้โดย H(q∗,p∗) = H̃(q,p)
∣∣
G=0,Ĝ=0

ด้วย (q,p)→ (q∗,p∗,G, Ĝ) ซึ่งเป็น

การแปลงแบบบัญญัติ
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Guided by the structures of present Lagrangians for elementary particles’ dy-

namics in High-Energy Physics and even their further generalizations, a systematic and

a unified analysis is carried out of constrained dynamics in the functional differential

formalism of quantum field theory via the application of the Quantum Dynamical Prin-

ciple. As all of the present theories of the fundamental interactions are gauge theories a

gauge constraint then necessarily arises in the theory. After a detailed derivation of the

so-called Faddeev-Popov factor by the above formalism, we show that a gauge invariant

theory does not necessarily imply the presence of this familiar factor and further modi-

fications, derived in the text, may arise. In particular this is shown to be also generally

true when gauge breaking terms are considered. Equipped with such results, a general

Theorem for constrained dynamics is proved and rules of applications are developed in

the above formalism as follows. General field theories are considered with interaction

Lagrangian densities LI(x;λ), with λ a generic coupling constant, such that the fol-

lowing expression ∂LI(x;λ)/∂λ may be expressed as quadratic functions in dependent

fields but may, in general, be arbitrary functions of independent fields. These necessar-

ily include, as special cases, present renormalizable gauge theories. It is shown, in a

unified manner, that the vacuum-to-vacuum transition amplitude (the generating func-
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tional) may be explicitly derived in functional differential form which, in general, leads

to modifications to computational rules by including such factors as Faddeev-Popov

ones and modifications thereof which are explicitly obtained. The derivation is given

in the presence of external sources and does not rely on any symmetry and invariance

arguments as is often done in gauge theories and no appeal is made to path integrals.

The physical relevance of such a Theorem and of the underlying general analysis in

quantum field theory in the functional differential formalism is clear. We have also

carried out analyses of constrained dynamics in quantum physics and two different ap-

proaches were taken again in the functional differential formalism: [1] Given a Hamil-

tonian H(q,p) and a set of pairwise commuting operator functions Gj(q(τ),p(τ)),

j = 1, . . . , k, transformation functions are derived corresponding to any Hamiltonian

H̃(q,p,Q,P) with constraints Q(τ) − G(q(τ),p(τ)) = 0, for which P = 0, and

H̃(q,p,G(q,p), 0) = H(q,p). [2] Given a Hamiltonian H̃(q,p), we consider a new

system by defining constraint operator functions Gj(q(τ),p(τ)), j = 1, . . . , k, and

canonical conjugate momenta defined for them Ĝj(q(τ),p(τ)), j = 1, . . . , k, such

that G(q(τ),p(τ)) = 0, Ĝ(q(τ),p(τ)) = 0 and the new Hamiltonian is given by

H(q∗,p∗) = H̃(q,p)
∣∣
G=0,Ĝ=0

with (q,p) → (q∗,p∗,G, Ĝ) defining a canonical

transformation.

School of Physics Student’s Signature
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CHAPTER I

INTRODUCTION

Quantum field theory, successfully uniting quantum physics and relativity, pro-

vides the non-phenomenological theoretical approach in describing the dynamics of

Elementary Particle Physics and is the basic tool for practical computations in High-

Energy Physics. The theories introduced so far in history to describe the fundamental

interactions in physics, include Quantum Electrodynamics (Dirac, 1927; Fermi, 1930;

Schwinger, 1948, 1949a, 1949b, 1951a; Feynman, 1949a, 1949b, 1950; Tomonaga,

1948; Dyson, 1949a, 1949b), the Unified Weak-Electromagnetic Theory (Salam, 1968,

1980; Salam and Strathdee, 1972; Weinberg, 1967, 1974, 1980; Glashow, 1959, 1961,

1980), Quantum Chromodynamics and unified theories involving strong interactions

(Bjorken, 1972; Pati and Salam, 1973; Georgi and Glashow, 1974; Buras et. al., 1978;

Gross, 1999; Ioffe, 2001; Gross, Wilczek, Politzer, 2004) even theories attempting

to include Einstein’s theory of gravitation and modifications thereof (Zumino, 1975;

Arnowitt et. al., 1975; Akulov et. al., 1975; Deser and Zumino, 1976; Wess and Zu-

mino, 1977; Brink et. al., 1978, Salam and Strathdee, 1978; Deser, 1986; ’t Hooft,

1986). The reason why it took years from the time of the development of quantum

electrodynamics to its extension to the weak and strong interactions was the necessity

of obtaining renormalizable theories (Salam, 1980; Weinberg, 1980; Glashow, 1980; ’t

Hooft and Veltman, 1999; see also Manoukian, 1983). At present there is no renormaliz-

able theory of gravitation and this fundamental interaction remains left out of the realm

of quantum physics as no theory is acceptable if it cannot be consistently renormalized

for proper physical interpretation and for actual computations. The reason for going

through the history of the fundamental interactions in physics is that all of these theo-

ries are not only gauge theories but are also constrained dynamical systems. [Theories

with constraints are difficult to handle even at the classical level and very little may be
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found on it even in most authoritative books (cf. Goldstein, Poole and Safko, 2002)

on Classical Dynamics.]. The breakthrough in constrained dynamics came through

the classic work of Dirac (1950, 1951, 1958, 1967) restricted to Hamiltonian systems

which, in particular, necessitated generalizing the expression of the well known Poisson

bracket which had been used for years before. This method was successfully applied

in a path-integral context (Feynman, 1948; Feynman and Hibbs, 1965) to gauge theo-

ries by Faddeev (1969), Faddeev and Popov (1967); with pertinent contributions due

to De Witt (1964), Senjanovik (1976), Gribov (1978), Fradkin and Vilkovisky (1977)

(see also Henneaux and Teitelboim, 1994; Garcia, Vergara and Urrutia, 1996; Galvão

and Boechat, 1990; Batalin and Fradkin, 1986, 1987; Batalin, Fradkin and Fradkina,

1990; Batalin and Tyutin, 1993, Bizdadea and Saliu, 1996; Shimuzu, 1997; Bartlett

and Rowe, 2003). Due to the non-uniqueness problem encountered in gauge field the-

ories (e.g., Gribov, 1978; Zwanziger, 1981) several approaches have been taken in the

literature to constrained dynamics. The first is the path integral approach just men-

tioned. The second is the canonical operator approach (cf. Utiyama and Sakamoto,

1977; Mohapatra, 1971a, 1971b, 1972; ’t Hooft and Veltman, 1973; Weinberg, 1980)

which turned out to be not too economical in details as it involves S-matrix techniques,

using Wick’s Theorem, field equations, commutation rules and several difficulties in-

volving with Schwinger terms in ill defined commutators. The third approach used for

the first time in the quantization problem of gauge theories (Manoukian, 1986, 1987a,

1987b); also the recent work of Manoukian and Siranan, 2005) is based on the Quan-

tum Dynamical principle or Quantum Action Principle, pioneered by Schwinger, 1951b,

1951c,1953a, 1953b, 1954; see also Lam, 1965; Manoukian, 1985). This approach gen-

erates the so-called Faddeev-Popov ghost factor (Manoukian, 1986, 1987a) of gauge

theories with no difficulty. The advantages of the quantum dynamical approach is that

it avoids making appeal to path integrals, avoids using commutation rules; it avoids,

in general, going through the complicated structure of the Hamiltonian in non-abelian

gauge theories, it avoids using S-matrix-Wick’s product techniques, it avoids guessing
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weight factors as generated from the Feynman rules of the canonical formalism and

avoids altogether solving for field equations. The quantum dynamical principle gives

the variation of the vacuum-to-vacuum transition amplitude with respect to charges or

couplings, masses, frequencies, external sources and with respect to any parameter that

the theory may depend on. Unlike the path integral approach which depends on contin-

ual integrals, as an infinite product over spacetime points, which are often ill defined,

the quantum dynamical principle involves only differentiations with respect to external

sources of a well defined quantity, and is obviously much easier to differentiate than to

integrate.

Constrained dynamics in the quantum field theory of gauge fields lead, in gen-

eral, to a modification of the so-called naïve Feynman rules. In a classic paper published

in Acta Physica Polonica in 1963, Feynman, dealing with quantum gravity (Feynman,

1963) as a gauge theory, had already emphasized that naïve Feynman rules cannot be ap-

plied in the theory of gravitation and modifications are necessary to ensure the positivity

of the underlying theory and consistent positive definite probabilities of fundamental

processes may be obtained. Otherwise unwanted Ghosts would appear in the theory

leading to unphysical singularities and unphysical repulsive negative probabilities.

The main purpose of the present thesis is to prove, develop and analyse within

the functional differential treatment of quantum field theory (Schwinger, 1951a, 1951b,

1953, 1954, 1972; Manoukian, 1985, 1986, 1987, 2006; Manoukian and Siranan, 2005;

Limboonsong and Manoukian, 2006), as based on the Quantum Dynamical Principle

(QDP), also popularly known as Schwinger’s Dynamical (Action) Principle, constrained

dynamical systems. Our thesis is also involved with constraints in quantum physics, in

general, as well as will be discussed below and is developed in Chapters III and IV.

The Quantum Dynamical Principle in its very general form is given by the very useful

formula spelled out below. Suppressing spinor and tensor indices and denoting a general

field by χ(x), coupled to an external source J(x) in the Lagrangian density, then for

an operator O(x), the functional derivative of the matrix element 〈0+ |O(x)|0−〉, with
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respect to the external source J(x′) is rigorously given by

(−i)
δ

δJ(x′)
〈0+ |O(x)|0−〉 = 〈0+ |(χ(x′)O(x))+|0−〉 − i

〈
0+

∣∣∣∣
δ

δJ(x′)
O(x)

∣∣∣∣0−
〉
,

(1.0.1)

where 〈0+ |0−〉 denotes the vacuum transition amplitude of the theory, (χ(x′)O(x))+

denotes time ordering with χ(x′) appearing first on the left-hand side for x′0 > x0

and vice versa, and most importantly, the functional derivative δO(x)/δJ(x′) in the last

term in Eq. (1.0.1) is taken with the independent fields and their canonical conjugate

momenta kept fixed. A complete rigorous proof of Eq. (1.0.1) is now available (see

Manoukian, Sukkhasena and Siranan, 2007).

If LI(x) is the interaction Lagrangian density of the theory, then, in the func-

tional differential treatment of the theory, the vacuum-to-vacuum transition amplitude

〈0+ |0−〉, in very special cases, in given by (see, e.g., Manoukian, 1986)

〈0+ |0−〉 = exp

[
i

ˆ
(dx) LI

′(x)

]
〈0+ |0−〉0 , (1.0.2)

where 〈0+ |0−〉0 is the vacuum-to-vacuum transition amplitude in the absence of the

interaction term LI(x). Also LI
′(x) is the interaction Lagrangian density with the

fields χ(x) replaced by the functional differential operator (−i)δ/δJ(x). In gauge the-

ories, and all present elementary particle dynamical theories in quantum field theory

are gauge field theories involving constraints. These constraints lead to modification of

the naïve rules obtained from Eq. (1.0.2) by involving an additional multiplicative func-

tional factor in Eq. (1.0.2) as functions of functional differential operators (−i)δ/δJ(x).

The determination of such factors is quite difficult and this thesis is a rigorous study to

determine explicitly such factors in theories with constraints.

In developing such rules, we were guided by the explicit structure of present

Lagrangian densities in elementary particle physics. We have even generalized such

structures and obtained some very general rules. It is instructive to write down some
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of the Lagrangians densities used in particle physics. For example quantum electrody-

namics is described by the Lagrangian density given below.

LQED = − 1

4
FµνF

µν +
1

2

[
∂µψ̄

i
γµψ − ψ̄γµ∂µψ

i

]
−m0ψ̄ψ + e0ψ̄γµψA

µ , (1.0.3)

in and obvious notation. Mathematically, QED has the structure of an abelian gauge

theory, with the symmetry group U(1) as gauge group. The gauge field which medi-

ates the interaction between the charged spin -1/2 fields is the electromagnetic field.

While the strong interaction describing the dynamics of quarks and gluons, referred to

as Quantum Chromo_Dynamics (QCD) is defined by

LQCD =
1

2

[
∂µψ̄i

i
∂µδij ψj − ψ̄iγµδij

∂µψj
i

]
−m0δijψ̄iψj −

1

4
Ga
µνG

µν
a , (1.0.4)

where Ga
µν are the gluon field strength tensor defined by

Ga
µν = ∂µA

a
ν − ∂νAaµ + g0f

abcAbµA
c
ν , (1.0.5)

fabc are the structure constants satisfying the relation:

fabc = i(ta)bc , (1.0.6)

and for the matrices ta we have

[ta, tb] = ifabctc . (1.0.7)

The matrices ta are the generators of the underlying algebra. QCD is a non-abelian

gauge theory as the generators ta do not commute. Quarks are massive spin -1/2

fermions which carry a color charge whose gauging is the content of QCD. Quarks

ae represented by Dirac fields in the fundamental representation 3 of the gauge group

SU(3). They also carry electric charge (either -1/3 or 2/3) and participate in weak inter-
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actions as part of weak isospin doublets. They carry global quantum numbers including

the baryon number, which is 1/3 for each quark, hypercharge and one of the flavor quan-

tum numbers. Gluons are spin -1 bosons which also carry color charges, since they lie

in the adjoint representation 8 of SU(3). They have no electric charge, do not participate

in the weak interactions, and have no flavor. They lie in the singlet representation 1 of

all these symmetry groups. The electro-weak theory is also a non-abelian gauge theory

with Lagrangian density having the a general structure similar to the one in Eq. (1.0.4)

but also involve the so-called Higgs boson which is a scalar field and causes no further

difficulties as a constrained dynamics is concerned. The gravitational interaction most

popularly given by Einstein’s Lagrangian density is also a non-abelian gauge theory and

requires very special tools and will be discussed in the concluding chapter of the thesis.

The outline of the thesis is as follows. In Chapter III, we develop the following

construction of transformation functions for constrained dynamics in quantum physics.

We are given a Hamiltonian H(q,p) as a function of independent pairs of canonical

conjugate variables {qi, pi, i = 1, . . . , n} ≡ {q,p}, that is, it is defined in a phase space

of dimensionality equal to 2n. We are also given a set of pairwise commuting operator

functions {Gj(q(t),p(t)), j = 1, . . . , k} of these variables. These allow us to describe

the dynamics of any Hamiltonian H̃(q,p,Q,P) in, a priori, (2n + 2k) dimensional

phase space in which constraints are imposed given by

Qj(t)−Gj(q(t),p(t)) = 0 , j = 1, . . . , k , (1.0.8)

with Q = (Q1, . . . , Qk), for which P = 0, such that

H̃(q,p,G(q,p),0) = H(q,p) . (1.0.9)

In Chapter 4, we consider constrained dynamics in quantum physics in the following

manner. Given a Hamiltonian H̃(q,p) as a function of independent variables q =

(q1, . . . , qn) and their canonical conjugate momenta p = (p1, . . . , pn), we consider a
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new system by defining constraint operator functions

G(q(t),p(t)) =
{
G1(q(t),p(t)), . . . , Gk(q(t),p(t))

}
, (1.0.10)

as of pairwise commuting operator functions Gj(q(t),p(t)), which together we intro-

duce canonical conjugate momenta for them

Ĝ(q(t),p(t)) =
{
Ĝ1(q(t),p(t)), . . . , Ĝk(q(t),p(t))

}
, (1.0.11)

such that

G(q(t),p(t)) = 0 ,

Ĝ(q(t),p(t)) = 0 ,

and

H(q∗,p∗) = H̃(q,p)
∣∣
G=0,Ĝ=0

, (1.0.12)

defines the new Hamiltonian of the system with constraints and with (q,p) →

(q∗,p∗,G, Ĝ) defining a canonical transformation H(q∗,p∗) describes dynamics in

a 2(n − k) dimensional phase space. As the analyses involve extensive applications of

functionals in quantum physics, we first, in Chapter II, apply such methods to a simpler

problem of determining the number of eigenvalues of a given potential. Chapters V, VI

and VII are entirely devoted to quantum field theory. In Chapter 5, functional calculus

is developed for dependent fields with applications to Maxwell’s Lagrangian with, a

priori, non-conserved external current ∂µJµ 6= 0, so that variations with respect to all

the components of Jµ may be carried out independently - a required mathematical fact.

Chapter VI deals systematically with the modification of the so-called Faddeev-Popov

factor with explicit examples given for gauge invariant theories as well as to theories
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which break gauge invariance. Chapter VII is of central importance in the entire thesis

as it establishes a Theorem for quadratic actions in dependent fields which are arbitrary

functions in the independent fields. Applications of this general Theorem is also given.

In quantum field theory, we consider units such that ~ = 1, c = 1 as is often taken.

The final chapter (Chapter VIII) deals with our conclusion and a summary of the main

results obtained in the thesis.



CHAPTER II

NUMBER OF EIGENVALUES

OF A GIVEN POTENTIAL:

EXPLICIT FUNCTIONAL EXPRESSIONS

2.1 Introduction

Over the years, upper bounds have been derived for the number of eigenval-

ues, falling within specific ranges, for given potentials. The first bound was due to

Bargmann (1952) who worked with spherically symmetric potentials and, in the pro-

cess, obtained a bound depending on the orbital angular momentum. This was then

extended by Schwinger (1961) for more general potentials, not mecessarily spherically

symmetric, and a similar result was obtained by Birman (1966). Related upper bounds

have been also derived by others, cf. Ghirardi and Rimini (1965). The most significant

application of the Schwinger bound for the number of eigenvalues of a given potential,

or more precisely of the negative of the sum of the negative eigenvalues, was carried

out in the problem of the stability of matter, (Lieb and Thirring, 1975; Manoukian and

Sirininlakul, 2005) and, in particular, in deriving a lower bound to the expectation value

of the kinetic energy operator. The purpose of this chapter is to derive an explicit func-

tional expression for the number of eigenvalues as well as for their sum. Our strategy

of attack is the following. We first obtain expressions for the quantities we are seek-

ing in terms of the spectral measure of the underlying Hamiltonian H in the problem.

We relate these expressions to corresponding integrals involving Green functions. We

then recast the derived results, by using in the process the quantum dynamical (action)

principle (Manoukian, 1985; Schwinger, 1951, 1953, 1960, 1962) in terms of trace

functionals of the transformation function 〈xT |x0〉 and we finally carry out a Fourier
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decomposition (Schwinger, 1951, 1953) of the latter.

2.2 Explicit Functional Expressions for N(ξ) and N [ξ]

For a given Hamiltonian H , its spectral decomposition may be written as

H =

ˆ ∞
−∞

λ dPH(λ) . (2.2.1)

The number of eigenvalues < ξ, counting degeneracy, may be simply written in the

form

N(ξ) =

ˆ
dνx

ˆ ∞
−∞

Θ(ξ − λ) d 〈x |PH(λ)|x〉 , (2.2.2)

where ν denotes the dimensionality of space, and Θ is the step function. ξ may be taken

to fall between eigenvalues. We may introduce an integral representation for Θ, and

from the residue theorem, to rewrite (ε→ +0)

Θ(ξ − λ) =
1

2πi

ˆ ∞
−∞

dT

T − iε
ei(ξ−λ)T/~ , (2.2.3)

N(ξ) =
1

2πi

ˆ
dνx

ˆ ∞
−∞

dT

T − iε
eiξT/~

ˆ ∞
−∞

e−iλT/~ d 〈x |PH(λ)|x〉 . (2.2.4)

On the other hand, the Green (transformation) function 〈xT |x′0〉 is given by

〈xT |x′0〉 =

ˆ ∞
−∞

e−iλT/~ d 〈x |PH(λ)|x′〉 , (2.2.5)

from the time evolution of the problem. Accordingly, (2.2.4) becomes

N(ξ) =
1

2πi

ˆ
dνx

ˆ ∞
−∞

dT

T − iε
eiξT/~

ˆ ∞
−∞

e−iλT/~ 〈x T |x 0〉 . (2.2.6)
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For the sum of eigenvalues N [ξ] having values < ξ, we have to multiply the

integrand in Eq. (2.2.2) by λ, to obtain

N [ξ] =

ˆ
dνx

ˆ ∞
−∞

λΘ(ξ − λ) d 〈x |PH(λ)|x〉 . (2.2.7)

From Eqs. (2.2.5), (2.2.6) and (2.2.7), we then have

N [ξ] =
1

2πi

ˆ
dνx

ˆ ∞
−∞

dT

T − iε
eiξT/~ i~

d

dT
〈x T |x 0〉 . (2.2.8)

Given a Hamiltonian H(x,p), we may couple x and p linearly to external c-

number sources F(τ), S(τ) and define the new Hamiltonian:

H̃(τ) = λH − x · F(τ) + p · S(τ) . (2.2.9)

We may now use the quantum dynamical (action) principle (Schwinger, 1951,

1953, 1960, 1962; Manoukian, 1985), expression

δ 〈x T |x 0〉 = − i

~

ˆ T

0

dτ
〈
x T

∣∣∣δH̃
∣∣∣x 0

〉
. (2.2.10)

Hence for the functional derivative of 〈x T |x 0〉 with respect to F(τ) we obtain

(−i~)
δ

δF(τ)
〈x T |x 0〉 = (−i~)

(
− i

~

) ˆ T

0

dτ

〈
x T

∣∣∣∣∣
δH̃

δF(τ)

∣∣∣∣∣x 0

〉

= −〈x T |−x|x 0〉

= 〈x T |x|x 0〉 . (2.2.11)

On the other hand, for the functional derivative of 〈x T |x 0〉 with respect to

S(τ), we obtain
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(i~)
δ

δS(τ)
〈x T |x 0〉 = (i~)

(
− i

~

) ˆ T

0

dτ

〈
x T

∣∣∣∣∣
δH̃

δS(τ)

∣∣∣∣∣x 0

〉

= 〈x T |p|x 0〉 . (2.2.12)

The action principle gives

∂

∂λ
〈x T |x 0〉 = − i

~

ˆ T

0

dτ 〈x T |H(x,p)|x 0〉λ

= − i

~

ˆ T

0

dτ H ′(τ) 〈x T |x 0〉 , (2.2.13)

where

H ′(τ) = H

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)
. (2.2.14)

That is,

∂

∂λ
〈x T |x 0〉 = − i

~

ˆ T

0

dτH

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)
〈x T |x 0〉 , (2.2.15)

or

ˆ
δ 〈x T |x 0〉 = − i

~

ˆ
δλ

ˆ T

0

dτ H

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)
〈x T |x 0〉 , (2.2.16)

which upon integration gives

〈x T |x 0〉 = exp

[
− i

~

ˆ T

0

dτ H

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)]
〈x T |x 0〉0 , (2.2.17)

where

〈x T |x 0〉 = 〈x T |x 0〉λ=1 , (2.2.18)
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and

〈x T |x 0〉0 = 〈x T |x 0〉
∣∣
λ=0

. (2.2.19)

Consider the simple Hamiltonian

Ĥ = −x · F(τ) + p · S(τ) . (2.2.20)

The Heisenberg equations are

ẋ(τ) = S(τ) , (2.2.21)

ṗ(τ) = F(τ) . (2.2.22)

These equations may be integrated to

ˆ t

τ

dx(τ) =

ˆ t

τ

dτ S(τ) , (2.2.23)

x(t)− x(τ) =

ˆ t

t′
dτ ′ Θ(τ ′ − τ) S(τ ′) , (2.2.24)

x(τ) = x(t)−
ˆ t

t′
dτ ′ Θ(τ ′ − τ) S(τ ′) , (2.2.25)

and

ˆ τ

t′
dp(τ) =

ˆ τ

t′
dτ F(τ) , (2.2.26)

p(τ)− p(t′) =

ˆ t

t′
dτ ′ Θ(τ − τ ′) F(τ ′) , (2.2.27)

p(τ) = p(t′) +

ˆ t

t′
dτ ′ Θ(τ − τ ′) F(τ ′) . (2.2.28)
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Upon taking the matrix element of the above solutions between 〈x T | and |x 0〉

for λ = 0, we obtain

〈x T |x(τ)|x 0〉0 =

[
x(T )−

ˆ T

0

dτ ′ Θ(τ ′ − τ) S(τ ′)

]
〈x T |x 0〉0 , (2.2.29)

〈x T |p(τ)|x 0〉0 =

[
p(0) +

ˆ T

0

dτ ′ Θ(τ − τ ′) F(τ ′)

]
〈x T |x 0〉0 , (2.2.30)

where x and p within the square brackets on the right-hand sides of the above two

equations are c-numbers, and we have used the relations

0 〈x T |x(T ) = x 0 〈x T | , (2.2.31)

p(0) |p 0〉0 = p |p 0〉0 , (2.2.32)

for λ = 0 at coincident times. Eqs. (2.2.29) and (2.2.30) may be rewritten as

−i~
δ

δF(τ)
〈x T |p 0〉0 =

[
x−
ˆ T

0

dτ ′ Θ(τ ′ − τ) S(τ ′)

]
〈x T |p 0〉0 , (2.2.33)

i~
δ

δS(τ)
〈x T |p 0〉0 =

[
p +

ˆ T

0

dτ ′ Θ(τ − τ ′) F(τ ′)

]
〈x T |p 0〉0 . (2.2.34)

These equations may be integrated to yield

−i~
δ

δF(τ)
〈x T |p 0〉0 =

[
x−
ˆ T

0

dτ ′ Θ(τ ′ − τ) S(τ ′)

]
〈x T |p 0〉0 , (2.2.35)

ˆ
δ 〈x T |p 0〉0 =

i

~

ˆ
δF(τ)

[
x−
ˆ T

0

dτ ′ Θ(τ ′ − τ) S(τ ′)

]
〈x T |p 0〉0 ,

(2.2.36)
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〈x T |p 0〉0 = A exp

[
i

~
x ·
ˆ T

0

F(τ) dτ

]

× exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ F(τ) ·Θ(τ ′ − τ) S(τ)

]
,

(2.2.37)

and

i~
δ

δS(τ)
〈x T |p 0〉0 =

[
p +

ˆ T

0

dτ ′ Θ(τ − τ ′) F(τ ′)

]
〈x T |p 0〉0 , (2.2.38)

ˆ
δ 〈x T |p 0〉0 =− i

~

ˆ
δS(τ)

[
p +

ˆ T

0

dτ ′ Θ(τ − τ ′) F(τ ′)

]
〈x T |p 0〉0 ,

(2.2.39)

〈x T |p 0〉0 = B exp

[
− i

~
p ·
ˆ T

0

S(τ) dτ

]

× exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]
.

(2.2.40)

To find A and B in Eqs. (2.2.37) and (2.2.40), respectively, we use the identity

Eq.(2.2.34) = Eq.(2.2.37) . (2.2.41)

That is,

A exp

[
i

~
x ·
ˆ T

0

F(τ) dτ

]
exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ F(τ) ·Θ(τ ′ − τ) S(τ ′)

]

= B exp

[
− i

~
p ·
ˆ T

0

S(τ) dτ

]
exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]
.

(2.2.42)
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The above equality gives the expressions

A = exp

[
− i

~
p ·
ˆ T

0

S(τ) dτ

]
, B = exp

[
i

~
x ·
ˆ T

0

F(τ) dτ

]
. (2.2.43)

For the boundary condition F = 0, S = 0, Ĥ → 0 and we have

H̃ = H . (2.2.44)

For T = 0, that is, for t = t′, we obtain

〈x t |p t〉 =
〈
x
∣∣U(t)U †(t)

∣∣p
〉

= 〈x |p〉

= exp

(
i

~
x · p

)
. (2.2.45)

Hence

〈x T |p 0〉0 = exp

[
i

~
x ·
ˆ T

0

dτ F(τ)

]
exp

[
− i

~
p ·
ˆ T

0

dτ S(τ)

]
exp

(
i

~
x · p

)

× exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]
. (2.2.46)

To obtain the expression for 〈x T |x 0〉0, we multiply Eq. (2.2.46) by

〈p 0 |x 0〉 = exp(−i x ·p/~) and integrate over p, with measure dνp/(2π~)ν , to obtain
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〈x T |x 0〉0 =

ˆ
dνp

(2π~)ν
〈x T |p 0〉0 〈p 0 |x 0〉

=

ˆ
dνp

(2π~)ν
exp

[
i

~
x ·
ˆ T

0

dτ F(τ)

]
exp

[
− i

~
p ·
ˆ T

0

dτ S(τ)

]

× exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]

× exp

(
i

~
x · p

)
exp

(
− i

~
x · p

)

=

ˆ
dνp

(2π~)ν
exp

[
i

~
x ·
ˆ T

0

dτ F(τ)

]
exp

[
i

(
x− x−

ˆ T

0

dτS(τ)

)
p

~

]

× exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]

= δν
(
x− x−

ˆ T

0

dτ S(τ)

)
exp

[
i

~
x ·
ˆ T

0

dτ F(τ)

]

× exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]
. (2.2.47)

That is,

〈x T |x 0〉0 = δν
(ˆ T

0

dτ S(τ)

)
exp

[
i

~
x ·
ˆ T

0

dτ F(τ)

]

× exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]
. (2.2.48)

Substituting Eqs. (2.2.17) and (2.2.48) into Eqs. (2.2.6) and (2.2.8) gives
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N(ξ) =
1

2πi

ˆ
dνx

ˆ ∞
−∞

dT

T − iε
eiξT/~ 〈x T |x 0〉

=
1

2πi

ˆ
dνx

ˆ ∞
−∞

dT

T − iε
eiξT/~

× exp

[
− i

~

ˆ T

0

dτ H

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)]
〈x T |x 0〉0

=
1

2πi

ˆ
dνx

ˆ ∞
−∞

dT

T − iε
eiξT/~ exp

[
− i

~

ˆ T

0

dτ H

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)]

×δν
(ˆ T

0

dτ S(τ)

)
exp

[
i

~
x ·
ˆ T

0

dτ F(τ)

]

× exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]

=
1

2πi

ˆ ∞
−∞

dT

T − iε
eiξT/~ exp

[
− i

~

ˆ T

0

dτ H

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)]

×δν
(ˆ T

0

dτ S(τ)

)ˆ
dνx exp

[
i

~
x ·
ˆ T

0

dτ F(τ)

]

× exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]

=
1

2πi

ˆ ∞
−∞

dT

T − iε
eiξT/~ exp

[
− i

~

ˆ T

0

dτ H

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)]

×δν
(ˆ T

0

dτ S(τ)

)ˆ
dν

x

~
(~) exp

[
i

~

(x

~

)
·
ˆ T

0

dτ F(τ)

]

× exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]
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=
1

2πi

ˆ ∞
−∞

dT

T − iε
eiξT/~ exp

[
− i

~

ˆ T

0

dτ H

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)]

×δν
(ˆ T

0

dτ S(τ)

)
(2π~)ν δν

(ˆ T

0

dτ F(τ)

)

× exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]
,

N(ξ) =
1

2πi

ˆ ∞
−∞

dT

T − iε
eiξT/~ exp

[
− i

~

ˆ T

0

dτ H

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)]

×(2π~)ν δν
(ˆ T

0

dτ S(τ)

)
δν
(ˆ T

0

dτ F(τ)

)

× exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]
. (2.2.49)

Similarly, we have

N [ξ] =
1

2πi

ˆ
dνx

ˆ ∞
−∞

dT

T − iε
eiξT/~ i~

d

dT
〈x T |x 0〉

=
1

2πi

ˆ
dνx

ˆ ∞
−∞

dT

T − iε
eiξT/~ i~

d

dT

× exp

[
− i

~

ˆ T

0

dτ H

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)]
〈x T |x 0〉0

=
1

2πi

ˆ
dνx

ˆ ∞
−∞

dT

T − iε
eiξT/~ i~

d

dT

× exp

[
− i

~

ˆ T

0

dτ H

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)]

×δν
(ˆ T

0

dτ S(τ)

)
exp

[
i

~
x ·
ˆ T

0

dτ F(τ)

]

× exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]
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=
1

2πi

ˆ ∞
−∞

dT

T − iε
eiξT/~ i~

d

dT
exp

[
− i

~

ˆ T

0

dτ H

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)]

×δν
(ˆ T

0

dτ S(τ)

)
exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]

×
ˆ

dνx exp

[
i

~
x ·
ˆ T

0

dτ F(τ)

]

=
1

2πi

ˆ ∞
−∞

dT

T − iε
eiξT/~ i~

d

dT
exp

[
− i

~

ˆ T

0

dτ H

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)]

×δν
(ˆ T

0

dτ S(τ)

)
exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]

×(2π~)ν δν
(ˆ T

0

dτ F(τ)

)
,

N [ξ] =
1

2πi

ˆ ∞
−∞

dT

T − iε
eiξT/~ i~

d

dT
exp

[
− i

~

ˆ T

0

dτ H

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)]

×(2π~)ν δν
(ˆ T

0

dτ S(τ)

)
δν
(ˆ T

0

dτ F(τ)

)

× exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]
. (2.2.50)

Therefore we have obtained the following expression for N(ξ), N [ξ]:

N(ξ) =
1

2πi

ˆ ∞
−∞

dT

T − iε
eiξT/~ K(T ) , (2.2.51)

N [ξ] =
1

2πi

ˆ ∞
−∞

dT

T − iε
eiξT/~ i~

d

dT
K(T ) , (2.2.52)
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where

K(T ) = exp

[
− i

~

ˆ T

0

dτ H

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)]

×(2π~)ν δν
(ˆ T

0

dτ S(τ)

)
δν
(ˆ T

0

dτ F(τ)

)

× exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

] ∣∣∣∣∣ , (2.2.53)

and the bar | corresponds to taking the limits S, F→ 0, after the functional differentia-

tions are carried out.

2.3 Functional Fourier Analysis of N(ξ) and N [ξ]

Since in Eqs. (2.2.6) and (2.2.8), we are considering the trace operation, we may

carry out Fourier decompositions as follows:

F(τ) =
1

T

∞∑

n=−∞
Fn e−i2πnτ/T , (2.3.1)

S(τ) =
1

T

∞∑

n=−∞
Sn ei2πnτ/T , (2.3.2)

δ

δF(τ)
=

∞∑

n=−∞
ei2πnτ/T ∂

∂Fn

, (2.3.3)

δ

δS(τ)
=

∞∑

n=−∞
e−i2πnτ/T ∂

∂Sn
, (2.3.4)

where ∂F i
n/∂F

j
m = δij δnm and so on. These spectral decompositions of the auxiliary

c-fields correspond to protections on subspaces, labeled by n, with which eigenvectors

of the Hamiltonian in question will be associated.
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To simplify K(T ), consider the term δν
(´ T

0
dτ S(τ)

)
in Eq. (2.2.53)

For n = 0;

1

T

ˆ T

0

dτ S0 = S0 . (2.3.5)

For n 6= 0;

1

T

∑

n6=0

ˆ T

0

dτ ei2πnτ/T Sn =
1

T

∑

n6=0

T ei2πnτ/T

i2πn

∣∣∣∣∣

T

0

Sn

=
1

T

∑

n6=0

T

i2πn
(ei2πn − 1) Sn

=
1

T

∑

n6=0

T

i2πn
(1− 1) Sn

= 0 . (2.3.6)

For all n, we may combine Eqs. (2.3.5) and (2.3.6), to obtain simply

δν
(ˆ T

0

dτ S(τ)

)
= δν(S0) . (2.3.7)

Similarly, we may write

δν
(ˆ T

0

dτ F(τ)

)
= δν(F0) . (2.3.8)

For the last term of the right-hand side of Eq. (2.2.53) we have the following

equations:

exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]

= exp

[
− i

~
1

T 2

∑

n,m

Sn · Fm

ˆ T

0

dτ

ˆ T

0

dτ ′ ei2πnτ/TΘ(τ − τ ′) e−i2πmτ ′/T

]
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= exp

[
− i

~
1

T 2

∑

n,m

Sn · Fm

ˆ T

0

dτ

(ˆ τ

0

dτ ′ e−i2πmτ ′/T

)
ei2πnτ/T

]
. (2.3.9)

For n,m = 0;

exp

[
− i

~
1

T 2
S0 · F0

ˆ T

0

dτ

ˆ τ

0

dτ ′
]

= exp

[
− i

~
1

T 2
S0 · F0

ˆ T

0

τ dτ

]

= exp

[
− i

~
1

T 2
S0 · F0

τ 2

2

∣∣∣
T

τ=0

]

= exp

[
− i

~
1

T 2
S0 · F0

T 2

2

]

= exp

[
− i

2~
S0 · F0

]
. (2.3.10)

Therefore,

δν(F0)δ
ν(S0) exp

[
− i

2~
S0 · F0

]
= δν(F0)δ

ν(S0) . (2.3.11)

For n,m 6= 0, we obtain

exp

[
− i

~
1

T 2
Sn · Fm

ˆ T

0

dτ

(ˆ τ

0

dτ ′ e−i2πmτ ′/T

)
ei2πnτ/T

]

= exp

[
− i

~
1

T 2
Sn · Fm

ˆ T

0

dτ

(
T

−i2πm
e−i2πmτ ′/T

∣∣∣
τ

τ ′=0

)
ei2πnτ/T

]

= exp

[
− i

~
1

T 2
Sn · Fm

ˆ T

0

dτ

(
T

−i2πm

)(
e−i2πmτ/T − 1

)
ei2πnτ/T

]

= exp

[
− i

~
1

T 2
Sn · Fm

ˆ T

0

dτ

(
T

−i2πm

)(
ei2π(n−m)τ/T − ei2πnτ/T

)]

= exp

[
− i

~
1

T 2
δnm Sn · Fm

ˆ T

0

dτ

(
T

−i2πm

)(
1− ei2πnτ/T

)
+ 0

]

= exp

[
− i

~
1

T 2
δnm Sn · Fm

(
T

−i2πm

)(ˆ T

0

dτ −
ˆ T

0

dτ ei2πnτ/T

)]
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= exp

{
− i

~
1

T 2
δnm Sn · Fm

(
T

−i2πm

)[
τ
∣∣∣
T

τ=0
−
(

T

i2πn

)
ei2πnτ/T

∣∣∣
T

τ=0

]}

= exp

{
− i

~
1

T 2
δnm Sn · Fm

(
T

−i2πm

)[
T −

(
T

i2πn

)(
ei2πn − 1

)]}

= exp

{
− i

~
1

T 2
δnm Sn · Fm

(
T

−i2πm

)[
T −

(
T

i2πn

)
(1− 1)

]}

= exp

[
− i

~
1

T 2
δnm Sn · Fm

(
T 2

−i2πm

)]

= exp

[
1

~
Sn · Fn

2πn

]
. (2.3.12)

All told, we derive

δν(F0)δ
ν(S0) exp

[
− i

~

ˆ T

0

dτ

ˆ T

0

dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)
]

= δν(F0)δ
ν(S0) exp

[
1

~
∑

n 6=0

Sn · Fn

2πn

]
. (2.3.13)

Substituting Eqs. (2.3.7), (2.3.8) and (2.3.12) into Eq. (2.2.53) for the expression

of K(T ) the corresponding simplifies to

K(T ) = exp

[
− i

~

ˆ T

0

dτ H

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)]

× (2π~)ν δν(S0) δ
ν(F0) exp

(
1

~
∑

n6=0

Sn · Fn

2πn

)∣∣∣∣∣ . (2.3.14)

In evaluating the latter, we may use Eqs. (2.3.3) and (2.3.4) in H with the latter corre-

sponding to the Hamiltonian of the system as appearing in Eq. (2.2.9) without external

sources. The expressions in Eqs. (2.2.51) and (2.2.52) together with Eq. (2.3.14) are

the main results of this chapter. The expression for K(T ) in Eq. (2.3.14) is directly

related to the spectral resolution of the time evolution operator expressed in terms of
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c-functional methods involving no quantum operators.

2.4 Illustration of the Rules

To verify the consistency of the formulation, consider the harmonic oscillator

problem with ν = 1, H = p2/2m + mω2x2/2. Then from Eqs. (2.3.3) and (2.3.4), we

have

ˆ T

0

dτ H

(
−i~

δ

δF (τ)
, i~

δ

δS(τ)

)

=

ˆ T

0

dτ

[
1

2m

(
i~

δ

δS(τ)

)2

+
mω2

2

(
−i~

δ

δF (τ)

)2
]

=

ˆ T

0

dτ

[
−~2

2m

(
δ

δS(τ)

)2

− mω2~2

2

(
δ

δF (τ)

)2
]

=

ˆ T

0

dτ

[
−~2

2m

∞∑

n=−∞
e−i2πnτ/T ∂

∂Sn
ei2πnτ/T ∂

∂S−n

−mω
2~2

2

∞∑

n=−∞
ei2πnτ/T ∂

∂Fn
e−i2πnτ/T ∂

∂F−n

]

=

ˆ T

0

dτ

[
−~2

2m

∞∑

n=−∞

∂

∂Sn

∂

∂S−n
− mω2~2

2

∞∑

n=−∞

∂

∂Fn

∂

∂F−n

]

=

ˆ T

0

dτ

[
−~2

∞∑

n=−∞

(
1

2m

∂

∂Sn

∂

∂S−n
+
mω2

2

∂

∂Fn

∂

∂F−n

)]

= −~2τ
∣∣∣
T

τ=0

∞∑

n=−∞

[
1

2m

∂

∂Sn

∂

∂S−n
+
mω2

2

∂

∂Fn

∂

∂F−n

]

= −~2T
∞∑

n=−∞

[
1

2m

∂

∂Sn

∂

∂S−n
+
mω2

2

∂

∂Fn

∂

∂F−n

]
. (2.4.1)
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Substituting Eq. (2.4.1) into Eqs. (2.3.14), we then obtain

K(T ) = exp

[
i~T

∞∑

n=−∞

(
1

2m

∂

∂Sn

∂

∂S−n
+
mω2

2

∂

∂Fn

∂

∂F−n

)]

×(2π~)ν δν(S0) δ
ν(F0) exp

(
1

~
∑

n6=0

Sn Fn
2πn

)∣∣∣∣∣ , (2.4.2)

where | means setting the external sources equal to zero after the functional differentia-

tions are carried out.

The steps for carrying out the differentiations in Eq. (2.3.14) with respect to Fn

are as follows:

For n = 0:

exp

{
i~T

[
1

2m

(
∂

∂S0

)2

+
mω2

2

(
∂

∂F0

)2
]}

(2π~) δ(S0) δ(F0)

∣∣∣∣∣

=(2π~) exp

[
i~T
2m

(
∂

∂S0

)2
]
δ(S0) exp

[
i~Tmω2

2

(
∂

∂F0

)2
]
δ(F0)

∣∣∣∣∣

=(2π~) exp

(
i~T
2m

∂2

∂S2
0

)[ˆ ∞
−∞

dλ1

(2π)
eiλ1S0

]

× exp

(
i~Tmω2

2

∂2

∂F 2
0

)[ˆ ∞
−∞

dλ2

(2π)
eiλ2F0

] ∣∣∣∣∣

=(2π~)

ˆ ∞
−∞

dλ1

(2π)
eiλ1S0 e

i~T
2m

(−λ2
1)

ˆ ∞
−∞

dλ2

(2π)
eiλ2F0 e

i~Tmω2

2
(−λ2

2)

∣∣∣∣∣
S0→0,F0→0

=(2π~)
1

(2π)

1

(2π)

ˆ ∞
−∞

dλ1 exp

(
− i~Tλ2

1

2m

) ˆ ∞
−∞

dλ2 exp

(
− i~mω2Tλ2

2

2

)
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=
~
2π

[
√

2π

√
m

i~T

ˆ ∞
−∞

dλ1√
2π
√

m
i~T

exp

(
− i~Tλ2

1

2m

)]

×


√2π

√
1

i~mω2T

ˆ ∞
−∞

dλ2
√

2π
√

1
i~mω2T

exp

(
− i~mω2Tλ2

2

2

)
 . (2.4.3)

Using the integral

ˆ ∞
−∞

dx
1√

2π σ
e−x

2/2σ2

= 1 , (2.4.4)

where σ in the two square brackets of the above equation are
√
m/i~T and

√
1/i~mω2T , respectively, then for n = 0 becomes

exp

{
i~T

[
1

2m

(
∂

∂S0

)2

+
mω2

2

(
∂

∂F0

)2
]}

(2π~) δ(S0) δ(F0)

∣∣∣∣∣

=
~
2π

(2π)

√
m

i~T

√
1

i~mω2T

=
1

iωT
. (2.4.5)

On the other hand, for n 6= 0, consider the n = 1 and -1 terms in Eq. (2.4.2):

exp

(
i~T
2m

∂

∂S1

∂

∂S−1

+
i~Tmω2

2

∂

∂F1

∂

∂F−1

)
exp

[
1

~
S1 F1

2π(1)

]

× exp

(
i~T
2m

∂

∂S−1

∂

∂S1

+
i~Tmω2

2

∂

∂F−1

∂

∂F1

)
exp

[
1

~
S−1F−1

2π(−1)

]

= exp

(
i~T
m

∂

∂S1

∂

∂S−1

+ i~Tmω2 ∂

∂F1

∂

∂F−1

)

× exp

[
1

~
S1 F1

2π(1)

]
exp

[
1

~
S−1F−1

2π(−1)

]
. (2.4.6)
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Or

exp

(
i~T
2m

∂

∂S1

∂

∂S−1

+
i~Tmω2

2

∂

∂F1

∂

∂F−1

)
exp

[
1

~
S1 F1

2π(1)

]

× exp

(
i~T
2m

∂

∂S−1

∂

∂S1

+
i~Tmω2

2

∂

∂F−1

∂

∂F1

)
exp

[
1

~
S−1F−1

2π(−1)

]

= exp

(
i~T
m

∂

∂S1

∂

∂S−1

)
exp

(
i~Tmω2 ∂

∂F−1

∂

∂F1

)

× exp

[
1

~
S1 F1

2π(1)

]
exp

[
1

~
S−1F−1

2π(−1)

]
. (2.4.7)

Finally we use the translation operation property

[
exp

(
a

d

dx

)]
f(x) = f(x+ a) , (2.4.8)

to determine K(T ).

Using Eq. (2.4.8), the second and the third terms in the right-hand side of

Eq. (2.4.7), become

exp

(
i~T
m

∂

∂S1

∂

∂S−1

)
exp

[
S1

~2π(1)

(
F1 + i~Tmω2 ∂

∂F−1

)]
exp

[
1

~
S−1F−1

2π(−1)

]

= exp

(
i~T
m

∂

∂S1

∂

∂S−1

)
exp

[
S1 F1

~2π(1)

]
exp

[
iTmω2

2π(1)
S1

∂

∂F−1

]
exp

[
S−1F−1

~2π(−1)

]

= exp

(
i~T
m

∂

∂S1

∂

∂S−1

)
exp

[
S1 F1

~2π(1)

]
exp

[
S−1

~2π(−1)

(
F−1 +

iTmω2

2π(1)
S1

)]

= exp

(
i~T
m

∂

∂S1

∂

∂S−1

)
exp

[
S1 F1

~2π(1)

]
exp

[
S−1F−1

~2π(−1)

]

︸ ︷︷ ︸
exp

[
iTmω2

~2π(−1)2π(1)
S−1S1

]

= 1

= exp

(
i~T
m

∂

∂S1

∂

∂S−1

)
exp

[
iTmω2

~2π(−1)2π(1)
S−1S1

]
. (2.4.9)
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Hence we may obviously write by a similar reasoning as above:

(iωT )K(T ) =
∞∏

n=1

exp

(
i~T
m

∂

∂Sn

∂

∂S−n

)
exp

(
− iTmω2

~(2πn)2
Sn S−n

) ∣∣∣∣∣ . (2.4.10)

To carry out the differentiations with respect to Sn, we may use the convenient

representation

e−iβSn S−n =

ˆ ∞
−∞

dλ2

ˆ ∞
−∞

dλ1

2π
eiλ1λ2 e−iλ2S−n e−iβλ1Sn , (2.4.11)

with

βn =
Tmω2

~(2πn)2
. (2.4.12)

That is, Eq. (2.4.10) becomes

(iωT )K(T ) =
∞∏

n=1

exp

(
i~T
m

∂

∂Sn

∂

∂S−n

)
exp

(
− iTmω2

~(2πn)2
Sn S−n

) ∣∣∣∣∣

=
∞∏

n=1

exp

(
i~T
m

∂

∂Sn

∂

∂S−n

) ˆ ∞
−∞

dλ2

ˆ ∞
−∞

dλ1

2π
eiλ1λ2 e−iλ2S−n e−iβnλ1Sn

=
∞∏

n=1

ˆ ∞
−∞

dλ2

ˆ ∞
−∞

dλ1

2π
exp(iλ1λ2)

× exp

(
i~T
m

∂

∂Sn

∂

∂S−n

)
exp (−iλ2S−n) exp (−iβnλ1Sn)

=
∞∏

n=1

ˆ ∞
−∞

dλ2

ˆ ∞
−∞

dλ1

2π
exp(iλ1λ2)

× exp

[
−iλ2

(
S−n +

i~T
m

∂

∂Sn

)]
exp (−iβnλ1Sn)
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=
∞∏

n=1

ˆ ∞
−∞

dλ2

ˆ ∞
−∞

dλ1

2π
exp(iλ1λ2) exp (−iλ2S−n)︸ ︷︷ ︸

= 1

× exp

(
λ2

~T
m

∂

∂Sn

)
exp (−iβnλ1Sn)

=
∞∏

n=1

ˆ ∞
−∞

dλ2

ˆ ∞
−∞

dλ1

2π
exp(iλ1λ2) exp

[
−iβnλ1

(
Sn + λ2

~T
m

)]

=
∞∏

n=1

ˆ ∞
−∞

dλ2

ˆ ∞
−∞

dλ1

2π
exp(iλ1λ2)

× exp (−iβnλ1Sn)︸ ︷︷ ︸ exp

(
−iβnλ1λ2

~T
m

)

= 1

=
∞∏

n=1

ˆ ∞
−∞

dλ2

ˆ ∞
−∞

dλ1

2π
exp(iλ1λ2) exp

(
−iβnλ1λ2

~T
m

)

=
∞∏

n=1

ˆ ∞
−∞

dλ2

ˆ ∞
−∞

dλ1

2π
exp

[
iλ1

(
λ2 − βnλ2

~T
m

)]

=
∞∏

n=1

ˆ ∞
−∞

dλ2 δ

(
λ2

[
1− βn

~T
m

])
. (2.4.13)

The latter integrates out simply to give

(iωT )K(T ) =
∞∏

n=1

1[
1− βn

~T
m

] . (2.4.14)

We now substitute βn = Tmω2/~(2πn)2 in the right-hand side of Eq. (2.4.14),

to get
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1[
1− βn

~T
m

] =
1[

1− Tmω2

~(2πn)2

~T
m

]

=
1[

1−
(
Tω

2πn

)2
] . (2.4.15)

Accordingly Eq. (2.4.10), becomes

(iωT )K(T ) =
∞∏

n=1

[
1−

(
Tω

2πn

)2
]−1

. (2.4.16)

The latter is the infinite product representation of (Tω/2)/ sin(Tω/2), i.e.,

∞∏

n=1

[
1−

(
Tω

2πn

)2
]−1

=
iTω e−iTω/2

1− e−iTω

= iTω
∞∑

n=0

exp

[
−i
T

~
~ω
(
n+

1

2

)]
. (2.4.17)

The above equation then gives the following final expression for:

K(T ) =
1

iωT
(iTω)

∞∑

n=0

exp

[
−i
T

~
~ω
(
n+

1

2

)]

=
∞∑

n=0

exp

[
− iT

~
~ω
(
n+

1

2

)]
. (2.4.18)

All told, Eq. (2.2.51) leads to

N(ξ) =
1

2πi

ˆ ∞
−∞

dT

T − iε
eiξT/~ K(T )

=
1

2πi

ˆ ∞
−∞

dT

T − iε
eiξT/~

∞∑

n=0

exp

[
− iT

~
~ω
(
n+

1

2

)]
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=
∞∑

n=0

1

2πi

ˆ ∞
−∞

dT

T − iε
exp

{
i

[
ξ − ~ω

(
n+

1

2

)]
T

~

}

N(ξ) =
∞∑

n=0

Θ

(
ξ − ~ω(n+

1

2
)

)
, (2.4.19)

and Eq. (2.2.52) leads to

N [ξ] =
1

2πi

ˆ ∞
−∞

dT

T − iε
eiξT/~ i~

d

dT
K(T )

=
1

2πi

ˆ ∞
−∞

dT

T − iε
eiξT/~ i~

d

dT

∞∑

n=0

exp

[
− iT

~
~ω
(
n+

1

2

)]

=
∞∑

n=0

ˆ ∞
−∞

dT

T − iε
eiξT/~ i~

d

dT
exp

[
− iT

~
~ω
(
n+

1

2

)]

=
∞∑

n=0

ˆ ∞
−∞

dT

T − iε
eiξT/~ i~

[
− i

~
~ω
(
n+

1

2

)]
exp

[
− iT

~
~ω
(
n+

1

2

)]

=
∞∑

n=0

~ω
(
n+

1

2

) ˆ ∞
−∞

dT

T − iε
exp

(
iξ
T

~

)
exp

[
− iT

~
~ω
(
n+

1

2

)]

=
∞∑

n=0

~ω
(
n+

1

2

) ˆ ∞
−∞

dT

T − iε
exp

{
i

[
ξ − ~ω

(
n+

1

2

)]
T

~

}
,

N [ξ] =
∞∑

n=0

~ω
(
n+

1

2

)
Θ

(
ξ − ~ω(n+

1

2
)

)
. (2.4.20)

as expected, where we have used the integral respresentation of the step function after

carrying out the differentiation with respect to T in Eq. (2.2.52) to obtain Eq. (2.4.20).



CHAPTER III

CONSTRAINTS, DEPENDENT FIELDS

AND THE QUANTUM DYNAMICAL PRINCIPLE:

ENLARGEMENT OF PHASE SPACE

3.1 Introduction

The development of constrained dynamics in quantum physics in this chapter

was inspired by the situation occurring in quantum electrodynamics in the Coulomb

gauge. In this gauge, the vector potential components Ai, i = 1, 2, 3, are related by

∂iAi = 0, (3.1.1)

from which we may, for example, solve for A3 as follows

A3 = −∂−1
3 (∂aAa), (3.1.2)

with a = 1, 2, and treat A1, A2 as independent variables, while A3 as a dependent one.

The canonical conjugate momenta π1, π2 of A1, A2 are given by (see Eqs. (5.3.22) and

(5.3.23))

πa = ∂−1
3 (∂aF 03 − ∂3F 0a) , a = 1, 2 (3.1.3)

where

F µν = ∂µAν − ∂νAµ, (3.1.4)
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µ, ν = 0, 1, 2, 3. By definition, the canonical conjugate momentum π3 of A3 is zero

with the latter being a dependent variable. Accordingly, we can extend Eq. (3.1.3) form

a = 1, 2 trivially to i = 1, 2, 3 by rewriting Eq. (3.1.3) as

πi = ∂−1
3 (∂iF 03 − ∂3F 0i) , i = 1, 2, 3, (3.1.5)

since for i = 3, we simply obtain 0 = 0 as is easily checked from Eq. (3.1.5), giving

π3 = ∂−1
3 (∂3F 03 − ∂3F 03) = 0 (3.1.6)

In the Hamiltonian formalism this suggests to develop a formalism such that

a Hamiltonian H(q,p), as a function of independent variables q = (q1, . . . , qn) and

their canonical conjugate momenta p = (p1, . . . , pn), is obtained from Hamiltonians

{H̃(q,Q,p,P)} with constraints Q = G(q,p) and P = 0.

The purpose of this chapter is therefore to show within the functional differential

treatment of quantum systems (e.g., Schwinger, 1951, 1953, 1954,1972; Manoukian,

1985, 1986,1987, 2006; Manoukian and Siranan, 2005; Limboonsong and Manoukian,

2006), also known as the quantum dynamical principle (QDP), given independent

pairs of canonical conjugate variables {qi(t), pi(t), i = 1, . . . , n} ≡ {q(t),p(t)}

and a Hamiltonian H(q,p), and a given set of pairwise commuting operator functions

{Gj(q(t),p(t)), j = 1, . . . , k} of these variables defined, transformation functions

may be then explicitly given for constrained dynamical systems describing the dynam-

ics of a system with a Hamiltonian defined, a priori, in a larger phase space of dimen-

sionality > 2n, for which constrained are imposed. This is spelled out below. These

transformation functions are expressed as functional differential operations, involving

functional differentiations with respect to external sources, applied to a given functional

of these sources written in closed form. The very elegant QDP has been indisputably

recognized as a powerful tool over the years. There has been a renewed interest re-

cently in Schwinger’s action principle (see, e.g., Das and Scherer, 2005; Kawai, 2005;
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Schweber, 2005; Iliev, 2003; Faddeev and Popov, 1967; Fradkin and Tyutin, 1970) em-

phasizing generally, however, operator aspects, as deriving, for example, commutation

relations, rather than dealing with computational ones related directly to transformation

functions as done here. We note that in the functional differential formalism external

sources are, a priori, necessarily introduced to generate transformation functions and

matrix elements of various operators. It will be understood throughout the bulk of this

communication, that all these sources will eventually be set equal to zero after all the

relevant functional differentiations with respect to them have been carried out. The con-

nection of this work to the so-called Faddeev-Popov technique in path integrals will be

pointed out.

Our procedure, as well as the main results of this chapter may be summarized as

follows.

Suppose we are given a Hamiltonian H(q,p) as a function of independent pairs

of canonical conjugate variables {qi, pi, i = 1, . . . , n} ≡ {q,p}, that is, it is defined

in a phase space of dimensionality equal to 2n. We are also given a set of pairwise

commuting operator functions {Gj(q(t),p(t)), j = 1, . . . , k} of these variables. These

allow us to describe the dynamics of any Hamiltonian H̃(q,p,Q,P) in, a priori, (2n+

2k) dimensional phase space in which constraints are imposed given by

Qj(t)−Gj(q(t),p(t)) = 0, j = 1, . . . , k, (3.1.7)

with Q = (Q1, . . . , Qk), for which P = 0, such that

H̃(q,p,G(q,p), 0) = H(q,p). (3.1.8)

The transformation functions 〈q,Q, t |q′,Q′, t′〉 of the constrained dynamics is

given by

〈qQt |q′Q′t′〉 = exp
(
− i

~

ˆ t

t′
dτH̃ ′(τ)

)
〈qQt |q′Q′t′〉∧0

∣∣∣, (3.1.9)
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where

〈qQt |q′Q′t′〉∧0 = δ(k)

(
−i~

δ

δf(·) −G′(·)
)
δ(k)

(
i~

(2π~)

δ

δs(·)

)
〈q t |q′t′〉0 A,

(3.1.10)

A = δk
(
Q−Q′ −

ˆ t

t′
dτ s(τ)

)
exp

(
i

~
Q ·
ˆ t

t′
dτ f(τ)

)

× exp

(
− i

~

ˆ t

t′
dτ

ˆ τ

t′
dτ ′ s(τ) · f(τ)

)
, (3.1.11)

〈q t |q′ t′〉0 = δn
(
q− q′ −

ˆ t

t′
dτ S(τ)

)
exp

(
i

~
q ·
ˆ t

t′
dτ F(τ)

)

× exp

(
− i

~

ˆ t

t′
dτ

ˆ τ

t′
dτ ′ S(τ) · F(τ ′)

)
, (3.1.12)

and the vertical bar | in Eq. (3.1.9) refers to the fact that all the external sources are

to be set to zero after all the relevant functional differentiations have been carried out.

δ(k)(−i~δ/δf(·) −G′(·)) and δ(k)(i~δ/(2π~)δs(·)) in Eq. (3.1.10), as arising from the

conditions in Eqs. (3.2.44) and (3.2.45), refer, each, to the product of k-dimensional

deltas with τ running over all points in the interval [t′, t], i.e.,

δ(k)(D(·)) =
∏

t′≤τ≤t
δk(D(τ)). (3.1.13)

The numericals Q, Q′ are defined as follows:

Q = Qc(τ)
∣∣∣
τ→t

,

Q′ = Qc(τ)
∣∣∣
τ→t′

,
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where Qc(τ) is the classical function

Qc(τ) =
〈qt |G(q(τ),p(τ))|q′t′〉

〈qt |q′t′〉

∣∣∣∣,

and in detail

Qc(τ) =
1

〈qt |q′t′〉 G
′(τ) exp

(
− i

~

ˆ t

t′
dτ ′ H ′(τ ′)

)
〈qt |q′t′〉0

∣∣∣∣,

where

H ′(τ ′) = H

(
−i~

δ

δF(τ ′)
, i~

δ

δS(τ ′)

)
, (3.1.14)

obtained from H(q,p) by replacing q, p, respectively, by −i~δ/δF(τ ′), i~δ/δS(τ ′),

while

H̃ ′(τ ′) = H̃

(
−i~

δ

δF(τ ′)
, i~

δ

δS(τ ′)
,−i~

δ

δf(τ ′)
, i~

δ

δs(τ ′)

)
,

as similarly obtained from a Hamiltonian H̃(q,p,Q,P). We note that because of the

equality in Eq. (3.1.8), we may replace H̃ ′(τ) in Eq. (3.1.9) by H ′(τ) as a consequence

of the constraints imposed by the delta functionals:

δ(k)

(
−i~

δ

δf(·) −G′(·)
)
δ(k)

(
i~

(2π~)

δ

δs(·)

)
, (3.1.15)

in Eq. (3.1.10).

The procedure for describing the dynamics of a Hamiltonian H̃(q,p,Q,P) with

constraints may be summarized through the following:
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H(q,p)︸ ︷︷ ︸ −→ H̃(q,p,Q,P)︸ ︷︷ ︸ −→ H̃(q,p,Q,P)
∣∣∣
constraints

, (3.1.16)

Phase Space of Phase Space of

dim(2n) dim(2n+ 2k)

with the transformations functions of the constrained dynamics with Hamiltonian

H̃(q,p,Q,P) given in Eq. (3.1.9).

3.2 Functional Differentiations, Dependent Field and

Transformation Functions

Consider a Hamiltonian H(q,p) as a function of independent pairs of canonical

conjugate variables {qi, pi, i = 1, . . . , n} ≡ {q,p}. We introduce external sources

{Fi(τ), Si(τ), i = 1, . . . , n} ≡ {F(τ),S(τ)} and define the extended Hamiltonian

H(τ), in the presence of these sources, by

H(τ) = H(q,p)− q · F(τ) + p · S(τ), (3.2.1)

with F(τ), S(τ) vanishing outside an interval [t′, t] with t′ < t. Of physical interest

are the transformation functions 〈q t |q′t′〉, in particular, in the limit of vanishing ex-

ternal sources. To obtain these transformation functions, we first multiply H(q,p) in

Eq. (3.2.1) by a parameter λ which we eventually set equal to one and define

H(τ, λ) = λH(q,p)− q · F(τ) + p · S(τ). (3.2.2)

The explicit functional derivative expression for the transformation functions is well

known (see, e.g., Manoukian, 2006, sect. 11.2) and is given by
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∂

∂λ
〈q t |q′ t′〉 = − i

~

ˆ t

t′
dτ 〈q t |H(q,p)|q′ t′〉 , (3.2.3)

∂

∂λ
〈q t |q′ t′〉 = − i

~

ˆ t

t′
dτ H ′(τ) 〈q t |q′ t′〉 , (3.2.4)

δ 〈q t |q′ t′〉 = − i

~
dλ

ˆ t

t′
dτ H ′(τ) 〈q t |q′ t′〉 , (3.2.5)

which integrates out to

〈q t |q′ t′〉 = exp

[
− i

~

ˆ t

t′
dτ H ′(τ)

]
〈q t |q′ t′〉0

∣∣∣∣∣, (3.2.6)

where H ′(τ) is the functional differential operator

H ′(τ) = H

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)
, (3.2.7)

obtained from H(q,p) in Eq. (3.2.1), by replacing q, p, respectively, by −i~δ/δF(τ),

i~δ/δS(τ) as elaborated upon earlier. For the simple Hamiltonian

Ĥ = −q · F(τ) + p · S(τ), (3.2.8)

the Heisenberg equations are

q̇(τ) = S(τ), (3.2.9)

ṗ(τ) = F(τ). (3.2.10)

These equations may be integrated to

ˆ t

τ

dq(τ ′) =

ˆ t

τ

dτ ′ S(τ ′), (3.2.11)
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q(t)− q(τ) =

ˆ t

t′
dτ ′ Θ(τ ′ − τ) S(τ ′), (3.2.12)

q(τ) = q(t)−
ˆ t

t′
dτ ′ Θ(τ ′ − τ) S(τ ′), (3.2.13)

and

ˆ τ

t′
dp(τ) =

ˆ τ

t′
dτ F(τ), (3.2.14)

p(τ)− p(t′) =

ˆ t

t′
dτ ′ Θ(τ − τ ′) F(τ ′), (3.2.15)

p(τ) = p(t′) +

ˆ t

t′
dτ ′ Θ(τ − τ ′) F(τ ′), (3.2.16)

and taking the matrix element between 〈q t| and |pt′〉 for λ = 0, we obtain

〈q t |q(τ)|pt′〉0 =

[
q(t)−

ˆ t

t′
dτ ′ Θ(τ ′ − τ) S(τ ′)

]
〈q t |p′ t′〉0 , (3.2.17)

〈q t |p(τ)|pt′〉0 =

[
p(t′) +

ˆ t

t′
dτ ′ Θ(τ − τ ′) F(τ ′)

]
〈q t |p′ t′〉0 , (3.2.18)

where q and p within the square brackets on the right-hand sides of the above two

equations are c-numbers, and we have used the relations

0〈q t|q(t) = q 0〈q t| , (3.2.19)

p(t′) |p t′〉0 = p |p t′〉0 , (3.2.20)

for λ = 0 at coincident times. Eqs. (3.2.17) and (3.2.18) may be rewritten as

−i~
δ

δF(τ)
〈q t |p t′〉0 =

[
q−
ˆ t

t′
dτ ′ Θ(τ ′ − τ) S(τ ′)

]
〈q t |p t′〉0 , (3.2.21)
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i~
δ

δS(τ)
〈q t |p t′〉0 =

[
p +

ˆ t

t′
dτ ′ Θ(τ − τ ′) F(τ ′)

]
〈q t |p t′〉0 . (3.2.22)

These equations may be integrated to yield

−i~
δ

δF(τ)
〈q t |p t′〉0 =

[
q−
ˆ t

t′
dτ ′ Θ(τ ′ − τ) S(τ ′)

]
〈q t |p t′〉0 , (3.2.23)

ˆ
δ 〈q t |p t′〉0
〈q t |p t′〉0

=
i

~

ˆ
δF(τ)

[
q−
ˆ t

t′
dτ ′ Θ(τ ′ − τ) S(τ ′)

]
, (3.2.24)

ln 〈q t |p t′〉0 =
i

~
q ·
ˆ t

t′
F(τ) dτ

− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ F(τ) ·Θ(τ ′ − τ) S(τ ′), (3.2.25)

〈q t |p t′〉0 = A exp

[
i

~
q ·
ˆ t

t′
F(τ) dτ

]

× exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ F(τ) ·Θ(τ ′ − τ) S(τ ′)

]
,

(3.2.26)

where A is a normalization factor, and

i~
δ

δS(τ)
〈q t |p t′〉0 =

[
p +

ˆ t

t′
dτ ′ Θ(τ − τ ′) F(τ ′)

]
〈q t |p t′〉0 , (3.2.27)

ˆ
δ 〈q t |p t′〉0
〈q t |p t′〉0

=− i

~

ˆ
δS(τ)

[
p +

ˆ t

t′
dτ ′ Θ(τ − τ ′) F(τ ′)

]
, (3.2.28)

ln 〈q t |p t′〉0 = − i

~
p ·
ˆ t

t′
S(τ) dτ

− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′), (3.2.29)
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〈q t |p t′〉0 = B exp

[
− i

~
p ·
ˆ t

t′
S(τ) dτ

]

× exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]
, (3.2.30)

to find A and B in Eqs. (3.2.26) and (3.2.30), respectively, we have

Eq.(3.2.26) = Eq.(3.2.30). (3.2.31)

Or

A exp

[
i

~
q ·
ˆ t

t′
F(τ) dτ

]
exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ F(τ) ·Θ(τ ′ − τ) S(τ ′)

]

= B exp

[
− i

~
p ·
ˆ t

t′
S(τ) dτ

]
exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]
,

(3.2.32)

we have,

A = exp

[
− i

~
p ·
ˆ t

t′
S(τ) dτ

]
, B = exp

[
i

~
q ·
ˆ t

t′
F(τ) dτ

]
. (3.2.33)

In the absence of external sources: F = 0, S = 0, Ĥ → 0, and

H(τ)
∣∣∣ = H(q,p) , (3.2.34)

in an obvious notation. When t = t′

〈q t |p t〉 =
〈
q
∣∣U(t)U †(t)

∣∣p
〉

= 〈q |p〉

= exp

(
i

~
q · p

)
. (3.2.35)
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This gives

〈q t |p t′〉0 = exp

[
i

~
q ·
ˆ t

t′
dτ F(τ)

]
exp

[
− i

~
p ·
ˆ t

t′
dτ S(τ)

]
exp

(
i

~
q · p

)

× exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]
. (3.2.36)

To obtain the expression for 〈q t |q′ t′〉0, we multiply Eq. (3.2.36) by 〈p t′ |q′ t′〉 =

exp(−i q′ · p/~) and integrate over p, with measure dnp/(2π~)n, to obtain

〈q t |q′ t′〉0 =

ˆ
dnp

(2π~)n
〈q t |p t′〉0 〈p t′ |q′ t′〉 ,

=

ˆ
dnp

(2π~)n
exp

[
i

~
q ·
ˆ t

t′
dτ F(τ)

]
exp

[
− i

~
p ·
ˆ t

t′
dτ S(τ)

]

× exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]

× exp

(
i

~
q · p

)
exp

(
− i

~
q′ · p

)
,

=

ˆ
dnp

(2π~)n
exp

[
i

~
q ·
ˆ t

t′
dτ F(τ)

]

× exp

[
i

(
q− q′ −

ˆ t

t′
dτ S(τ)

)
· p

~

]

× exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]
,

= δn
(
q− q′ −

ˆ t

t′
dτ S(τ)

)
exp

[
i

~
q ·
ˆ t

t′
dτ F(τ)

]

× exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

]
,
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〈q t |q′ t′〉0 = δn
(
q− q′ −

ˆ t

t′
dτ S(τ)

)
exp

(
i

~
q ·
ˆ t

t′
dτ F(τ)

)

× exp

(
− i

~

ˆ t

t′
dτ

ˆ τ

t′
dτ ′ S(τ) · F(τ ′)

)
, (3.2.37)

defining a functional of F(τ), S(τ). Here we recall that the vertical bar | in Eq. (3.2.6)

means to set these external sources equal to zero after the functional differentiations

with respect to them, as defined in the exponential expression in Eq. (3.2.6) are carried

out.

Given a set of operator functions {Gj(q(τ),p(τ)), j = 1, . . . , k}, as mentioned

in the introductory section, with time development given by the Hamiltonian H(q,p),

we may introduce the following c-functions

Qc
j(τ) =

〈q t |Gj (q(τ),p(τ))|q′ t′〉
∣∣

〈q t |q′ t′〉
∣∣ , (3.2.38)

for τ in the interval [t′, t]. We may promote the Qc
j(τ) to quantum variables Qj(τ) by

noting:

(A) The canonical conjugate momenta Pj(τ) of dependent fields Qj(τ) must vanish, by

definition.

(B) We may introduce external sources f(τ), s(τ) to generate functionals of the latter

fields as done for the qj(τ), pj(τ) fields and, in the process, make use of Eq. (3.2.37).

(C) H(q,p) in Eq. (3.2.1) is a function of independent pairs of the canonical conjugate

variables in {qi, pi, i = 1, . . . , n}, and hence no explicit functional differentiation oper-

ations with respect to the sources f(τ), s(τ) appear inH ′(τ). We define the Hamiltonian

H̃(τ, λ), in the presence of these sources, by

H̃(τ, λ) = λH(q,p)− q · F(τ) + p · S(τ). (3.2.39)



45

To the above end, we note that Eq. (3.2.38) may be rewritten as

Qc
j(τ) 〈q t |q′ t′〉

∣∣ = 〈q t |Gj (q(τ),p(τ))|q′ t′〉| , (3.2.40)

Qc
j(τ) 〈q t |q′ t′〉

∣∣− 〈q t |Gj (q(τ),p(τ))|q′ t′〉| = 0, (3.2.41)

[
Qc
j(τ)−G′j(τ)

]
〈q t |q′ t′〉

∣∣ = 0, (3.2.42)

with

G′j(τ) = Gj

(
−i~

δ

δF(τ)
, i~

δ

δS(τ)

)
, (3.2.43)

by an immediate application of the QDP. By promoting the Qc
j(τ) to quantum variables,

with 〈q t |q′ t′〉 generalized to 〈qQt |q′Q′t′〉, we must have from (A), (B), (C), above,

and Eq. (3.2.42)

[
−i~

δ

δfj(τ)
−G′j(τ)

]
〈qQt |q′Q′t′〉

∣∣∣∣

= 〈qQt |Qj(τ)|q′Q′t′〉
∣∣∣∣− 〈qQt |Gj(q(τ),p(τ))|q′Q′t′〉

∣∣∣∣

= 〈qQt |Qj(τ)−Gj(q(τ),p(τ))|q′Q′t′〉
∣∣∣∣

= 0, (3.2.44)

and

i~
δ

δsj(τ)
〈qQt |q′Q′t′〉

∣∣∣∣ = 〈qQt |Pj(τ)|q′Q′t′〉
∣∣∣∣

= 0, (3.2.45)

for all t′ ≤ τ ≤ t. Since a relation xg(x) = 0, implies that g(x) involves the factor

δ(x). We note from Eqs. (3.2.44), (3.2.45) and (3.2.37), and finally from Eq. (3.2.6), by
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following a procedure as in deriving Eqs. (3.2.3) and (3.2.4), that

∂

∂λ
〈qQt |q′Q′t′〉 = − i

~

ˆ t

t′
dτ 〈qQt |H(q(τ),p(τ))|q′Q′t′〉

= − i

~

ˆ t

t′
dτ H ′(τ) 〈qQt |q′Q′t′〉 , (3.2.46)

δ 〈qQt |q′Q′t′〉 = − i

~
dλ

ˆ t

t′
dτ H ′(τ) 〈qQt |q′Q′t′〉 , (3.2.47)

where H ′(τ) is defined in Eq. (3.2.7). Eq. (3.2.47) integrates out to

〈qQt |q′Q′t′〉
∣∣∣∣ = exp

[
− i

~

ˆ t

t′
dτ H ′(τ)

]
〈qQt |q′Q′t′〉∧0

∣∣∣∣, (3.2.48)

where 〈qQt |q′Q′t′〉∧0 is determined below in Eq. (3.2.86). From Eq. (3.2.37)

〈q t |q′ t′〉0 = δn
(
q− q′ −

ˆ t

t′
dτ S(τ)

)
exp

(
i

~
q ·
ˆ t

t′
dτ F(τ)

)

× exp

(
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

)
.

The conditions in Eqs. (3.2.44) and (3.2.45), as mentioned earlier, that in a relation

x g(x) = 0, as applied to

[
−i~

δ

δfi(τ)
−G′j(τ)

]
〈qQt |q′Q′t′〉

∣∣∣∣ = 0, (3.2.49)

with the formal substitutions

[
−i~

δ

δfi(τ)
−G′j(τ)

]
−→ x, (3.2.50)

〈qQt |q′Q′t′〉
∣∣∣∣ −→ g(x), (3.2.51)

imply that 〈qQt |q′Q′t′〉 must involve delta functionals as given below in Eq. (3.2.55).
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On the other hand from Eq. (3.2.45),

i~
δ

δsj(τ)
〈qQt |q′Q′t′〉

∣∣∣∣ = 0, (3.2.52)

we may make the formal substitutions

i~
δ

δsj(τ)
−→ x, (3.2.53)

〈qQt |q′Q′t′〉
∣∣∣∣ −→ g(x), (3.2.54)

implying finally that 〈qQt |q′Q′t′〉 must involve the product of delta functionals

δ(k)

(
−i~

δ

δf(·) −G′(·)
)
δ(k)

(
i~

(2π~)

δ

δs(·)

)
. (3.2.55)

For the simple Hamiltonian

H̃ = −Q · f(τ) + P · s(τ), (3.2.56)

the Heisenberg equations are

Q̇(τ) = s(τ), (3.2.57)

Ṗ(τ) = f(τ). (3.2.58)

These equations may be integrated to

ˆ t

τ

dQ(τ) =

ˆ t

τ

dτ s(τ), (3.2.59)

Q(t)−Q(τ) =

ˆ t

t′
dτ ′ Θ(τ ′ − τ) s(τ ′), (3.2.60)
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Q(τ) = Q(t)−
ˆ t

t′
dτ ′ Θ(τ ′ − τ) s(τ ′), (3.2.61)

and

ˆ τ

t′
dP(τ) =

ˆ τ

t′
dτ f(τ), (3.2.62)

P(τ)−P(t′) =

ˆ t

t′
dτ ′ Θ(τ − τ ′) f(τ ′), (3.2.63)

P(τ) = P(t′) +

ˆ t

t′
dτ ′ Θ(τ − τ ′) f(τ ′), (3.2.64)

and taking the matrix element between 〈Q t| and |P′ t′〉 for λ = 0, we obtain

〈Q t |Q(τ)|P′ t′〉0 =

[
Q(t)−

ˆ t

t′
dτ ′ Θ(τ ′ − τ) s(τ ′)

]
〈Q t |Q′ t′〉0 , (3.2.65)

〈Q t |P(τ)|P′ t′〉0 =

[
P(t′) +

ˆ t

t′
dτ ′ Θ(τ − τ ′) f(τ ′)

]
〈Q t |Q′ t′〉0 . (3.2.66)

We have used the relations

0〈Q t|Q(t) = Q 0〈Q t| , (3.2.67)

P(t′) |P t′〉0 = P |P t′〉0 , (3.2.68)

for λ = 0 at coincident times. Eqs. (3.2.65) and (3.2.66) may be rewritten as

−i~
δ

δf(τ)
〈Q t |P t′〉0 =

[
Q−

ˆ t

t′
dτ ′ Θ(τ ′ − τ) s(τ ′)

]
〈Q t |P t′〉0 , (3.2.69)

i~
δ

δs(τ)
〈Q t |P t′〉0 =

[
P +

ˆ t

t′
dτ ′ Θ(τ − τ ′) f(τ ′)

]
〈Q t |P t′〉0 . (3.2.70)
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These equations may be integrated as before to yield

−i~
δ

δf(τ)
〈Q t |P t′〉0 =

[
Q−

ˆ t

t′
dτ ′ Θ(τ ′ − τ) s(τ ′)

]
〈Q t |P t′〉0 , (3.2.71)

ˆ
δ 〈Q t |P t′〉0
〈Q t |P t′〉0

=
i

~

ˆ
δf(τ)

[
Q−

ˆ t

t′
dτ ′ Θ(τ ′ − τ) s(τ ′)

]
, (3.2.72)

ln 〈Q t |P t′〉0 =
i

~
Q ·
ˆ t

t′
f(τ) dτ

− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ f(τ) ·Θ(τ ′ − τ) s(τ ′), (3.2.73)

〈Q t |P t′〉0 = C exp

[
i

~
Q ·
ˆ t

t′
f(τ) dτ

]

× exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ f(τ) ·Θ(τ ′ − τ) s(τ ′)

]
, (3.2.74)

and

i~
δ

δs(τ)
〈Q t |P t′〉0 =

[
P +

ˆ t

t′
dτ ′ Θ(τ − τ ′) f(τ ′)

]
〈Q t |P t′〉0 , (3.2.75)

ˆ
δ 〈Q t |P t′〉0
〈Q t |P t′〉0

=− i

~

ˆ
δs(τ)

[
P +

ˆ t

t′
dτ ′ Θ(τ − τ ′) f(τ ′)

]
, (3.2.76)

ln 〈Q t |P t′〉0 = − i

~
P ·
ˆ t

t′
s(τ) dτ

− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ s(τ) ·Θ(τ − τ ′) f(τ ′), (3.2.77)

〈Q t |P t′〉0 = D exp

[
− i

~
P ·
ˆ t

t′
s(τ) dτ

]

× exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ s(τ) ·Θ(τ − τ ′) f(τ ′)

]
, (3.2.78)
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to find C and D in Eqs. (3.2.74) and (3.2.78), respectively, we have

Eq.(3.2.74) = Eq.(3.2.78). (3.2.79)

Or

C exp

[
i

~
Q ·
ˆ t

t′
f(τ) dτ

]
exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ f(τ) ·Θ(τ ′ − τ) s(τ ′)

]

= D exp

[
− i

~
P ·
ˆ t

t′
s(τ) dτ

]
exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ s(τ) ·Θ(τ − τ ′) f(τ ′)

]
,

(3.2.80)

we have,

C = exp

[
− i

~
P ·
ˆ t

t′
s(τ) dτ

]
, D = exp

[
i

~
Q ·
ˆ t

t′
f(τ) dτ

]
. (3.2.81)

In the absence of the external sources: f = 0, s = 0, H̃ → 0, and Eq. (3.2.39) reduces

to

H̃(τ, λ)→ H(τ, λ), (3.2.82)

with H(τ, λ) given in Eq. (3.2.3). For t = t′

〈Q t |P t〉 =
〈
Q
∣∣U(t)U †(t)

∣∣P
〉

= 〈Q |P〉

= exp

(
i

~
Q ·P

)
, (3.2.83)
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then we obtain

〈Q t |P t′〉0 = exp

[
i

~
Q ·
ˆ t

t′
dτ f(τ)

]
exp

[
− i

~
P ·
ˆ t

t′
dτ s(τ)

]
exp

(
i

~
Q ·P

)

× exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ s(τ) ·Θ(τ − τ ′) f(τ ′)

]
. (3.2.84)

To obtain the expression for 〈Qt |Q′t′〉0, we multiply Eq. (3.2.84) by 〈Pt′ |Q′t′〉 =

exp(−iQ′ ·P/~) and integrate over P, with measure dkP/(2π~)k. This gives

〈Q t |Q′ t′〉0 =

ˆ
dkP

(2π~)k
〈Q t |P t′〉0 〈P t′ |Q′ t′〉 ,

=

ˆ
dkP

(2π~)k
exp

[
i

~
Q ·
ˆ t

t′
dτ f(τ)

]
exp

[
− i

~
P ·
ˆ t

t′
dτ s(τ)

]

× exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ s(τ) ·Θ(τ − τ ′) f(τ ′)

]

× exp

(
i

~
Q ·P

)
exp

(
− i

~
Q′ ·P

)
,

=

ˆ
dkP

(2π~)k
exp

[
i

~
Q ·
ˆ t

t′
dτ f(τ)

]

× exp

[
i

(
Q−Q′ −

ˆ t

t′
dτ s(τ)

)
· P

~

]

× exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ s(τ) ·Θ(τ − τ ′) f(τ ′)

]
,

= δk
(
Q−Q′ −

ˆ t

t′
dτ s(τ)

)
exp

[
i

~
Q ·
ˆ t

t′
dτ f(τ)

]

× exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ s(τ) ·Θ(τ − τ ′) f(τ ′)

]
,
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〈Q t |Q′ t′〉0 = δk
(
Q−Q′ −

ˆ t

t′
dτ s(τ)

)
exp

(
i

~
Q ·
ˆ t

t′
dτ f(τ)

)

× exp

(
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ s(τ) ·Θ(τ − τ ′) f(τ ′)

)
. (3.2.85)

From 〈q t |q′t′〉0 in equation Eq. (3.2.37), the conditions in Eqs. (3.2.44), (3.2.45),

(3.2.49) - (3.2.55) and 〈Qt |Q′t′〉0 in Eq. (3.2.85), we then have

〈qQt |q′Q′t′〉∧0 = δ(k)

(
−i~

δ

δf(·) −G′(·)
)
δ(k)

(
i~

(2π~)

δ

δs(·)

)
〈q t |q′t′〉0 A,

(3.2.86)

where

A = δk
(
Q−Q′ −

ˆ t

t′
dτ s(τ)

)
exp

(
i

~
Q ·
ˆ t

t′
dτ f(τ)

)

× exp

(
− i

~

ˆ t

t′
dτ

ˆ τ

t′
dτ ′ s(τ) · f(τ)

)
. (3.2.87)

We recall that the vertical bar | in Eq. (3.2.48) refers to the fact that all the exter-

nal sources are to be set to zero after all the relevant functional differentiations have

been carried out. δ(k)(−i~δ/δf(·) − G′(·)) and δ(k)(i~δ/(2π~)δs(·)) in Eq. (3.2.86),

as arising from the conditions in Eqs. (3.2.44) and (3.2.45), refer, each, to the prod-

uct of k-dimensional deltas with τ running over all points in the interval [t′, t], i.e.,

δ(k)(D(·)) =
∏

t′≤τ≤t δ
k(D(τ)). We also note that functional differentiation operations

with respect to external sources commute, unlike quantum operators, showing the power

of the underlying formalism.

Accordingly, the transformation function 〈qQt |q′Q′t′〉 for the constrained dy-

namics may be written as

〈qQt |q′Q′t′〉 = exp

(
− i

~

ˆ t

t′
dτ H ′(τ)

)
〈qQt |q′Q′t′〉∧0

∣∣∣∣ , (3.2.88)
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with 〈qQt |q′Q′t′〉∧0 defined in Eqs. (3.2.86), (3.2.87) and (3.2.37), and the bar sign |

on its right-hand side in Eq. (3.2.88) means to set all the external sources equal to zero

after all the functional differential operations in Eq. (3.2.86) are carried out. Due to the

delta functionals

δ(k)

(
−i~

δ

δf(·) −G′(·)
)
δ(k)

(
i~

(2π~)

δ

δs(·)

)
, (3.2.89)

we may replace H ′(τ) in Eq. (3.2.88), and defined in Eq. (3.2.7) from the Hamiltonian

H(q,p), by any Hamiltonian operator functional H̃ ′(τ) which coincides withH ′(τ) for

−i~δ/δf(τ) replaced by G′(τ) and i~δ/δs(τ) by 0. That is, the transformation functions

in Eq. (3.2.88) correspond to the dynamics of any Hamiltonian H̃(q,p,Q,P) for which

H̃(q,p,G(q,p), 0) = H(q,p), (3.2.90)

corresponding to constraints Q−G(q,p) = 0 for which P = 0.

3.3 Contact with the Faddeev-Popov Technique

Eq. (3.2.48) for 〈qQt |q′Q′t′〉 gives the expression for the transformation func-

tions with the constraints given in Eqs. (3.2.44) and (3.2.45) for all τ in [t′, t]. They

involve functional differential operations, with respect to external sources, to be applied

to the functional [〈qt |q′t′〉0 A] with the latter given in closed form in Eqs. (3.2.86),

(3.2.37) and (3.2.87).

Finally we may make contact with the Faddeev-Popov technique, in the path

integral formalism, by noting that the path integral representation for [〈qt |q′t′〉0A] (see,

Manoukian, 2006, sect 11.4) on the extreme right-hand side of Eq. (3.2.86) is given by
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[〈qt |q′t′〉0A]

=

ˆ q(t)=q,Q(t)=Q

q(t′)=q′,Q(t′)=Q′
D(q(·),p(·))D(Q(·),P(·)) exp

(
i

~

ˆ t

t′
dτ v(τ)

)
, (3.3.1)

where

v(τ) = [p(τ) · q̇(τ) + P(τ) · Q̇(τ) + q(τ) · F(τ)

−p(τ) · S(τ) + Q(τ) · f(τ)−P(τ) · s(τ)], (3.3.2)

and we have to carry out the explicit functional differentiations with respect to the ex-

ternal sources in Eqs. (3.2.88) and (3.2.86), and finally set the external sources equal to

zero. Here we note that the Hamiltonian of the system describing its time evolution ap-

pears in the first factor on the right-hand side of Eq. (3.2.88) as a functional differential

operator with respect to external sources as defined in Eq. (3.2.7).

By carrying out the functional differential operations in Eqs. (3.2.88) and

(3.2.86), and using the expression in Eq. (3.3.1), contact will be made with the

Faddeev-Popov form in Eq. (3.2.48) for the dynamical systems described by Hamil-

tonian H̃(q,p,Q,P) with constraints as given in Eq. (3.2.90) This is shown below.

From Eqs. (3.2.88), (3.2.86) and (3.3.1), we obtain

〈qQt |q′Q′t′〉 = exp

(
− i

~

ˆ t

t′
dτ H ′(τ)

)
〈qQt |q′Q′t′〉∧0

∣∣∣

= δ(k)

(
−i~

δ

δf(·) −G′(·)
)
δ(k)

(
i~

(2π~)

δ

δs(·)

)

× exp

(
− i

~

ˆ t

t′
dτ H ′(τ)

)
[〈qt |q′t′〉0 A]

∣∣∣
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= δ(k)

(
−i~

δ

δf(·) −G′(·)
)
δ(k)

(
i~

(2π~)

δ

δs(·)

)

× exp

(
− i

~

ˆ t

t′
dτ H ′(τ)

)

×
ˆ q(t)=q,Q(t)=Q

q(t′)=q′,Q(t′)=Q′
D(q(·),p(·))D(Q(·),P(·)) exp

(
i

~

ˆ t

t′
dτ v(τ)

) ∣∣∣

= δ(k)

(
−i~

δ

δf(·) −G′(·)
)
δ(k)

(
i~

(2π~)

δ

δs(·)

)

× exp

(
− i

~

ˆ t

t′
dτ H ′(τ)

)

×
ˆ q(t)=q,Q(t)=Q

q(t′)=q′,Q(t′)=Q′
D(q(·),p(·))D(Q(·),P(·))

× exp

(
i

~

ˆ t

t′
dτ [p(τ) · q̇(τ) + P(τ) · Q̇(τ) + q(τ) · F(τ)

− p(τ) · S(τ) + Q(τ) · f(τ)−P(τ) · s(τ)]

)∣∣∣∣

= δ(k)

(
−i~

δ

δf(·) −G′(·)
)

exp

(
− i

~

ˆ t

t′
dτ H ′(τ)

)

×
ˆ q(t)=q,Q(t)=Q

q(t′)=q′,Q(t′)=Q′
D(q(·),p(·))D(Q(·),P(·))δ(k)

(
i~

2π~
−i

~
P(·)

)

× exp

(
i

~

ˆ t

t′
dτ [p(τ) · q̇(τ) + P(τ) · Q̇(τ) + q(τ) · F(τ)

− p(τ) · S(τ) + Q(τ) · f(τ)−P(τ) · s(τ)]

)∣∣∣∣
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= exp

(−i

~

ˆ t

t′
dτ H ′(τ)

)ˆ q(t)=q,Q(t)=Q

q(t′)=q′,Q(t′)=Q′
D(q(·),p(·))D(Q(·),P(·))

× δ(k)

(
1

2π~
P(·)

)
δ(k)

(
−i~

i

~
Q(·)−G(·)

)

× exp

(
i

~

ˆ t

t′
dτ [p(τ) · q̇(τ) + P(τ) · Q̇(τ) + q(τ) · F(τ)

− p(τ) · S(τ) + Q(τ) · f(τ)−P(τ) · s(τ)]

)∣∣∣∣

〈qQt |q′Q′t′〉 = exp

(−i

~

ˆ t

t′
dτ H ′(τ)

)ˆ q(t)=q,Q(t)=Q

q(t′)=q′,Q(t′)=Q′
D(q(·),p(·))D(Q(·),P(·))

× δ(k)

(
1

2π~
P(·)

)
δ(k) (Q(·)−G(·))

× exp

(
i

~

ˆ t

t′
dτ [p(τ) · q̇(τ) + P(τ) · Q̇(τ) + q(τ) · F(τ)

− p(τ) · S(τ) + Q(τ) · f(τ)−P(τ) · s(τ)]

)∣∣∣∣, (3.3.3)

which upon integration over Q(·), P(·) this is equal to

exp

(−i

~

ˆ t

t′
dτ H ′(τ)

) ˆ q(t)=q,Q(t)=Q

q(t′)=q′,Q(t′)=Q′
D(q(·),p(·))

× exp

(
i

~

ˆ t

t′
dτ [p(τ) · q̇(τ) + 0 · Q̇(τ) + q · F(τ)

− p(τ) · S(τ) + G(τ) · f(τ)− 0 · s(τ)]

)∣∣∣∣ , (3.3.4)
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or

〈qQt |q′Q′t′〉 = exp

(
− i

~

ˆ t

t′
dτ H ′(τ)

) ˆ q(t)=q

q(t′)=q′
D(q(·),p(·))

× exp

(
i

~

ˆ t

t′
dτ [p(τ) · q̇(τ) + q(τ) · F(τ)

− p(τ) · S(τ) + G(τ) · f(τ)]

)∣∣∣∣ . (3.3.5)

After setting all the external sources equal to zero, we then have

〈qQt |q′Q′t′〉 =

ˆ q(t)=q

q(t′)=q′
D(q(·),p(·)) exp

(
i

~

ˆ t

t′
dτ [p · q̇(τ)−H(q(t),p(t))]

)
.

(3.3.6)

3.4 Application

Consider the Hamiltonian in four-dimensional phase space in quantum mechan-

ics

H(q,p) =
p2

1 + p2
2 + p1p2

3m
+ f(q1, q2), (3.4.1)

where f(q1, q2) is an arbitrary real function of (q1, q2) and m is a mass parameter.

Hamilton’s equations for the q̇i are

q̇i =
∂H

∂pi
. (3.4.2)

That is,

q̇1 =
∂

∂p1

[
p2

1 + p2
2 + p1p2

3m
+ f(q1, q2)

]

=
1

3m
(2p1 + p2) , (3.4.3)
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and

q̇2 =
∂

∂p2

[
p2

1 + p2
2 + p1p2

3m
+ f(q1, q2)

]

=
1

3m
(2p2 + p1) . (3.4.4)

From Eqs. (3.4.3) and (3.4.4) we then obtain

3mq̇1 = 2p1 + p2 , (3.4.5)

2p1 = 3mq̇1 − p2 , (3.4.6)

p1 =
3mq̇1 − p2

2
, (3.4.7)

and

3mq̇2 = 2p2 + p1 , (3.4.8)

p1 = 3mq̇2 − 2p2 . (3.4.9)

Upon comparing Eqs. (3.4.7) and (3.4.9), we have

3mq̇1 − p2

2
= 3mq̇2 − 2p2 , (3.4.10)

3mq̇1 − p2 = 6mq̇2 − 4p2 , (3.4.11)

−p2 + 4p2 = 6mq̇2 − 3mq̇1 , (3.4.12)

3p2 = 3m(2q̇2 − q̇1) , (3.4.13)

p2 = m(2q̇2 − q̇1) . (3.4.14)
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Substituting Eq. (3.4.14) into Eq. (3.4.9), gives

p1 = 3mq̇2 − 2m(2q̇2 − q̇1)

= 3mq̇2 − 4mq̇2 + 2mq̇1

= 2mq̇1 −mq̇2 ,

p1 = m(2q̇1 − q̇2) . (3.4.15)

The Lagrangian L(q, q̇) of the system is defined by

L(q, q̇) =
1

2

∑

a=1,2

(paq̇a + q̇apa)−H(q,p)

=
1

2
(p1q̇1 + q̇1p1) +

1

2
(p2q̇2 + q̇2p2)−H(q,p)

=
1

2

[
m(2q̇1 − q̇2)q̇1 + q̇1m(2q̇1 − q̇2)

]

+
1

2

[
m(2q̇2 − q̇1)q̇2 + q̇2m(2q̇2 − q̇1)

]
−H(q,p)

=
1

2
(2mq̇2

1 −mq̇2q̇1 + 2mq̇2
1 −mq̇1q̇2)

+
1

2
(2mq̇2

2 −mq̇1q̇2 + 2mq̇2
2 −mq̇2q̇1)−H(q,p)

=
1

2
(4mq̇2

1 + 4mq̇2
2 − 2mq̇1q̇2 − 2mq̇2q̇1)−H(q,p) ,

L(q, q̇) = 2mq̇2
1 + 2mq̇2

2 −mq̇1q̇2 −mq̇2q̇1 −H(q,p) , (3.4.16)

which has to be expressed as a function of q, q̇ only. To this end we note that we may



60

write

H(q,p) =
p2

1 + p2
2 + p1p2

3m
+ f(q1, q2)

=
1

3m
m2
[
(2q̇1 − q̇2)2 + (2q̇2 − q̇1)2 + (2q̇1 − q̇2)(2q̇2 − q̇1)

]
+ f(q1, q2)

=
m

3
(4q̇2

1 − 4q̇1q̇2 + q̇2
2) +

m

3
(4q̇2

2 − 4q̇2q̇1 + q̇2
1)

+
m

3
(4q̇1q̇2 − 2q̇2

1 − 2q̇2
2 + q̇2q̇1) + f(q1, q2)

=
m

3
(3q̇2

1 + 3q̇2
2 − 3q̇2q̇1) + f(q1, q2) ,

H(q,p) = m(q̇2
1 + q̇2

2 − q̇2q̇1) + f(q1, q2) . (3.4.17)

expressed formally as a function of qa, q̇a. Upon substituting the expression forH(q,p)

in Eq. (3.4.17) into Eq. (3.4.16) gives

L(q, q̇) = m(2q̇2
1 + 2q̇2

2 − q̇1q̇2 − q̇2q̇1)−m(q̇2
1 + q̇2

2 − q̇2q̇1)− f(q1, q2)

= m(q̇2
1 + q̇2

2 − q̇1q̇2)− f(q1, q2) . (3.4.18)

This may be rewritten in a more interesting way as

L(q, q̇) =
mq̇2

1

2
+
mq̇2

2

2
+
m

2
(q̇1 − q̇2)2 − f(q1, q2) , (3.4.19)

for the independent variables q1, q2, where we note from Eqs. (3.4.3) and (3.4.4), that

due to the independence of the variables p1, p2, that is [p1, p2] = 0, q̇1 and q̇2 commute.

The expression in Eq. (3.4.19) is highly suggestive as constrained dynamics of systems



61

with Lagrangians

L(q1, q2, q3, q̇1, q̇2, q̇3) =
mq̇2

1

2
+
mq̇2

2

2
+
mq̇2

3

2
− V (q1,2 , q3) , (3.4.20)

with constraint

q3 − (q1 − q2) = 0 , (3.4.21)

for all times, and V (q1, q2, q3) are any real function such that

V (q1, q2, q3)
∣∣∣
q3=q1−q2

= f(q1, q2) . (3.4.22)

Due to the fact that q1, q2 are independent variables with canonical conjugate

momenta p1, p2, we have the commutators:

[q1, p1] = i~ , (3.4.23)

[q2, p2] = i~ , (3.4.24)

and more generally

[qa, pb] = i~ δab , a, b = 1, 2 . (3.4.25)

From Eqs. (3.4.14) and (3.4.15) we note that we may rewrite p1, p2 as

p1 = mq̇1 +m(q̇1 − q̇2) , (3.4.26)

p2 = mq̇2 −m(q̇1 − q̇2) . (3.4.27)

On the other hand, q3 = q1 − q2 being a dependent variable, its canonical conju-

gate momentum p3 is zero by definition. Accordingly, as in quantum electrodynamics

(see the introductory section to this chapter), we may trivially extend Eqs. (3.4.26) and
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(3.4.27) from a = 1, 2, to i = 1, 2, 3 by setting

p3 = mq̇3 −m(q̇1 − q̇2) , (3.4.28)

since q3 = q1 − q2 at all times implies that the right-hand side of Eq. (3.4.28) is zero,

and Eq. (3.4.28) gives the trivial equation that 0 = 0.

Thus we have succeeded, in extending Eqs. (3.4.26) and (3.4.27) from a = 1, 2

to i = 1, 2, 3. Since, q̇3 = q̇1 − q̇2 as a consequence of the fact that q3 = q1 − q2 at all

times, we may use the latter equality for q̇3 = q̇1 − q̇2, together with the equalities in

Eqs. (3.4.3) and (3.4.4) and the commutation relations in Eq. (3.4.25) to derive explicitly

that

[q1, q̇1] = q1q̇1 − q̇1q1 ,

= q1
1

3m
(2p1 + p2)−

1

3m
(2p1 + p2)q1 ,

=
2

3m
q1p1 +

1

3m
q1p2 −

2

3m
p1q1 −

1

3m
p2q1 ,

=
2

3m
(q1p1 − p1q1) +

1

3m
(q1p2 − p2q1) ,

=
2

3m
[q1, p1] +

1

3m
[q1, p2] ,

[q1, q̇1] =
2

3m
(i~) , (3.4.29)

[q1, q̇2] = q1q̇2 − q̇2q1 ,

= q1
1

3m
(2p2 + p1)−

1

3m
(2p2 + p1)q1 ,

=
2

3m
q1p2 +

1

3m
q1p1 −

2

3m
p2q1 −

1

3m
p1q1 ,
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=
2

3m
(q1p2 − p2q1) +

1

3m
(q1p1 − p1q1) ,

=
2

3m
[q1, p2] +

1

3m
[q1, p1] ,

[q1, q̇2] =
1

3m
(i~) , (3.4.30)

[q1, q̇3] = q1q̇3 − q̇3q1 ,

= q1(q̇1 − q̇2)− (q̇1 − q̇2)q1 ,

= q1q̇1 − q1q̇2 − q̇1q1 + q̇2q1 ,

= (q1q̇1 − q̇1q1)− (q1q̇2 − q̇2q1) ,

= [q1, q̇1]− [q1, q̇2] ,

=
2

3m
(i~)− 1

3m
(i~) ,

[q1, q̇3] =
1

3m
(i~) , (3.4.31)

[q2, q̇1] = q2q̇1 − q̇1q2 ,

= q2
1

3m
(2p1 + p2)−

1

3m
(2p1 + p2)q2 ,

=
2

3m
q2p1 +

1

3m
q2p2 −

2

3m
p1q2 −

1

3m
p2q2 ,

=
2

3m
(q2p1 − p1q2) +

1

3m
(q2p2 − p2q2) ,

=
2

3m
[q2, p1] +

1

3m
[q2, p2] ,
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[q2, q̇1] =
1

3m
(i~) , (3.4.32)

[q2, q̇2] = q2q̇2 − q̇2q2 ,

= q2
1

3m
(2p2 + p1)−

1

3m
(2p2 + p1)q2 ,

=
2

3m
q2p2 +

1

3m
q2p1 −

2

3m
p2q2 −

1

3m
p1q2 ,

=
2

3m
(q2p2 − p2q2) +

1

3m
(q2p1 − p1q2) ,

=
2

3m
[q2, p2] +

1

3m
[q2, p1] ,

[q2, q̇2] =
2

3m
(i~) , (3.4.33)

[q2, q̇3] = q2q̇3 − q̇3q2 ,

= q2(q̇1 − q̇2)− (q̇1 − q̇2)q2 ,

= q2q̇1 − q2q̇2 − q̇1q2 + q̇2q2 ,

= (q2q̇1 − q̇1q2)− (q2q̇2 − q̇2q2) ,

= [q2, q̇1]− [q2, q̇2] ,

=
1

3m
(i~)− 2

3m
(i~) ,

[q2, q̇3] = − 1

3m
(i~) , (3.4.34)

[q3, q̇1] = q3q̇1 − q̇1q3 ,

= (q1 − q2)q̇1 − q̇1(q1 − q2) ,
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= q1q̇1 − q2q̇1 − q̇1q1 + q̇1q2 ,

= (q1q̇1 − q̇1q1)− (q2q̇1 − q̇1q2) ,

= [q1, q̇1]− [q2, q̇1] ,

=
2

3m
(i~)− 1

3m
(i~) ,

[q3, q̇1] =
1

3m
(i~) , (3.4.35)

[q3, q̇2] = q3q̇2 − q̇2q3 ,

= (q1 − q2)q̇2 − q̇2(q1 − q2) ,

= q1q̇2 − q2q̇2 − q̇2q1 + q̇2q2 ,

= (q1q̇2 − q̇2q1)− (q2q̇2 − q̇2q2) ,

= [q1, q̇2]− [q2, q̇2] ,

=
1

3m
(i~)− 2

3m
(i~) ,

[q3, q̇2] = − 1

3m
(i~) , (3.4.36)

[q3, q̇3] = q3q̇3 − q̇3q3 ,

= q3(q̇1 − q̇2)− (q̇1 − q̇2)q3 ,

= q3q̇1 − q3q̇2 − q̇1q3 + q̇2q3 ,

= (q3q̇1 − q̇1q3)− (q3q̇2 − q̇2q3) ,
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= [q3, q̇1]− [q3, q̇2] ,

=
1

3m
(i~)−

(
− 1

3m

)
(i~) ,

[q3, q̇3] =
2

3m
(i~) . (3.4.37)

These may be combined in a matrix notation as

(
[qi, q̇j]

)
=

i~
3m




2 1 1

1 2 −1

1 −1 2



. (3.4.38)

In the Hamiltonian formalism, we then have

H(q1, q2, p1, p2) =
p2

1 + p2
2 + 2p1p2

3m
+ f(q1, q2) , (3.4.39)

as the Hamiltonian of a system described, in particular, by a Hamiltonian

H(q1, q2, q3, p1, p2, p3) =
p2

1

3m
+

p2
2

3m
+
p1p2

3m
+

p2
3

2m
+ V (q1, q2, q3) , (3.4.40)

with constraints

q3 − (q1 − q2) = 0 , (3.4.41)

p3 = 0 , (3.4.42)

such that

V (q1, q2, q3)
∣∣∣
q3=q1−q2

= f(q1, q2) . (3.4.43)

In our general notation we identify Q with q3, P with p3 and G with q1 − q2.
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From the Hamiltonian in Eq. (3.4.1) we are following from Eqs. (3.2.38) -

(3.2.87), firstly, from Eq. (3.2.38) and define G(τ) = q1(τ)− q2(τ), we obtain

Qc(τ) =
〈qt |(q1(τ)− q2(τ))|q′t′〉

∣∣∣

〈qt |q′t′〉
∣∣∣

, (3.4.44)

Qc(τ) 〈qt |q′t′〉
∣∣∣ = 〈qt |(q1(τ)− q2(τ))|q′t′〉

∣∣∣ , (3.4.45)

Qc(τ) 〈qt |q′t′〉
∣∣∣−〈qt |(q1(τ)− q2(τ))|q′t′〉

∣∣∣ = 0 , (3.4.46)

[Qc(τ)− (q′1(τ)− q′2(τ))] 〈qt |q′t′〉
∣∣∣ = 0 . (3.4.47)

with q′1(τ) = −i~δ/δS1(τ), q′2(τ) = −i~δ/δS2(τ). By promoting the Qc(τ) to a

quantum variable Q(τ), with 〈qt |q′t′〉 generalized to 〈qQt |q′Q′t′〉, as applied to the

problem at hand, we must have from the conditions (A), (B) and (C) in Sect. 3.2 and

Eq. (3.4.47)

[
−i~

δ

δf(τ)
− (q′1(τ)− q′2(τ))

]
〈qQt |q′Q′t′〉

∣∣∣∣

= 〈qQt |Q(τ)|q′Q′t′〉
∣∣∣∣− 〈qQt |(q1(τ)− q2(τ))|q′Q′t′〉

∣∣∣∣

= 〈qQt |Q(τ)− (q1(τ)− q2(τ))|q′Q′t′〉
∣∣∣∣

= 0 , (3.4.48)

and

i~
δ

δs(τ)
〈qQt |q′Q′t′〉

∣∣∣∣ = 〈qQt |P (τ)|q′Q′t′〉
∣∣∣∣

= 0 , (3.4.49)
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for all t′ ≤ τ ≤ t. Since a relation xg(x) = 0, implies that g(x) involves the factor

δ(x), we note from Eqs. (3.4.48), (3.4.49) and (3.2.37), and finally from Eq. (3.2.6), by

following a procedure as in deriving Eqs. (3.2.3) and (3.2.4), that

∂

∂λ
〈qQt |q′Q′t′〉 = − i

~

ˆ t

t′
dτ 〈qQt |H(q,p)|q′Q′t′〉

= − i

~

ˆ t

t′
dτ H ′(τ) 〈qQt |q′Q′t′〉 , (3.4.50)

δ 〈qQt |q′Q′t′〉 = − i

~
dλ

ˆ t

t′
dτ H ′(τ) 〈qQt |q′Q′t′〉 , (3.4.51)

which integrates out to

〈qQt |q′Q′t′〉
∣∣∣∣ = exp

[
− i

~

ˆ t

t′
dτ H ′(τ)

]
〈qQt |q′Q′t′〉∧0

∣∣∣∣ . (3.4.52)

From Eq. (3.2.37)

〈q t |q′ t′〉0 = δn
(
q− q′ −

ˆ t

t′
dτ S(τ)

)
exp

(
i

~
q ·
ˆ t

t′
dτ F(τ)

)

× exp

(
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ S(τ) ·Θ(τ − τ ′) F(τ ′)

)
.

We note from the condition in Eqs. (3.4.48) and (3.4.49), that as in a relation xg(x) = 0,

as applied to

[
−i~

δ

δf(τ)
− (q1(τ)− q2(τ))

]
〈qQt |q′Q′t′〉

∣∣∣∣ = 0 , (3.4.53)

with the formal substitutions

[
−i~

δ

δf(τ)
− (q1(τ)− q2(τ))

]
−→ x , (3.4.54)
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〈qQt |q′Q′t′〉
∣∣∣∣ −→ g(x) . (3.4.55)

On the other hand from Eq. (3.4.49),

i~
δ

δs(τ)
〈qQt |q′Q′t′〉

∣∣∣∣ = 0 , (3.4.56)

we may make the formal substitutions

i~
δ

δs(τ)
−→ x , (3.4.57)

〈qQt |q′Q′t′〉
∣∣∣∣ −→ g(x) , (3.4.58)

implying that 〈qQt |q′Q′t′〉 must involve delta functionals δ(1)(−i~δ/δf(·) −

G′(·))δ(1)(i~δ/(2π~)δs(·)).

For the simple Hamiltonian

H̃ = −Qf(τ) + Ps(τ) , (3.4.59)

the Heisenberg equations are

Q̇(τ) = s(τ) , (3.4.60)

Ṗ (τ) = f(τ) . (3.4.61)

These equations may be integrated to

ˆ t

τ

dQ(τ) =

ˆ t

τ

dτ s(τ) , (3.4.62)

Q(t)−Q(τ) =

ˆ t

t′
dτ ′ Θ(τ ′ − τ) s(τ ′) , (3.4.63)
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Q(τ) = Q(t)−
ˆ t

t′
dτ ′ Θ(τ ′ − τ) s(τ ′) , (3.4.64)

and

ˆ τ

t′
dP (τ) =

ˆ τ

t′
dτ f(τ) , (3.4.65)

P (τ)− P (t′) =

ˆ t

t′
dτ ′ Θ(τ − τ ′) f(τ ′) , (3.4.66)

P (τ) = P (t′) +

ˆ t

t′
dτ ′ Θ(τ − τ ′) f(τ ′) , (3.4.67)

and taking the matrix element between 〈Q t| and |P t′〉 for λ = 0, we obtain

〈Q t |Q(τ)|P t′〉0 =

[
Q(t)−

ˆ t

t′
dτ ′ Θ(τ ′ − τ) s(τ ′)

]
〈Q t |P t′〉0 , (3.4.68)

〈Q t |P (τ)|P t′〉0 =

[
P (t′) +

ˆ t

t′
dτ ′ Θ(τ − τ ′) f(τ ′)

]
〈Q t |P t′〉0 . (3.4.69)

We have used the relations

0〈Q t|Q(t) = Q 0〈Q t| , (3.4.70)

P (t′) |P t′〉0 = P |P t′〉0 , (3.4.71)

for λ = 0 at coincident times. Eqs. (3.4.68) and (3.4.69) may be rewritten as

−i~
δ

δf(τ)
〈Q t |P t′〉0 =

[
Q−
ˆ t

t′
dτ ′ Θ(τ ′ − τ) s(τ ′)

]
〈Q t |P t′〉0 , (3.4.72)

i~
δ

δs(τ)
〈Q t |P t′〉0 =

[
P +

ˆ t

t′
dτ ′ Θ(τ − τ ′) f(τ ′)

]
〈Q t |P t′〉0 . (3.4.73)
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These equations may be integrated to yield

−i~
δ

δf(τ)
〈Q t |P t′〉0 =

[
Q−
ˆ t

t′
dτ ′ Θ(τ ′ − τ) S(τ ′)

]
〈Q t |P t′〉0 , (3.4.74)

ˆ
δ 〈Q t |P t′〉0
〈Q t |P t′〉0

=
i

~

ˆ
δf(τ)

[
Q−
ˆ t

t′
dτ ′ Θ(τ ′ − τ) s(τ ′)

]
, (3.4.75)

ln 〈Q t |P t′〉0 =
i

~
Q

ˆ t

t′
f(τ) dτ

− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ f(τ)Θ(τ ′ − τ) s(τ ′) , (3.4.76)

〈Q t |P t′〉0 = E exp

[
i

~
Q

ˆ t

t′
f(τ) dτ

]

× exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ f(τ)Θ(τ ′ − τ) s(τ ′)

]
, (3.4.77)

and

i~
δ

δs(τ)
〈Q t |P t′〉0 =

[
P +

ˆ t

t′
dτ ′ Θ(τ − τ ′) f(τ ′)

]
〈Q t |P t′〉0 , (3.4.78)

ˆ
δ 〈Q t |P t′〉0
〈Q t |P t′〉0

=− i

~

ˆ
δs(τ)

[
P +

ˆ t

t′
dτ ′ Θ(τ − τ ′) f(τ ′)

]
, (3.4.79)

ln 〈Q t |P t′〉0 = − i

~
P

ˆ t

t′
s(τ) dτ

− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ s(τ)Θ(τ − τ ′) f(τ ′) , (3.4.80)

〈Q t |P t′〉0 = F exp

[
− i

~
P

ˆ t

t′
s(τ) dτ

]

× exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ s(τ)Θ(τ − τ ′) f(τ ′)

]
. (3.4.81)
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To find E and F in Eqs. (3.4.77) and (3.4.81), respectively, we note that

Eq.(3.4.77) = Eq.(3.4.81) (3.4.82)

and hence

E exp

[
i

~
Q

ˆ t

t′
f(τ) dτ

]
exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ f(τ)Θ(τ ′ − τ) s(τ ′)

]

= F exp

[
− i

~
P

ˆ t

t′
s(τ) dτ

]
exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ s(τ)Θ(τ − τ ′) f(τ ′)

]
.

(3.4.83)

This gives,

E = exp

[
− i

~
P

ˆ t

t′
s(τ) dτ

]
, F = exp

[
i

~
Q

ˆ t

t′
f(τ) dτ

]
. (3.4.84)

In the absence of the external sources: f = 0, s = 0, H̃ → 0, Eq. (3.2.39) reduces to

H̃(τ, λ)→ λH(q,p)− q · F(τ) + p · S(τ) . (3.4.85)

For t = t′

〈Q t |P t〉 =
〈
Q
∣∣U(t)U †(t)

∣∣P
〉

= 〈Q |P 〉

= exp

(
i

~
QP

)
. (3.4.86)
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Then we obtain

〈Q t |P t′〉0 = exp

[
i

~
Q

ˆ t

t′
dτ f(τ)

]
exp

[
− i

~
P

ˆ t

t′
dτ s(τ)

]
exp

(
i

~
QP

)

× exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ s(τ)Θ(τ − τ ′) f(τ ′)

]
. (3.4.87)

To obtain the expression for 〈Qt |Q′t′〉0, we multiply Eq. (3.4.87) by 〈Pt′ |Q′t′〉 =

exp(−iQ′P/~) and integrate over P , with measure dP/(2π~), to obtain

〈Q t |Q′ t′〉0 =

ˆ
dP

(2π~)
〈Q t |P t′〉0 〈P t′ |Q′ t′〉

=

ˆ
dP

(2π~)
exp

[
i

~
Q

ˆ t

t′
dτ f(τ)

]
exp

[
− i

~
P

ˆ t

t′
dτ s(τ)

]

× exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ s(τ) Θ(τ − τ ′) f(τ ′)

]

× exp

(
i

~
QP

)
exp

(
− i

~
Q′P

)
,

=

ˆ
dP

(2π~)
exp

[
i

~
Q

ˆ t

t′
dτ f(τ)

]

× exp

[
i

(
Q−Q′ −

ˆ t

t′
dτ s(τ)

)
P

~

]

× exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ s(τ) Θ(τ − τ ′) f(τ ′)

]
,

= δ

(
Q−Q′ −

ˆ t

t′
dτ s(τ)

)
exp

[
i

~
Q

ˆ t

t′
dτ f(τ)

]

× exp

[
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ s(τ) Θ(τ − τ ′) f(τ ′)

]
,
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〈Q t |Q′ t′〉0 = δ

(
Q−Q′ −

ˆ t

t′
dτ s(τ)

)
exp

(
i

~
Q

ˆ t

t′
dτ f(τ)

)

× exp

(
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ s(τ) Θ(τ − τ ′) f(τ ′)

)
. (3.4.88)

From 〈q t |q′t′〉0 in equation Eq. (3.2.37), the conditions in Eqs. (3.4.48), (3.4.49),

(3.4.53) - (3.4.58) and 〈Qt |Q′t′〉0 in Eq. (3.4.88), we then have

〈qQt |q′Q′t′〉∧0

= δ(1)

[
−i~

δ

δf(·) −
(

(−i~)
δ

δF1(·)
− (−i~)

δ

δF2(·)

)]
δ(1)

(
i~

2π~
δ

δs(·)

)
〈q t |q′t′〉0A ,

(3.4.89)

where

A = δ

(
Q−Q′ −

ˆ t

t′
dτ s(τ)

)
exp

(
i

~
Q

ˆ t

t′
dτ f(τ)

)

× exp

(
− i

~

ˆ t

t′
dτ

ˆ τ

t′
dτ ′ s(τ)f(τ)

)
. (3.4.90)



CHAPTER IV

CONSTRAINTS, DEPENDENT FIELDS

AND THE QUANTUM DYNAMICAL PRINCIPLE:

REDUCTION OF PHASE SPACE

4.1 Introduction

The approach in developing the dynamics of constrained systems in quantum

physics, in the functional differential formalism via the application of the quantum

dynamical principle, in this chapter is based on the following. Given a Hamiltonian

H̃(q,p) as a function of independent variables q = (q1, . . . , qn) and their canonical

conjugate momenta p = (p1, . . . , pn), we consider a new system by defining constraint

operator functions

G(q(τ),p(τ)) =
{
G1(q(τ),p(τ), . . . , Gk(q(τ),p(τ))

}
, (4.1.1)

as of pairwise commuting operator functions Gj(q(τ),p(τ)), which together we intro-

duce canonical conjugate momenta for them

Ĝ(q(τ),p(τ)) =
{
Ĝ1(q(τ),p(τ)), . . . , Ĝk(q(τ),p(τ))

}
, (4.1.2)

such that

G(q(τ),p(τ)) = 0 , (4.1.3)

Ĝ(q(τ),p(τ)) = 0 , (4.1.4)
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for all τ in the interval [t′, t].

The new Hamiltonian of the constrained dynamics is then defined by

H(q∗,p∗) = H̃(q,p)
∣∣∣
G=0,Ĝ=0

, (4.1.5)

and Eqs. (4.1.3) and (4.1.4) define the constraints, and with (q,p) → (q∗,p∗,G, Ĝ)

defining a canonical transformation, i.e., the Jacobian of the transformation is unity:

J =

∣∣∣∣
∂(q,p)

∂(q∗,p∗,G, Ĝ)

∣∣∣∣ = 1 , (4.1.6)

as obtained within a classical context.

The procedure for describing the dynamics of the new constrained dynamics

with Hamiltonian H(q∗,p∗) may be then summarized through the following:

H̃(q,p)︸ ︷︷ ︸ −→ H̃(q,p)
∣∣∣
G=0,Ĝ=0

≡ H(q∗,p∗)
︸ ︷︷ ︸

. (4.1.7)

Phase Space of Phase Space of

dim (2n) dim (2(n− k))

Given the Hamiltonian H̃(q,p) with the constraints Eqs. (4.1.3) and (4.1.4) now

imposed, the transformation function 〈qt |q′t′〉C, with the q (and similarly the q′) not

necessarily independent variables is then given by

〈qt |q′t′〉C = δ(k)

(
−i~

δ

δf(·) −G′(·)
)
δ(k)

(
−i~

δ

δf(·)

)

×δ(k)

(
1

(2π~)

(
i~

δ

δs(·) − Ĝ
′
(·)
))

δ(k)

(
i~

(2π~)

δ

δs(·)

)

× exp

(
− i

~

ˆ t

t′
dτ H̃ ′(τ)

)
〈qt |q′t′〉 〈Qt |Q′t′〉 , (4.1.8)
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where

H̃ ′(τ) = H̃

(
−i~

δ

δF(τ)
, i~

δ

δS

)
, (4.1.9)

〈qt |q′t′〉 = δk
(
q− q′ −

ˆ t

t′
dτ S(τ)

)
exp

(
i

~
q ·
ˆ t

t′
dτ F(τ)

)

× exp

(
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ S(τ) ·Θ(τ − τ ′)F(τ ′)

)
, (4.1.10)

〈Qt |Q′t′〉 = δk
(
Q−Q′ −

ˆ t

t′
dτ s(τ)

)
exp

(
i

~
Q ·
ˆ t

t′
dτ f(τ)

)

× exp

(
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ s(τ) ·Θ(τ − τ ′)f(τ ′)

)
, (4.1.11)

and the numericals Q, Q′ are defined as follows:

Q = Qc(τ)
∣∣∣
τ→t

= 0 , (4.1.12)

Q′ = Qc(τ)
∣∣∣
τ→t′

= 0 , (4.1.13)

where Qc(τ) is the classical function having the expression

Qc(τ) =
〈qt |G(q(τ),p(τ))|q′t′〉

〈qt |q′t′〉 = 0 . (4.1.14)

4.2 Transformation Functions

Given a Hamiltonian H̃(q,p) with corresponding transformation functions

〈qt |q′t′〉, we may implement the constraints Eqs. (4.1.3) and (4.1.4) as follows:

Qc(τ) =
〈qt |G(q(τ),p(τ))|q′t′〉

〈qt |q′t′〉 = 0 , (4.2.1)
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Pc(τ) =

〈
qt
∣∣∣Ĝ(q(τ),p(τ))

∣∣∣q′t′
〉

〈qt |q′t′〉 = 0 , (4.2.2)

for all τ in the interval of interest [t′, t].

Eqs. (4.2.1) and (4.2.2) suggest first to promote Qc and Pc to quantum variables

by Q, P by coupling them to external sources f and s and specialize 〈qt |q′t′〉, accord-

ingly, to a new transformation function 〈qt |q′t′〉C, whose expression will be obtained

below, such that

〈qt |Q(τ)|q′t′〉C = (−i~)
δ

δf(τ)
〈qt |q′t′〉∧C

∣∣∣ = 0 , (4.2.3)

〈qt |P(τ)|q′t′〉C = (i~)
δ

δs(τ)
〈qt |q′t′〉∧C

∣∣∣ = 0 , (4.2.4)

where the bar signs
∣∣, as usual, mean to set all the external sources equal to zero.

The conditions Eqs. (4.2.1) - (4.2.4), then mean that 〈qt |q′t′〉∧C necessarily in-

volve the product of the delta functionals as a factor:

δ(k)

(
G′(·)− (−i~)

δ

δf(·)

)
δ(k)

(
(−i~)

δ

δf(·)

)

× δ(k)

(
1

2π~

(
Ĝ
′
(·)− (i~)

δ

δs(·)

))
δ(k)

(
i~

(2π~)

δ

δs(·)

)
,

(4.2.5)

with the transformations functions 〈qt |q′t′〉C for the constrained dynamics given by

Eq. (4.1.8).

4.3 Contact with the Faddeev-Popov Technique

From the path integral representation of

exp

(
− i

~

ˆ t

t′
dτ H̃ ′(τ)

)
〈qt |q′t′〉 〈Qt |Q′t′〉 , (4.3.1)
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given by

ˆ q(t)=q,Q(t)=Q

q(t′)=q′,Q(t′)=Q′
D (q(·),p(·))D (Q(·),P(·)) exp− i

~

ˆ t

t′
dτ [H̃(τ)− v(τ)] , (4.3.2)

where

v(τ) = [p(τ) · q̇(τ) + P(τ) · Q̇(τ) + q(τ) · F(τ)

−p(τ) · S(τ) + Q(τ) · f(τ)−P(τ) · s(τ)] , (4.3.3)

H̃(τ) = H̃(q(τ),p(τ)) , (4.3.4)

we have,

〈qt |q′t′〉C =

ˆ q(t)=q,Q(t)=Q

q(t′)=q′,Q(t′)=Q′
D (q(·),p(·))D (Q(·),P(·))

× δ(k)(Q(·)−G(·)) δ(k)

(
1

(2π~)

(
P(·)− Ĝ(·)

))
δ(k)(Q(·))

× δ(k)

(
1

(2π~)
P(·)

)
exp− i

~

ˆ t

t′
dτ [H̃(τ)− p(τ) · q̇(τ)−P(τ) · Q̇(τ)

− q(τ) · F(τ) + p(τ) · S(τ)−Q(τ) · f(τ) + P(τ) · s(τ)]

∣∣∣∣ .

(4.3.5)

Integrating Eq. (4.3.5) over Q(·) and P(·), gives

〈qt |q′t′〉C =

ˆ q(t)=q

q(t′)=q′
D (q(·),p(·)) δ(k)(G(·)) δ(k)

(
1

(2π~)
Ĝ(·)

)

× exp− i

~

ˆ t

t′
dτ [H̃(τ)− p(τ) · q̇(τ)] . (4.3.6)
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On the other hand,

H̃(τ)
∣∣∣
G(τ)=0,Ĝ(τ)=0

= H(q∗(τ),p∗(τ)) , (4.3.7)

(see Eq. (4.1.7), and with (q,p)→ (q∗,p∗; G, Ĝ) defining a canonical transformation,

i.e., the Jacobian of the transformation is unity:

∣∣∣∣
∂(q,p)

∂(q∗,p∗,G, Ĝ)

∣∣∣∣ = 1 , (4.3.8)

leading to the standard path integral expression for 〈qt |q′t′〉C.

4.4 Application

As an explicit illustration following the procedure developed through Eqs. (4.1.8)

- (4.2.2), consider a Hamiltonian

H(q,p) =
p2

2m
+ V (q2) , (4.4.1)

in 3D which is obviously rotationally invariant with the dynamics occurring in the three

dimensional space, where V is arbitrary. Now suppose one is interested in developing

the dynamics to be constrained to a fixed two-dimensional plane making a given angle

α with the (q1, q3)-plane.

To do this, we introduce canonical conjugate variables which we eventually set

equal to zero:

G1 = q1 sinα− q2 cosα , (4.4.2)

Ĝ1 = p1 sinα− p2 cosα . (4.4.3)
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q∗1(p∗1)
q1(p1)

q2(p2)
α

α

−q2 cosα

q1 sin α

Figure 4.1 In 3D, the introduction of the constraint generates a two-dimensional
plane (q1, q3)-plane with the parameter α, defining the angle between the
q∗1, q3(p

∗
1, p3) and q1, q3(p1, p3) planes.

The commutation relation between G1 and Ĝ1 is equal to i~, i.e., in particular,

we show that [G1, Ĝ1] 6= 0, as follow from the commutation relations, [qa, pa] = i~ and

[qa, pb] = 0 for a 6= b. To this end,

[G1, Ĝ1] = [(q1 sinα− q2 cosα), (p1 sinα− p2 cosα)]

= (q1 sinα− q2 cosα)(p1 sinα− p2 cosα)

−(p1 sinα− p2 cosα)(q1 sinα− q2 cosα)

= q1p1 sin2 α− q1p2 sinα cosα− q2p1 cosα sinα + q2p2 cos2 α

−(p1q1 sin2 α− p1q2 sinα cosα− p2q1 cosα sinα + p2q2 cos2 α)

= (q1p1 − p1q1) sin2 α + (q2p2 − p2q2) cos2 α

−(q2p1 − p1q2) sinα cosα− (q1p2 − p2q1) sinα cosα
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= i~ sin2 α + i~ cos2 α

= i~(sin2 α + cos2 α)

[G1, Ĝ1] = i~ . (4.4.4)

q∗1(p∗1)

q1(p1)

q2

α

α

q1 cosα

q1 sin α

q3(q∗2)

−q2 cosα

q2 sin α

Figure 4.2 The projection of the (q1, q3)-plane, with defining angle α, into the (q∗1, q
∗
2)-

plane.

The Hamiltonian of the dynamical system restricted to the two-dimensional

plane described above is then given by

H(q∗,p∗) =
p∗2

2m
+ V (q∗2) , (4.4.5)

where p∗ = (p∗1, p
∗
2), q∗ = (q∗1, q

∗
2) with

p∗1 = p1 cosα + p2 sinα , p∗2 = p3 , (4.4.6)

q∗1 = q1 cosα + q2 sinα , q∗2 = q3 , (4.4.7)
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and hence with the (q∗1, q
∗
2)-plane making an angle α with the (q1, q3)-plane correspond-

ing to a rotation about the q3-axis by the angle α.

Therefore it remains to show that the transformation

(q1, p1, q2, p2, q3, p3) −→ (q∗1, p
∗
1, q
∗
2, p
∗
2, G1, Ĝ1) (4.4.8)

is canonical. That is, the Jacobian

J =

∣∣∣∣∣
∂(q1, p1, q2, p2, q3, p3)

∂(q∗1, p
∗
1, q
∗
2, p
∗
2, G1, Ĝ1)

∣∣∣∣∣ = 1 , (4.4.9)

where q∗1, q
∗
2, p
∗
1, p
∗
2, G1, Ĝ1 are defined, respectively, in Eqs. (4.4.7), (4.4.6), (4.4.2) and

(4.4.3).

To the above end, we may solve for (q1, p1, q2, p2, q3, p3) in terms of the variables

(q∗1, p
∗
1, q
∗
2, p
∗
2, G1, Ĝ1) from just mentioned equations giving:

q1 = q∗1 cosα +G1 sinα , (4.4.10)

p1 = p∗1 cosα + Ĝ1 sinα , (4.4.11)

q2 = q∗1 sinα−G1 cosα , (4.4.12)

p2 = p∗1 sinα− Ĝ1 cosα , (4.4.13)

q3 = q∗2 , (4.4.14)

p3 = p∗2 . (4.4.15)

From the above equations, we then obtain,

∂q1
∂q∗1

= cosα , (4.4.16)
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∂q1
∂p∗1

= 0 , (4.4.17)

∂q1
∂q∗2

= 0 , (4.4.18)

∂q1
∂p∗2

= 0 , (4.4.19)

∂q1
∂G1

= sinα , (4.4.20)

∂q1

∂Ĝ1

= 0 , (4.4.21)

∂q2
∂q∗1

= sinα , (4.4.22)

∂q2
∂p∗1

= 0 , (4.4.23)

∂q2
∂q∗2

= 0 , (4.4.24)

∂q2
∂p∗2

= 0 , (4.4.25)

∂q2
∂G1

= − cosα , (4.4.26)

∂q2

∂Ĝ1

= 0 , (4.4.27)

∂q3
∂q∗1

= 0 , (4.4.28)

∂q3
∂p∗1

= 0 , (4.4.29)

∂q3
∂q∗2

= 1 , (4.4.30)
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∂q3
∂p∗2

= 0 , (4.4.31)

∂q3
∂G1

= 0 , (4.4.32)

∂q3

∂Ĝ1

= 0 , (4.4.33)

∂p1

∂q∗1
= 0 , (4.4.34)

∂p1

∂p∗1
= cosα , (4.4.35)

∂p1

∂q∗2
= 0 , (4.4.36)

∂p1

∂p∗2
= 0 , (4.4.37)

∂p1

∂G1

= 0 , (4.4.38)

∂p1

∂Ĝ1

= sinα , (4.4.39)

∂p2

∂q∗1
= 0 , (4.4.40)

∂p2

∂p∗1
= sinα , (4.4.41)

∂p2

∂q∗2
= 0 , (4.4.42)

∂p2

∂p∗2
= 0 , (4.4.43)

∂p2

∂G1

= 0 , (4.4.44)
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∂p2

∂Ĝ1

= − cosα , (4.4.45)

∂p3

∂q∗1
= 0 , (4.4.46)

∂p3

∂p∗1
= 0 , (4.4.47)

∂p3

∂q∗2
= 0 , (4.4.48)

∂p3

∂p∗2
= 1 , (4.4.49)

∂p3

∂G1

= 0 , (4.4.50)

∂p3

∂Ĝ1

= 0 . (4.4.51)

The Jacobian of the transformation as defined in Eq. (4.4.9) is then given by

J =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

∂q1
∂q∗1

∂q1
∂p∗1

. . .
∂q1

∂Ĝ1
∂p1

∂p∗1

∂p1

∂p∗1
. . .

∂p1

∂Ĝ1
...
∂p3

∂q∗1

∂p3

∂p∗1
. . .

∂p3

∂Ĝ1

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

, (4.4.52)

where
∥∥ ·
∥∥ denotes the absolute value of the corresponding determinant | · |.
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Substituting Eqs. (4.4.16) - (4.4.51) into Eq. (4.4.52), we obtain

J =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

cosα 0 0 0 sinα 0

0 cosα 0 0 0 sinα

sinα 0 0 0 − cosα 0

0 sinα 0 0 0 − cosα

0 0 1 0 0 0

0 0 0 1 0 0

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

, (4.4.53)

Find the determinant of matrix J :

J =
∣∣∣(0)(−1)6+1M61 + (0)(−1)6+2M62 + (0)(−1)6+3M63

+(1)(−1)6+4M64 + (0)(−1)6+5M65 + (0)(−1)6+6M66

∣∣∣

J =
∣∣M64

∣∣ , (4.4.54)

and

M64 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

cosα 0 0 sinα 0

0 cosα 0 0 sinα

sinα 0 0 − cosα 0

0 sinα 0 0 − cosα

0 0 1 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (4.4.55)

J =
∣∣∣(0)(−1)5+1N51 + (0)(−1)5+2N52 + (1)(−1)5+3N53

+(0)(−1)5+4N54 + (0)(−1)5+5N55

∣∣∣

J =
∣∣N53

∣∣ , (4.4.56)
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and

N53 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

cosα 0 sinα 0

0 cosα 0 sinα

sinα 0 − cosα 0

0 sinα 0 − cosα

∣∣∣∣∣∣∣∣∣∣∣∣∣

, (4.4.57)

J =
∣∣∣(0)(−1)4+1O41 + sinα(−1)4+2O42 + (0)(−1)4+3O43 − cosα(−1)4+4O44

∣∣∣

J =
∣∣O42 sinα−O44 cosα

∣∣ , (4.4.58)

and

O42 =

∣∣∣∣∣∣∣∣∣∣

cosα sinα 0

0 0 sinα

sinα − cosα 0

∣∣∣∣∣∣∣∣∣∣

,

= (0)(−1)2+1P21 + (0)(−1)2+2P22 + sinα(−1)2+3P23

O42 = −P23 sinα , (4.4.59)

O44 =

∣∣∣∣∣∣∣∣∣∣

cosα 0 sinα

0 cosα 0

sinα 0 − cosα

∣∣∣∣∣∣∣∣∣∣

,

= (0)(−1)2+1Q21 + cosα(−1)2+2Q22 + (0)(−1)2+3Q23

O44 = Q22 cosα , (4.4.60)

Substituting Eqs. (4.4.59) and (4.4.60) into Eq. (4.4.58), we obtain
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J =
∣∣∣− P23 sin2 α−Q22 cos2 α

∣∣∣ (4.4.61)

and

P23 =

∣∣∣∣∣∣∣

cosα sinα

sinα − cosα

∣∣∣∣∣∣∣
,

= − cos2 α− sin2 α ,

= −(cos2 α + sin2 α) ,

P23 = −1 , (4.4.62)

Q22 =

∣∣∣∣∣∣∣

cosα sinα

sinα − cosα

∣∣∣∣∣∣∣
,

= − cos2 α− sin2 α ,

= −(cos2 α + sin2 α) ,

Q22 = −1 . (4.4.63)

Substituting Eqs. (4.4.62) and (4.4.63) into Eq. (4.4.61), we obtain

J =
∣∣∣− (−1) sin2 α− (−1) cos2 α

∣∣∣ ,

= sin2 α + cos2 α ,

J = 1 (4.4.64)

thus confirming that the transformation in Eq. (4.4.8) is indeed canonical.
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The power and simplicity of the functional differential formalism via the quan-

tum dynamical principle evident. The constraints are implemented by functional dif-

ferentiations, with respect to additional external sources, of transformation functions

generalized to dynamical systems, in the presence of dependent degrees of freedom,

which are readily spelled out from the corresponding systems with no constraints. We

emphasize that in the functional differential treatment, via the action principle, external

sources must, a priori, be introduced.



CHAPTER V

FUNCTIONAL CALCULUS AND DEPENDENT

FIELDS

5.1 Maxwell’s Lagrangian

The Lagrangian density for the photon field Aµ, in the presence of an external

source Jµ, is given by

L = −1

4
F µνFµν + AµJ

µ , (5.1.1)

and the action for photon field is defined by the 4-dimensional integral:

W =

ˆ
(dx) L

=

ˆ
(dx)

[
−1

4
F µνFµν + AµJ

µ

]
, (5.1.2)

where F µν = ∂µAν − ∂νAµ and µ, ν = 0, 1, 2, 3.

5.2 The Coulomb Gauge

In the coulomb gauge, we have the constraint

∇ ·A ≡ ∂kA
k = 0, k = 1, 2, 3 . (5.2.1)

Equation (5.2.1) allows us to solve, for example, A3 in terms of A1, A2:

∂kA
k = 0 ,



92

∂1A
1 + ∂2A

2 + ∂3A
3 = 0 , (5.2.2)

or

A3 = − 1

∂3
∂aA

a, a = 1, 2 . (5.2.3)

For the variation of this field, we have

δA3 = − 1

∂3
∂a(δA

a) , (5.2.4)

while simply,

δAa = δAa . (5.2.5)

We may combine Eqs. (5.2.4) and (5.2.5) into the form:

δAi =

(
δia − δi3∂a

∂3

)
δAa, i = 1, 2, 3 . (5.2.6)

5.3 Modification of Maxwell’s Equations for a Priori Non-

Conserved Current

From Eq. (5.1.2):

δW =

ˆ
(dx)

[
−1

4
δ(F µνFµν) + JµδAµ

]
,

=

ˆ
(dx)

[
−1

4
F µνδFµν −

1

4
FµνδF

µν + JµδAµ

]
,

=

ˆ
(dx)

[
−1

4
F µνδ(∂µAν − ∂νAµ)− 1

4
Fµνδ(∂

µAν − ∂νAµ) + JµδAµ

]
,
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=

ˆ
(dx)

[
− 1

4
F µν∂µδAν +

1

4
F µν∂νδAµ −

1

4
Fµν∂

µδAν

+
1

4
Fµν∂

νδAµ + JµδAµ

]
,

=

ˆ
(dx)

[
− 1

4
F µν∂µδAν +

1

4
F νµ∂µδAν −

1

4
Fνµ∂

νδAµ

+
1

4
Fµν∂

νδAµ + JµδAµ

]
,

=

ˆ
(dx)

[
− 1

4
F µν∂µδAν −

1

4
F µν∂µδAν +

1

4
Fµν∂

νδAµ

+
1

4
Fµν∂

νδAµ + JµδAµ

]
,

=

ˆ
(dx)

[
−1

2
F µν∂µδAν +

1

2
Fµν∂

νδAµ + JµδAµ

]
,

=

ˆ
(dx)

[
−1

2
F µν∂µδAν +

1

2
F µν∂νδAµ + JµδAµ

]
,

=

ˆ
(dx)

[
−1

2
F µν∂µδAν −

1

2
F µν∂µδAν + JµδAµ

]
,

δW =

ˆ
(dx) [−F µν∂µδAν + JµδAµ] . (5.3.1)

For the first term of the above equation, we use the fact that AδB = δ(AB) − (δA)B,

to obtain

δW =

ˆ
(dx) [−∂µ(F µνδAν) + (∂µF

µν)δAν + JµδAµ] , (5.3.2)

=

˛
dΣµF

µνδAν +

ˆ
(dx) [(∂µF

µν + Jν)δAν ] , (5.3.3)
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and ˆ
(dx)∂µ(F µνδAν) , (5.3.4)

is a surface term. Accordingly, we have

δW =

ˆ
(dx)

[
(∂µF

µ0 + J0) δA0 + (∂µF
µi + J i) δAi

]
, (5.3.5)

or

δW =

ˆ
(dx)

[
−(∂µF

µ0 + J0) δA0 + (∂µF
µi + J i) δAi

]
. (5.3.6)

Using Eq. (5.2.6), we get

δW =

ˆ
(dx)

[
−(∂µF

µ0 + J0) δA0 + (∂µF
µi + J i)

(
δia − δi3∂a

∂3

)
δAa

]

=

ˆ
(dx)

[
− (∂µF

µ0 + J0) δA0 + (∂µF
µa + Ja) δAa − (∂µF

µ3 + J3)
∂a
∂3

δAa
]

= −
ˆ

(dx)(∂µF
µ0 + J0) δA0 +

ˆ
(dx)(∂µF

µa + Ja) δAa

−
ˆ

(dx)(∂µF
µ3 + J3)

∂a
∂3

δAa . (5.3.7)

Consider the third term given by:

−
ˆ

(dx)(∂µF
µ3 + J3)

∂a
∂3

δAa = −
ˆ

(dx)∂a

[
(∂µF

µ3 + J3)
1

∂3

δAa
]

+

ˆ
(dx)

[
∂a(∂µF

µ3 + J3)
] 1

∂3

δAa

= −
˛

dΣa

[
(∂µF

µ3 + J3)
1

∂3

δAa
]

+

ˆ
(dx)

[
∂a(∂µF

µ3 + J3)
] 1

∂3

δAa
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=

ˆ
(dx)

[
∂a(∂µF

µ3 + J3)
] 1

∂3

δAa

=

ˆ
(dx)

[
∂3
∂a
∂3

(∂µF
µ3 + J3)

]
1

∂3

δAa

=

ˆ
(dx)∂3

{[
∂a
∂3

(∂µF
µ3 + J3)

]
1

∂3

δAa
}

−
ˆ

(dx)

[
∂a
∂3

(∂µF
µ3 + J3)

]
∂3

1

∂3

δAa

=

˛
dΣ3

{[
∂a
∂3

(∂µF
µ3 + J3)

]
1

∂3

δAa
}

−
ˆ

(dx)

[
∂a
∂3

(∂µF
µ3 + J3)

]
∂3

1

∂3

δAa ,

−
ˆ

(dx)(∂µF
µ3 + J3)

∂a
∂3

δAa = −
ˆ

(dx)

[
∂a
∂3

(∂µF
µ3 + J3)

]
δAa . (5.3.8)

Substitute Eq. (5.3.8) into Eq. (5.3.7), to get

δW = −
ˆ

(dx)(∂µF
µ0 + J0) δA0 +

ˆ
(dx)(∂µF

µa + Ja) δAa

−
ˆ

(dx)

[
∂a
∂3

(∂µF
µ3 + J3)

]
δAa

= −
ˆ

(dx)(∂µF
µ0 + J0) δA0

+

ˆ
(dx)

[
(∂µF

µa + Ja)− ∂a
∂3

(∂µF
µ3 + J3)

]
δAa , (5.3.9)

or

δW
δA0

= −(∂µF
µ0 + J0) , (5.3.10)
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δW
δAa

= (∂µF
µa + Ja)− ∂a

∂3

(∂µF
µ3 + J3) . (5.3.11)

The field equations are then given by

−∂µF µ0 = J0 , (5.3.12)

−∂µF µa = Ja − ∂a
∂3

(∂µF
µ3 + J3) . (5.3.13)

From Eq. (5.2.6):

δAi =

(
δia − δi3∂a

∂3

)
δAa ,

δ(∂µA
i) =

(
δia − δi3∂a

∂3

)
δ(∂µA

a) . (5.3.14)

On the other hand, from Eq. (5.3.6) we have:

δW =

ˆ
(dx)

[
−(∂µF

µ0 + J0) δA0 + (∂µF
µi + J i) δAi

]

=

ˆ
(dx)

[
(−∂kF k0) δA0 − J0δA0 + J iδAi + (∂µF

µi) δAi
]

=

ˆ
(dx)

[
F k0δ(∂kA

0)− ∂k(F k0δA0)− J0δA0 + J iδAi + (∂µF
µi) δAi

]

=

ˆ
(dx)

[
F k0δ(∂kA

0)− J0δA0 + J iδAi + (∂µF
µi) δAi

]

δW =

ˆ
(dx)

[
J0δA0 + J iδAi − F k0δ(∂kA0) + (∂µF

µi) δAi
]
. (5.3.15)

Consider the second term in Eq. (5.3.15) and use Eq. (5.2.6) to obtain



97

ˆ
(dx)J iδAi =

ˆ
(dx)J i

(
δia − δi3∂a

∂3

)
δAa

=

ˆ
(dx)JaδAa −

ˆ
(dx)J3∂a

∂3

δAa

=

ˆ
(dx)JaδAa −

ˆ
(dx) ∂a

(
J3 1

∂3

δAa
)

+

ˆ
(dx)(∂aJ

3)
1

∂3

δAa

=

ˆ
(dx)JaδAa +

ˆ
(dx)(∂aJ

3)
1

∂3

δAa

=

ˆ
(dx)JaδAa +

ˆ
(dx)

(
J3 1

∂3

δAa
)
−
ˆ

(dx)

(
∂a
∂3

J3

)
δAa ,

ˆ
(dx)J iδAi =

ˆ
(dx)JaδAa −

ˆ
(dx)

(
∂a
∂3

J3

)
δAa . (5.3.16)

That is, ˆ
(dx)J iδAi =

ˆ
(dx)

(
Ja − ∂a

∂3

J3

)
δAa . (5.3.17)

Consider the last term in Eq. (5.3.9) and use Eq. (5.3.14) to derive

ˆ
(dx)(∂µF

µi) δAi =

ˆ
(dx) ∂µ(F µiδAi)−

ˆ
(dx) F µiδ(∂µA

i)

= −
ˆ

(dx) F µiδ(∂µA
i)

= −
ˆ

(dx) F µi

(
δia − δi3∂a

∂3

)
δ(∂µA

a)

= −
ˆ

(dx) F µaδ(∂µA
a) +

ˆ
(dx) F µ3∂a

∂3

δ(∂µA
a)

= −
ˆ

(dx) F µaδ(∂µA
a) +

ˆ
(dx) ∂a

[
F µ3 1

∂3

δ(∂µA
a)

]

−
ˆ

(dx)(∂aF
µ3)

1

∂3

δ(∂µA
a)
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= −
ˆ

(dx) F µaδ(∂µA
a)−

ˆ
(dx)(∂aF

µ3)
1

∂3

δ(∂µA
a)

= −
ˆ

(dx) F µaδ(∂µA
a)−

ˆ
(dx) ∂a

[
F µ3 1

∂3

δ(∂µA
a)

]

+

ˆ
(dx)(∂aF

µ3)
1

∂3

δ(∂µA
a) ,

ˆ
(dx)(∂µF

µi) δAi = −
ˆ

(dx) F µaδ(∂µA
a) +

ˆ
(dx)

(
∂a
∂3

F µ3

)
δ(∂µA

a) ,

(5.3.18)

or ˆ
(dx)(∂µF

µi) δAi =

ˆ
(dx)

(
−F µa +

∂a
∂3

F µ3

)
δ(∂µA

a) . (5.3.19)

Upon substituting Eqs. (5.3.17) and (5.3.19) into Eq. (5.3.15) this leads to:

δW =

ˆ
(dx)

[
J0δA0 +

(
Ja − ∂a

∂3

J3

)
δAa − F k0δ(∂kA0)

+

(
−F µa +

∂a
∂3

F µ3

)
δ(∂µA

a)

]
. (5.3.20)

The canonical conjugate momenta to Aµ are defined by

πµ ≡ π[Aµ] =
δW
δȦµ

=
δW

δ(∂0Aµ)
. (5.3.21)

For the photon field, A0 is a dependent field since its canonical momentum van-

ishes (π0 = 0),

π1 ≡ π[A1] = −F 01 +
∂1

∂3

F 03 , (5.3.22)

π2 ≡ π[A2] = −F 02 +
∂2

∂3

F 03 , (5.3.23)
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or

πa ≡ π[Aa] = −F 0a +
∂a
∂3

F 03 , a = 1, 2 . (5.3.24)

But π3 = 0 since A3 is not a dynamical variable. Also

∂3F 0a + ∂0F a3 + ∂aF 30 = 0 (5.3.25)

−∂3F 0a − ∂aF 30 = ∂0F a3 (5.3.26)

−∂3F 0a + ∂aF 03 = −∂0F
a3 (5.3.27)

−F 0a +
∂a
∂3

F 03 = −∂0

∂3

F a3 . (5.3.28)

Therefore

πa = −F 0a +
∂a
∂3

F 03 = −∂0

∂3

F a3 , (5.3.29)

which may be generalized from a = 1, 2 to k = 1, 2, 3 through

πk = −F 0k +
∂k
∂3

F 03 = −∂0

∂3

F k3 , (5.3.30)

giving, in particular, for k = 3, π3 = 0, as expected.

Also π0 = 0 since A0 is a dependent field. On the other hand

πµ = −F 0
µ + gµ

k ∂k
∂3

F 03 = −gµk
∂0

∂3

F k3 , (5.3.31)

for µ = 0, 1, 2, 3, giving

∂µπµ ≡ ∂µπ
µ = −∂µF 0µ + gµk

∂µ∂k
∂3

F 03 ,

= ∂µF
µ0 +

∂k∂k
∂3

F 03 , (5.3.32)
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while from Eq. (5.3.12) we have

∂µπ
µ = −J0 +

∇2

∂3

F 03 , (5.3.33)

or

F 03 =
∂3∂µ
∇2

πµ +
∂3

∇2
J0 . (5.3.34)

Substitute Eq. (5.3.34) into Eq. (5.3.31) to get

F 0µ = −πµ + gµk
∂k
∂3

F 03

= −πµ + gµk
∂k
∂3

(
∂3∂ν
∇2

πν +
∂3

∇2
J0

)

= −πµ + gµk
∂k∂ν
∇2

πν + gµk
∂k
∇2

J0 ,

F 0µ = −
(
gµν − gµk ∂k∂

ν

∇2

)
πν + gµk

∂k
∇2

J0 , (5.3.35)

where µ, ν = 0, 1, 2, 3, k = 1, 2, 3.

Since π0 = 0 and π3 = 0, we have gµνπν = gµaπa and ∂νπν = ∂aπ
a. Equation

(5.3.35) gives

F 0µ = −
(
gµa − ∂µ∂a

∇2

)
πa +

∂µ

∇2
J0 ,

F 0k = −
(
δka − ∂k∂a

∇2

)
πa +

∂k
∇2

J0 , (5.3.36)

or (
gkµ − ∂k∂

µ

∇2

)
πµ =

(
δka − ∂k∂a

∇2

)
πa = −F 0k +

∂k
∇2

J0 . (5.3.37)
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We may generalize Eq. (5.3.35) into

F µν =
1

2

[
gµ0

(
gνα − gνk ∂k∂

α

∇2

)
− gν0

(
gµα − gµk ∂k∂

α

∇2

)]
πα

+
1

2
(δµkF

kν − δνkF kµ)− 1

2
(gµ0gνk − gν0gµk) ∂k∇2

J0 . (5.3.38)

Or using a notation bµ ≡ ∂µk∂k/∇2 for b0 ≡ 0, this gives

F µν =
1

2

[
(gµ0gνα − gν0gµα)− (gµ0bν − gν0bµ)∂α

]
πα

+
1

2
(δµkF

kν − δνkF kµ)− 1

2
(gµ0bν − gν0bµ)J0 . (5.3.39)

We may write

δµkF
kν = δµαF

αν − δµ0F
0ν

= F µν − δµ0F
0ν , (5.3.40)

which gives

δνkF
kµ = δνβF

βµ − δν0F
0µ

= F νµ − δν0F
0µ . (5.3.41)

Now combine Eqs. (5.3.40) and (5.3.41), to obtain

δµkF
kν − δνkF kµ = F µν − F νµ − δµ0F

0ν + δν0F
0µ (5.3.42)

δµkF
kν − δνkF kµ = 2F µν + (gµ0F 0ν − gν0F 0µ) (5.3.43)
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2F µν = (δµkF
kν − δνkF kµ)− (gµ0F 0ν − gν0F 0µ) (5.3.44)

F µν =
1

2
(δµkF

kν − δνkF kµ)− 1

2
(gµ0F 0ν − gν0F 0µ) . (5.3.45)

On the other hand, using Eq. (5.3.35), the latter leads to

gµ0F 0ν − gν0F 0µ = gµ0

[
−
(
gνα − gνk ∂k∂

α

∇2

)
πα + gνk

∂k
∇2

J0

]

−gν0
[
−
(
gµα − gµk ∂k∂

α

∇2

)
πα + gµk

∂k
∇2

J0

]

= −
[
gµ0

(
gνα − gνk ∂k∂

α

∇2

)
− gν0

(
gµα − gµk ∂k∂

α

∇2

)]
πα

+(gµ0gνk − gν0gµk) ∂k∇2
J0 . (5.3.46)

Substitute Eq. (5.3.45) into Eq. (5.3.46), to obtain the expression.

F µν =
1

2

[
gµ0

(
gνα − gνk ∂k∂

α

∇2

)
− gν0

(
gµα − gµk ∂k∂

α

∇2

)]
πα

+
1

2
(δµkF

kν − δνkF kµ)− 1

2
(gµ0gνk − gν0gµk) ∂k∇2

J0 .

In Coulomb gauge A3 = − 1

∂3

(∂bA
b), b = 1, 2, and

πa = −∂0

∂3

F a3

= −∂0

∂3

(∂aA3 − ∂3Aa)

= ∂0A
a − ∂0∂

a

∂3

A3

= Ȧa − ∂0∂
a

∂3

(
− 1

∂3

∂bA
b

)
,
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πa = Ȧa +
∂a∂b
(∂3)2

Ȧb . (5.3.47)

Or

πa =

[
δab +

∂a∂b
(∂3)2

]
Ȧb , a, b = 1, 2 . (5.3.48)

For c = 1, 2

(
δca − ∂c∂a

∇2

)
πa =

(
δca − ∂c∂a

∇2

)[
δab +

∂a∂b
(∂3)2

]
Ȧb

=

[
δcb +

∂c∂b
(∂3)2

− ∂c∂
b

∇2
− ∂c∂a
∇2

∂a∂b
(∂3)2

]
Ȧb

=

[
δcb +

∂c∂b
(∂3)2

− ∂c∂b
∇2
− ∂a∂a

(∂3)2

∂c∂b
∇2

]
Ȧb . (5.3.49)

By definition,∇2 = ∂a∂a + (∂3)
2, and we may write

(
δca − ∂c∂a

∇2

)
πa =

[
δcb +

∂c∂b
(∂3)2

− ∂c∂b
∇2
−
(∇2 − (∂3)

2

(∂3)2

)
∂c∂b
∇2

]
Ȧb

=

[
δcb +

∂c∂b
(∂3)2

− ∂c∂b
∇2
−
( ∇2

(∂3)2
− 1

)
∂c∂b
∇2

]
Ȧb

=

[
δcb +

∂c∂b
(∂3)2

−
(

1 +
∇2

(∂3)2
− 1

)
∂c∂b
∇2

]
Ȧb

=

[
δcb +

∂c∂b
(∂3)2

− ∇2

(∂3)2

∂c∂b
∇2

]
Ȧb

=

[
δcb +

∂c∂b
(∂3)2

− ∂c∂b
(∂3)2

]
Ȧb

= δcbȦb , (5.3.50)



104

giving the useful expression

(
δca − ∂c∂a

∇2

)
πa = Ȧc . (5.3.51)

We use Eq. (5.3.36) to obtain

F 0k = −
(
δka − ∂k∂a

∇2

)
πa +

∂k
∇2

J0 ,

F 0b = −
(
δba − ∂b∂a

∇2

)
πa +

∂b
∇2

J0 ,

F 0b = −Ȧb +
∂b
∇2

J0 , (5.3.52)

Ȧb = −F 0b +
∂b
∇2

J0 , a, b = 1, 2 . (5.3.53)

The functional derivative of the vacuum-to-vacuum transition amplitude with

respect to an external source Jµ is

−i
δ

δJµ(x)
〈0+ |0−〉 = 〈0+ |Aµ(x)|0−〉 , (5.3.54)

and for any operator-valued (q-number) function O(x)

−i
δ

δJν(x′)
〈0+ |O(x)|0−〉 =

〈
0+

∣∣(O(x)Aν(x′))+

∣∣0−
〉

+

〈
0+

∣∣∣∣−i
δ

δJν(x′)
O(x)

∣∣∣∣0−
〉
.

(5.3.55)

In terms of the expectation value of the photon field Aµ(x):

〈Aµ(x)〉 ≡ 〈0+ |Aµ(x)|0−〉
〈0+ |0−〉

, (5.3.56)

we have

〈Aµ(x)〉 =
1

〈0+ |0−〉

(
−i

δ

δJµ(x)

)
〈0+ |0−〉 . (5.3.57)
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From the field equations, Eqs. (5.3.12) and (5.3.13), we have

−∂µF µ0 = J0 ,

and

−∂µF µa = Ja − ∂a
∂3

(∂µF
µ3 + J3) ,

for a = 1, 2. But Eq. (5.3.13) is also true for a replaced by 3:

−∂µF µi = J i − ∂i
∂3

(∂µF
µ3 + J3) , i = 1, 2, 3 . (5.3.58)

We may combine Eqs. (5.3.12) and (5.3.58) as follows

−∂µ(F µ0 + F µi) = J0 + J i − ∂i
∂3

(∂µF
µ3 + J3) (5.3.59)

−∂µF µν = J0 + J i − ∂i
∂3

(∂µF
µ3 + J3) (5.3.60)

−∂ν∂µF µν = ∂0J
0 + ∂0J

i − ∂i∂i
∂3

(∂µF
µ3 + J3) (5.3.61)

−∂ν∂µF µν = ∂µJ
µ − ∇

2

∂3

(∂µF
µ3 + J3) . (5.3.62)

Using ∂ν∂µF µν = 0, we also have

0 = ∂µJ
µ − ∇

2

∂3

(∂µF
µ3 + J3) , (5.3.63)

∂µJ
µ =

∇2

∂3

(∂µF
µ3 + J3) 6= 0 , (5.3.64)

giving
1

∂3

(∂µF
µ3 + J3) =

1

∇2
∂µJ

µ . (5.3.65)
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Substituting Eq. (5.3.65) into Eq. (5.3.58) leads to

−∂µF µi = J i − ∂i
∇2

∂µJ
µ , (5.3.66)

which may be rewritten as

−∂µF µi =

(
giα − ∂i∂α

∇2

)
Jα , i = 1, 2, 3 . (5.3.67)

We may combining Eqs. (5.3.12) and (5.3.66) into one equation of the form

−∂µF µ0 − ∂µF µi = J0 +

(
giα − ∂i∂α

∇2

)
Jα , (5.3.68)

−∂µF µν =

(
gνα − gνi ∂i∂

α

∇2

)
Jα , (5.3.69)

leading to the modified Maxwell’s equations for a priori non-conserved current given

by:

−∂µF µν = (gνα − bν∂α) Jα , (5.3.70)

where

bν = gνi
∂i
∇2

. (5.3.71)

For a conserved current ∂αJα = 0, we obtain the well known Maxwell’s equa-

tions:

−∂µF µν
∣∣∣
∂αJα=0

= Jν . (5.3.72)
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In the Coulomb gauge (∂kA
k = 0),

−∂µF µν = −∂µ(∂µAν − ∂νAµ)

= −∂µ∂µAν + ∂ν∂µA
µ

= −∂µ∂µAν + ∂ν(∂0A
0 + ∂kA

k)

−∂µF µν = −2Aν + ∂ν∂0A
0 , (5.3.73)

where 2 = (∂0)
2 +∇2. Equations (5.3.73) and (5.3.69) then give

−2Aν + ∂ν∂0A
0 =

(
gνα − gνi ∂i∂

α

∇2

)
Jα . (5.3.74)

For ν = 0:

−2A0 + ∂0∂0A
0 =

(
g0α − g0i ∂i∂

α

∇2

)
Jα , (5.3.75)

−∇2A0 = J0 and A0 =
1

−∇2
J0 . (5.3.76)

From Eq. (5.3.76), we obtain the time derivative of A0 as

∂0A
0 = − ∂0

∇2
J0 . (5.3.77)

Substitute this into Eq. (5.3.74) to get

−2Aν =

(
gνα − gνi∂i∂

α

∇2

)
Jα − ∂ν∂0A

0

=

(
gνα − gνi∂i∂

α

∇2

)
Jα +

∂ν∂0

∇2
J0
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= Jν − gνi∂i∂
α

∇2
Jα +

∂ν∂0

∇2
J0

= Jν +
∂ν∂α

∇2
Jα − gνi

∂i∂
α

∇2
Jα −

∂ν∂α

∇2
Jα +

∂ν∂0

∇2
J0

= Jν +
∂ν∂α

∇2
Jα − gνi

∂i∂
α

∇2
Jα −

∂ν∂i

∇2
Ji

= Jν +
∂ν∂α

∇2
Jα − gνi

∂i∂
α

∇2
Jα − gαi

∂ν∂i

∇2
Jα

=

[
gνα +

∂ν∂α

∇2
− gνi∂i∂

α

∇2
− gαi∂i∂

ν

∇2

]
Jα ,

−2Aν =

(
gνλ − gλi∂i∂

ν

∇2

)
gλσ

(
gσα − gσk ∂k∂

α

∇2

)
Jα . (5.3.78)

Or for a priori non-conserved current we have:

−2Aν =

[
gνα +

∂ν∂α

∇2
− bν∂α − bα∂ν

]
Jα

= (gνλ − bλ∂ν)gλσ(gσα − bσ∂α) Jα . (5.3.79)

On the other hand for ∂αJα = 0, we obtain

−2Aν
∣∣∣
∂αJα=0

=

(
gνα − gαi∂i∂

ν

∇2

)
Jα . (5.3.80)

In particular, for ν = k = 1, 2, 3 this specializes to

−2Ak =

[
gkα +

∂k∂α

∇2
− gki∂i∂

α

∇2
− gαi∂

k∂i
∇2

]
Jα

= Jk +
∂k∂α

∇2
Jα − δki

∂i∂α

∇2
Jα −

∂k∂i
∇2

J i

= Jk − ∂k∂i
∇2

J i , (5.3.81)
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or

−2Ak =

(
δki − ∂k∂i

∇2

)
J i . (5.3.82)

Equation (5.3.78) gives

−2Aν =

[
gνα +

∂ν∂α

∇2
− gνi∂i∂

α

∇2
− gαi∂i∂

ν

∇2

]
Jα

−2∂µAν =

[
gνα∂µ +

∂µ∂ν∂α

∇2
− gνi∂i∂

µ∂α

∇2
− gαi∂i∂

µ∂ν

∇2

]
Jα , (5.3.83)

and

−2Aµ =

[
gµα +

∂µ∂α

∇2
− gµi∂i∂

α

∇2
− gαi∂i∂

µ

∇2

]
Jα

−2∂νAµ =

[
gµα∂ν +

∂ν∂µ∂α

∇2
− gµi∂i∂

ν∂α

∇2
− gαi∂i∂

ν∂µ

∇2

]
Jα . (5.3.84)

Equations (5.3.83) and (5.3.84), lead to

−2(∂µAν − ∂νAµ) =

[
(gνα∂µ − gµα∂ν)− gνi∂i∂

µ∂α

∇2
+ gµi

∂i∂
ν∂α

∇2

]
Jα , (5.3.85)

−2F µν =

[
(gνα∂µ − gµα∂ν)− (gνi∂µ − gµi∂ν)∂i∂

α

∇2

]
Jα

= (gνλ∂µ − gµλ∂ν)gλσ
(
gσα − gσi∂i∂

α

∇2

)
Jα , (5.3.86)

or

−2F µν = [(gνα∂µ − gµα∂ν)− (bν∂µ − bµ∂ν)∂α] Jα

= (gνλ∂µ − gµλ∂ν)gλσ(gσα − bσ∂α)Jα . (5.3.87)
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For ∂αJα = 0, we obtain

2F µν = ∂µJν − ∂νJµ , (5.3.88)

and Eq. (5.3.79) gives

−2Aµ(x) =

[
gµν +

∂µ∂ν

∇2
− bµ∂ν − bν∂µ

]
Jν(x) . (5.3.89)

We may solve for Aµ(x) from Eq. (5.3.89) in the form:

Aµ(x) =

ˆ
(dx′)Dµν

+ (x, x′)Jν(x
′) , (5.3.90)

−2Aµ(x) =

ˆ
(dx′) [−2Dµν

+ (x, x′)] Jν(x
′) . (5.3.91)

Using the integral ˆ
(dx′)δ4(x− x′)f(x′) = f(x) , (5.3.92)

we may rewrite Eq. (5.3.89) as

−2Aµ(x) =

ˆ
(dx′)δ4(x− x′)

[
gµν +

∂′µ∂′ν

∇2
− b′µ∂′ν − b′ν∂′µ

]
Jν(x

′) . (5.3.93)

Upon comparing Eq. (5.3.91) and Eq. (5.3.93), lead to

Dµν
+ (x, x′) =

[
gµν +

∂µ∂ν

∇2
− bµ∂ν − bν∂µ

]
1

−2− iε
δ4(x− x′) , (5.3.94)

or

Dµν
+ (x, x′) = (gµα−b

α∂µ)gαβ(gβν − bβ∂ν) 1

−2− iε
δ4(x− x′) . (5.3.95)
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We note that

∂µD
µν
+ (x, x′) =

[
∂ν +

2∂ν

∇2
− ∂µgµk

∂k∂
ν

∇2
− gνk ∂k∇2

2
]

1

−2− iε
δ4(x− x′)

=

[
∂ν +

2∂ν

∇2
− ∂k∂k
∇2

∂ν − gνk ∂k∇2
2
]

1

−2− iε
δ4(x− x′)

=
2
∇2

(∂ν − gνk∂k)
1

−2− iε
δ4(x− x′) , (5.3.96)

or

∂µD
µν
+ (x, x′) = −(gνα∂α − gνk∂k)

1

∇2
δ4(x− x′)

= −gν0 ∂0

∇2
δ4(x− x′) . (5.3.97)

Upon multiplying Eq. (5.3.97) by ∂ν , we have

∂ν∂µD
µν
+ (x, x′) = −gν0∂ν

∂0

∇2
δ4(x− x′)

= −∂
0∂0

∇2
δ4(x− x′)

=
(∂0)

2

∇2
δ4(x− x′) . (5.3.98)

Let

A ≡
[ˆ

(dx)(dx′) Jµ(x) Dµν
+ (x, x′) Jν(x

′)

]

∂αJα=0

=

[ˆ
(dx)(dx′) Jµ(x)

(
gµν +

∂µ∂ν

∇2
− bµ∂ν − bν∂µ

)

× 1

−2− iε
δ4(x− x′) Jν(x′)

]

∂αJα=0

, (5.3.99)



112

using Eq. (5.3.92), we may rewrite A as

A =

[ˆ
(dx) Jµ(x)

(
gµν +

∂µ∂ν

∇2
− bµ∂ν − bν∂µ

)
1

−2− iε
Jν(x)

]

∂αJα=0

=

[ˆ
(dx) Jµ(x) (gµν − bν∂µ)

1

−2− iε
Jν(x)

]

∂αJα=0

=

[ˆ
(dx) Jµ(x)

(
gµν − gνi∂i∂

µ

∇2

)
1

−2− iε
Jν(x)

]

∂αJα=0

=

ˆ
(dx) Jµ(x)

gµν

−2− iε
Jν(x) , (5.3.100)

or

A =

ˆ
(dx) Jµ(x) Dµν

+ (x, x′) Jν(x) . (5.3.101)

Therefore A is a gauge invariant quantity

[ˆ
(dx)(dx′) Jµ(x) Dµν

+ (x, x′) Jν(x
′)

]

∂αJα=0

=

ˆ
(dx) Jµ(x)

gµν

−2− iε
Jν(x) .

(5.3.102)

5.4 The QDP, Dependent Fields and Canonical Commutation

Relations

We consider the matrix element of Aµ(x) defined by

〈Aµ(x)〉 =
〈0+ |Aµ(x)|0−〉
〈0+ |0−〉

, (5.4.1)

with Aµ(x) obtained in Eq. (5.3.90).
〈
Aµ(x)

〉
is then given by

〈
Aµ(x)

〉
=

ˆ
(dx′) Dµν

+ (x, x′) Jν(x
′) , (5.4.2)
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where Dµν
+ (x, x′) is the exact photon propagator in the presence of an external source

Jµ in the Coulomb gauge. Obviously, for the vacuum expectation value of the photon

field Aµ(x) in the absence of an external source Jµ this gives

〈
Aµ(x)

〉
J=0

= 0 . (5.4.3)

The functional derivative of the vacuum-to-vacuum transition amplitude

〈0+ |0−〉 with respect to Jµ(x) may be obtained from Eqs. (5.3.54) and (5.4.2) to give

δ

iδJµ(x)
〈0+ |0−〉 =

ˆ
(dx′) Dµν

+ (x, x′) Jν(x
′) 〈0+ |0−〉 (5.4.4)

ˆ
δ 〈0+ |0−〉
〈0+ |0−〉

= i

ˆ
δJµ(x)

ˆ
(dx′) Dµν

+ (x, x′) Jν(x
′) (5.4.5)

ln 〈0+ |0−〉 =
i

2

ˆ
(dx′)(dx) Dµν

+ (x, x′) Jν(x
′) (5.4.6)

〈0+ |0−〉 = exp

[
i

2

ˆ
(dx′)(dx) Dµν

+ (x, x′) Jν(x
′)

]
. (5.4.7)

In taking the functional derivative of, the photon field Ai(x) with respect to Jµ,

we have to keep Ai(x) fixed, but not for the dependent field A0(x) which depends on

J0 through Eq. (5.3.76).

In particular, we obtain

δA0(x)

iδJ0(x′)
=

i

∇2
δ4(x− x′) , (5.4.8)

which generalizes to

δAµ(x)

iδJν(x′)
= −igµ0gν0

1

∇2
δ4(x− x′) , (5.4.9)

and their right-hand sides are both c-numbers.
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From Eq. (5.3.55), we note that

δ

iδJν(x′)
〈0+ |Aµ(x)|0−〉 = 〈0+ |(Aµ(x)Aν(x′))+|0−〉+

〈
0+

∣∣∣∣
δAµ(x)

iδJν(x′)

∣∣∣∣0−
〉
.

(5.4.10)

The expectation value of Aµ depend on Jµ:

〈
Aµ(x)

〉
=

ˆ
(dx′) Dµν

+ (x, x′) Jν(x
′) ,

δ

iδJν(x′)

〈
Aµ(x)

〉∣∣∣∣
J=0

= −i Dµν
+ (x, x′) . (5.4.11)

Equation (5.4.10), gives

1

〈0+ |0−〉
δ

iδJν(x′)
〈0+ |Aµ(x)|0−〉 =

〈0+ |(Aµ(x)Aν(x′))+|0−〉
〈0+ |0−〉

+

〈
0+

∣∣∣∣
δAµ(x)

iδJν(x′)

∣∣∣∣0−
〉

〈0+ |0−〉

=
〈
(Aµ(x)Aν(x′))+

〉
+

〈
δAµ(x)

iδJν(x′)

〉
, (5.4.12)

and we note that

δ

iδJν(x′)

〈
Aµ(x)

〉
=

δ

iδJν(x′)

〈0+ |Aµ(x)|0−〉
〈0+ |0−〉

=
1

〈0+ |0−〉
δ

iδJν(x′)
〈0+ |Aµ(x)|0−〉

−〈0+ |Aµ(x)|0−〉
〈0+ |0−〉

1

〈0+ |0−〉
δ

iδJν(x′)
〈0+ |0−〉

︸ ︷︷ ︸
= 〈0+ |Aν(x′)|0−〉
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=
1

〈0+ |0−〉
δ

iδJν(x′)
〈0+ |Aµ(x)|0−〉

−〈0+ |Aµ(x)|0−〉
〈0+ |0−〉

〈0+ |Aν(x′)|0−〉
〈0+ |0−〉

,

δ

iδJν(x′)

〈
Aµ(x)

〉
=

1

〈0+ |0−〉
δ

iδJν(x′)
〈0+ |Aµ(x)|0−〉

−
〈
Aµ(x)

〉〈
Aν(x′)

〉
. (5.4.13)

Substituting Eq. (5.4.12) into Eq. (5.4.13), leads to

δ

iδJν(x′)

〈
Aµ(x)

〉
=
〈
(Aµ(x)Aν(x′))+

〉
+

〈
δAµ(x)

iδJν(x′)

〉
−
〈
Aµ(x)

〉〈
Aν(x′)

〉
. (5.4.14)

For J = 0,
〈
Aµ(x)

〉
J=0

= 0, this specializes to

δ

iδJν(x′)

〈
Aµ(x)

〉
=

〈
(Aµ(x)Aν(x′))+

〉
J=0

+

〈
δAµ(x)

iδJν(x′)

〉

J=0

. (5.4.15)

Equation (5.4.9), consistently gives

Dµν
+ (x, x′) = i

〈
(Aµ(x)Aν(x′))+

〉
J=0

+ gµ0gν0
1

∇2
δ4(x− x′) . (5.4.16)

From Eq. (5.3.86), we may write

−2F µν =
[
(gνα∂µ − gµα∂ν)− (gνi∂µ − gµi∂ν) ∂i∂

α

∇2

]
Jα , (5.4.17)

or for its matrix element 〈0+ |·|0−〉, we have

−2 〈0+ |F µν |0−〉 =

[
(gνα∂µ − gµα∂ν)− (gνi∂µ − gµi∂ν) ∂i∂

α

∇2

]
Jα 〈0+ |0−〉 ,

(5.4.18)
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〈0+ |F µν |0−〉 =
1

−2− iε

[
(gνα∂µ − gµα∂ν)− (gνi∂µ − gµi∂ν) ∂i∂

α

∇2

]
Jα 〈0+ |0−〉

= DµναJα(x) 〈0+ |0−〉 , (5.4.19)

where

Dµνα ≡ 1

−2− iε

[
(gνα∂µ − gµα∂ν)− (gνi∂µ − gµi∂ν) ∂i∂

α

∇2

]
. (5.4.20)

Accordingly,

〈0+ |F µν |0−〉
〈0+ |0−〉

= DµναJα(x) =
〈
F µν(x)

〉
, (5.4.21)

and

δ

iδJν(x′)

〈
F µν(x)

〉
=
Dµνα

i
δ4(x− x′)

= −iDµνα δ4(x− x′) . (5.4.22)

Equation (5.3.55), also gives

δ

iδJν(x′)
〈0+ |F µν(x)|0−〉 = 〈0+ |(F µν(x)Aν(x′))+|0−〉

+

〈
0+

∣∣∣∣
δF µν(x)

iδJν(x′)

∣∣∣∣0−
〉
, (5.4.23)

1

〈0+ |0−〉
δ

iδJν(x′)
〈0+ |F µν(x)|0−〉 =

〈
(F µν(x)Aν(x′))+

〉
+

〈
δF µν(x)

iδJν(x′)

〉
. (5.4.24)
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In terms of the matrix element 〈0+ |·|0−〉 / 〈0+ |0−〉 of F µν , we have

δ

iδJν(x′)

〈
F µν(x)

〉
=

δ

iδJν(x′)

〈
0+

∣∣F µν(x)
∣∣0−
〉

〈0+ |0−〉

=
1

〈0+ |0−〉
δ

iδJν(x′)
〈0+ |F µν(x)|0−〉

−
〈
0+

∣∣F µν(x)
∣∣0−
〉

〈0+ |0−〉
1

〈0+ |0−〉
δ

iδJν(x′)
〈0+ |0−〉

︸ ︷︷ ︸
,

= 〈0+ |Aν(x′)|0−〉

δ

iδJν(x′)

〈
F µν(x)

〉
=

1

〈0+ |0−〉
δ

iδJν(x′)
〈0+ |F µν(x)|0−〉

−
〈
F µν(x)

〉〈
Aν(x′)

〉
, (5.4.25)

or

1

〈0+ |0−〉
δ

iδJν(x′)
〈0+ |F µν(x)|0−〉 =

δ

iδJν(x′)

〈
F µν(x)

〉
+
〈
F µν(x)

〉〈
Aν(x′)

〉
.

(5.4.26)

Therefore by equating Eq. (5.4.24) and Eq. (5.4.26), it follows that

〈
(F µν(x)Aν(x′))+

〉
+

〈
δF µν(x)

iδJν(x′)

〉
=

δ

iδJν(x′)

〈
F µν(x)

〉
+
〈
F µν(x)

〉〈
Aν(x′)

〉
,

(5.4.27)

〈
(F µν(x)Aν(x′))+

〉
=

δ

iδJν(x′)

〈
F µν(x)

〉
−
〈
δF µν(x)

iδJν(x′)

〉

+
〈
F µν(x)

〉〈
Aν(x′)

〉
. (5.4.28)
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In particular, for J = 0

〈
(F µν(x)Aν(x′))+

〉
J=0

=

[
δ

iδJν(x′)

〈
F µν(x)

〉]

J=0

−
〈
δF µν(x)

iδJν(x′)

〉

J=0

. (5.4.29)

In the Coulomb gauge A3 = − 1

∂3

(∂bA
b) with a sum over b = 1, 2, and from Eq.

(5.3.31) we may write

πµ = −gµk ∂0

∂3

F k3

= −gµk ∂0

∂3

(∂kA3 − ∂3Ak)

= gµk∂0A
k − gµk ∂0∂

k

∂3

A3

= gµkȦk + gµk
∂0∂

k

∂3

(
∂b
∂3

Ab
)

= gµkȦk + gµk
∂k∂b
(∂3)2

Ȧb ,

πµ = gµk
[
Ȧk +

∂k∂b
(∂3)2

Ȧb
]
. (5.4.30)

Using the gauge constraint A3 = − 1

∂3

(∂bA
b), gives

πµ = gµa
[
Ȧa +

∂a∂b
(∂3)2

Ȧb
]

= gµa
[
δab +

∂a∂b
(∂3)2

]
Ȧb , (5.4.31)

with µ = 0, 1, 2, 3, k = 1, 2, 3 and a, b = 1, 2.
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From Eq. (5.4.30), we may solve for ∂bȦb as follows:

∂µπ
µ = gµk∂µ

[
Ȧk +

∂k∂b
(∂3)2

Ȧb
]

= ∂kȦ
k +

∂k∂k∂b
(∂3)2

Ȧb

=
∇2

(∂3)2
∂bȦ

b , (5.4.32)

or

∂bȦ
b =

(∂3)
2

∇2
∂µπ

µ =
(∂3)

2

∇2
∂aπ

a . (5.4.33)

Substituting this in Eq. (5.4.30) leads to

πµ = gµkȦk + gµk
∂k

(∂3)2
∂bȦ

b

= gµkȦk + gµk
∂k

(∂3)2

(∂3)
2

∇2
∂νπ

ν

= gµkȦk + gµk
∂k∂ν
∇2

πν , (5.4.34)

or

gµkȦk = πµ − gµk ∂k∂ν∇2
πν

=

(
gµν − gµk ∂k∂

ν

∇2

)
πν , (5.4.35)

and

giµ g
µkȦk = giµ

(
gµν − gµk ∂k∂

ν

∇2

)
πν . (5.4.36)
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By using Eq. (5.3.37), we may write

Ȧi =

(
giν − ∂i∂

ν

∇2

)
πν

= giµ

(
−F 0µ +

∂µ

∇2
J0

)

= −F 0i +
∂i
∇2

J0 , (5.4.37)

or

Ȧi =

(
δik − ∂i∂k

∇2

)
πk

= −F 0a +
∂a
∇2

J0 , (5.4.38)

and

Ȧa =

(
δab − ∂a∂b

∇2

)
πb

= −F 0a +
∂a
∇2

J0 . (5.4.39)

We may combine Eq. (5.4.37) with ∂0A
0 = − 1

∂2∂0J
0:

∂0A
0 = Ȧ0 = − ∂0

∇2
J0 =

∂0J0

∇2
, (5.4.40)

to obtain

gµiȦi = gµi
(
giν −

∂i∂ν
∇2

)
πν + gµ0 ∂0

∇2
J0

= gµi
(
F0i +

∂i
∇2

J0

)
, (5.4.41)
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Ȧµ = gµi
(
giν −

∂i∂ν
∇2

)
πν + gµ0 ∂0

∇2
J0

= −F 0µ +
∂µ

∇2
J0 . (5.4.42)

The canonical commutation relations, for a, b = 1, 2 are given by

[
Aa(x), πb(x′)

]∣∣∣
x0=x′0

= iδabδ3(x− x′) , (5.4.43)

and upon using the equality

δ(x0 − x′0)δ3(x− x′) = δ4(x− x′) , (5.4.44)

we have from Eq. (5.4.43)

δ(x0 − x′0)
[
Aa(x), πb(x′)

]
= iδabδ4(x− x′) , (5.4.45)

for the quantization rule of the physical degrees of freedom A1 and A2.

Since π0 = 0 and π3 = 0, we may generalize Eq. (5.4.45) to

δ(x0 − x′0)
[
Aa(x), gνbπb(x′)

]
= iδabgνbδ4(x− x′) , (5.4.46)

or

δ(x0 − x′0)
[
Aa(x), πν(x′)

]
= igνaδ4(x− x′) , (5.4.47)

and using A3 = − 1

∂3

(∂aA
a), we get

[
Aa(x), πν(x′)

]∣∣∣
x0=x′0

= igνaδ3(x− x′) , (5.4.48)

[
−∂a
∂3

Aa(x), πν(x′)

] ∣∣∣∣
x0=x′0

= −igνa
∂a
∂3

δ3(x− x′) , (5.4.49)
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[
A3(x), πν(x′)

]∣∣∣
x0=x′0

= −igνa
∂a
∂3

δ3(x− x′) , (5.4.50)

or

δ(x0 − x′0)
[
A3(x), πν(x′)

]
= −igνa

∂a
∂3

δ4(x− x′) . (5.4.51)

We may combine Eqs. (5.4.47) and (5.4.51), in the form:

δ(x0 − x′0)
[
Aa(x) + A3(x), πν(x′)

]
= igνaδ4(x− x′)− igνa

∂a
∂3

δ4(x− x′) , (5.4.52)

δ(x0 − x′0)
[
Ai(x), πν(x′)

]
= igνa

(
δia − δi3∂a

∂3

)
δ4(x− x′) , (5.4.53)

with i = 1, 2, 3 and a = 1, 2.

Since A0 = − 1

∂2J
0 is just a c-number,

δ(x0 − x′0)
[
gµiAi(x), πν(x′)

]
= igµigνa

(
δia − δi3∂a

∂3

)
δ4(x− x′) , (5.4.54)

we note that

gνk
(
δik − δi3∂k

∂3

)
= gνa

(
δia − δi3∂a

∂3

)
, (5.4.55)

and Eq. (5.4.54) becomes,

δ(x0 − x′0)
[
Aµ(x), πν(x′)

]
= igµigνk

(
δik − δi3∂k

∂3

)
δ4(x− x′) . (5.4.56)

Using Eq. (5.4.42) for j = 1, 2, 3, gives

Ȧν(x′) = gνi
(
gjα −

∂′j∂
′
α

∇′2
)
πα + gν0

∂0

∇2
J0 ,
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[
Aµ(x), Ȧν(x′)

]∣∣∣
x0=x′0

= gνi
(
gjα −

∂′j∂
′
α

∇′2
)[

Aµ(x), πα(x′)
]∣∣∣
x0=x′0

= gνi
(
gjα −

∂j∂α
∇2

)
igµigαk

(
δik − δi3∂k

∂3

)
δ3(x− x′)

= igµigνi
(
δjk − ∂j∂k

∇2

)(
δik − δi3∂k

∂3

)
δ3(x− x′) , (5.4.57)

where

∂′α ≡
∂

∂x′α
, (5.4.58)

and

∇′2 ≡ δij
∂

∂x′i
∂

∂x′j
. (5.4.59)

Consider the expression

(
δjk − ∂j∂k

∇2

)(
δik − δi3∂k

∂3

)
= δjkδik − δjkδi3∂k

∂3

− δik ∂j∂k∇2
+ δi3

∂j
∂3

∂k∂k
∇2

= δikδjk − δi3 ∂j
∂3

− δik ∂j∂k∇2
+ δi3

∂j
∂3

= δikδjk − δik ∂j∂k∇2
, (5.4.60)

which may be rewritten as

(
δjk − ∂j∂k

∇2

)(
δik − δi3∂k

∂3

)
= δik

(
δjk − ∂j∂k

∇2

)
. (5.4.61)
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In terms of the transverse delta function

δij⊥(x− x′) ≡
(
δij − ∂i∂j

∇2

)
δ3(x− x′)

= (δij − bi∂j) δ3(x− x′) , (5.4.62)

and

δij⊥(x− x′) ≡ δ(x0 − x′0) δij⊥(x− x′) , (5.4.63)

we obtain

[
Aµ(x), Ȧν(x′)

]∣∣∣
x0=x′0

= igµigνjδik
(
δjk − ∂j∂k

∇2

)
δ3(x− x′)

= igµigνjδik δjk⊥ (x− x′)

= igµkgνj δjk⊥ (x− x′) . (5.4.64)

Or equivalently,

δ(x0 − x′0)
[
Aµ(x), Ȧν(x′)

]
= igµkgνj δjk⊥ (x− x′)

= igµigνk δik⊥ (x− x′) . (5.4.65)

Equation (5.4.42) provides the equality

Ȧν = −F 0ν +
∂ν

∇2
J0 ,

this leading to

δ(x0 − x′0)
[
Aµ(x), F 0ν(x′)

]
= −igµigνkδik⊥ (x− x′) . (5.4.66)
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We may generalize Eq. (5.4.66) for all the components of Fαβ = −F βα as fol-

lows:

δ(x0 − x′0)
[
Aµ(x), Fαβ(x′)

]
= igµi(gβkgα0 − gαkgβ0) δik⊥ (x− x′) , (5.4.67)

and

δ(x0 − x′0)
[
F µν(x), Fαβ(x′)

]
= i
[
(gβkgα0 − gαkgβ0)(gνi∂µ − gµi∂ν)

− (gνkgµ0 − gµkgν0)(gβi∂α − gαi∂β)
]
δik⊥ (x− x′) ,

(5.4.68)

We note that

δ(x0 − x′0)
[
F 0i(x), F 0j(x′)

]
= 0 , (5.4.69)

δ(x0 − x′0)
[
F ij(x), Fmn(x′)

]
= 0 , (5.4.70)

δ(x0 − x′0)
[
F ij(x), Fmn(x′)

]
= + i(δin∂m − δim∂n)δik⊥ (x− x′)

= + i(δkn∂m − δkm∂n)δ4(x− x′) , (5.4.71)

δ(x0 − x′0)
[
Fmn(x), F 0i(x′)

]
= − i(δin∂m − δim∂n)δik⊥ (x− x′)

= − i(δkn∂m − δkm∂n)δ4(x− x′) . (5.4.72)

For the bosonic q-number fields A(x) and B(x′), the time-order product is de-

fined by

(A(x)B(x′))+ = Θ(x0 − x′0)A(x)B(x′) + Θ(x′0 − x0)B(x′)A(x) , (5.4.73)
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and hence

〈
(A(x)B(x′))+

〉
= Θ(x0−x′0)

〈
A(x)B(x′)

〉
+ Θ(x′0−x0)

〈
B(x′)A(x)

〉
. (5.4.74)

Using the fundamental identity,

∂

∂t
Θ(t− t′) = δ(t− t′) , (5.4.75)

with

∂′0 ≡
∂

∂x′0
, (5.4.76)

gives

∂′0
〈
(A(x)B(x′))+

〉
= Θ(x0 − x′0)

〈
A(x)∂′0B(x′)

〉

+
〈
A(x)B(x′)

〉
∂′0Θ(x0 − x′0)

+ Θ(x′0 − x0)
〈
∂′0B(x′)A(x)

〉

+
〈
B(x′)A(x)

〉
∂′0Θ(x′0 − x0) ,

∂′0
〈
(A(x)B(x′))+

〉
= Θ(x0 − x′0)

〈
A(x)∂′0B(x′)

〉

− δ(x0 − x′0)
〈
A(x)B(x′)

〉

+ Θ(x′0 − x0)
〈
∂′0B(x′)A(x)

〉

+ δ(x′0 − x0)
〈
B(x′)A(x)

〉
, (5.4.77)
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or to the equations

∂′0
〈
(A(x)B(x′))+

〉
=
〈
(A(x)∂′0B(x′))+

〉
− δ(x0 − x′0)

〈
[A(x),B(x′)]

〉
, (5.4.78)

and

∂′k
〈
(A(x)B(x′))+

〉
=

〈
(A(x)∂′kB(x′))+

〉
. (5.4.79)

We may combine Eqs. (5.4.78) and (5.4.79) through the following:

− gµ0 ∂
′
0

〈
(A(x)B(x′))+

〉
= − gµ0

〈
(A(x)∂′kB(x′))+

〉

+ gµ0 δ(x
0 − x′0)

〈
[A(x),B(x′)]

〉
, (5.4.80)

∂′µ
〈
(A(x)B(x′))+

〉
=
〈
(A(x)∂′µB(x′))+

〉

+ gµ0 δ(x
0 − x′0)

〈
[A(x),B(x′)]

〉
, (5.4.81)

or

〈
(A(x)∂′µB(x′))+

〉
= ∂′µ

〈
(A(x)B(x′))+

〉

− gµ0 δ(x
0 − x′0)

〈
[A(x),B(x′)]

〉
. (5.4.82)

Equation (5.4.28) gives:

〈
(F µν(x)Aα(x′))+

〉
=

δ

iδJα(x′)

〈
F µν(x)

〉
−
〈
δF µν(x)

iδJν(x′)

〉

+
〈
F µν(x)

〉〈
Aα(x′)

〉
, (5.4.83)
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and we have

〈
(F µν(x)∂′βAα(x′))+

〉
= ∂′β

〈
(F µν(x)Aα(x′))+

〉

+ gβ0 δ(x0 − x′0)
〈
[F µν(x), Aα(x′)]+

〉
. (5.4.84)

Substitute Eq. (5.4.83) into Eq. (5.4.84), to obtain

〈
(F µν(x)∂′βAα(x′))+

〉
= ∂′β

δ

iδJα(x′)

〈
F µν(x)

〉
− ∂′β

〈
δF µν(x)

iδJα(x′)

〉

+ ∂′β
(〈
F µν(x)

〉〈
Aα(x′)

〉)

+ gβ0 δ(x0 − x′0)
〈
[F µν(x), Aα(x′)]

〉
,

〈
(F µν(x)∂′βAα(x′))+

〉
= ∂′β

δ

iδJα(x′)

〈
F µν(x)

〉
−
〈
∂′β

δF µν(x)

iδJα(x′)

〉

+
〈
F µν(x)

〉
∂′β
〈
Aα(x′)

〉

+ gβ0 δ(x0 − x′0)
〈
[F µν(x), Aα(x′)]

〉
. (5.4.85)

By defining the functional differential operator

A′µ ≡ δ

iδJµ(x)
, (5.4.86)

and the operator

F ′µν(x) ≡ ∂µA′ν(x)− ∂νA′µ(x)

= ∂µ
δ

iδJν(x)
− ∂ν δ

iδJµ(x)
, (5.4.87)
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we may write the quantum dynamical principle in Eq. (5.3.54) as

A′µ(x) 〈0+ |0−〉 = 〈0+ |Aµ(x)|0−〉 , (5.4.88)

and write the equation (5.4.14) as

A′ν(x′)
〈
Aµ(x)

〉
=

〈
(Aµ(x)Aν(x′))+

〉
−
〈
Aµ(x)

〉〈
Aν(x′)

〉

+
〈
A′α(x′)Aµ(x)

〉
, (5.4.89)

where

〈
Aµ(x)

〉
=

1

〈0+ |0−〉
A′µ(x) 〈0+ |0−〉 . (5.4.90)

We may rewrite Eq. (5.4.83) as

〈
(F µν(x)Aα(x′))+

〉
= A′α(x′)

〈
F µν(x)

〉
−
〈
A′α(x′)F µν(x)

〉

+
〈
F µν(x)

〉〈
Aα(x′)

〉
, (5.4.91)

as a consequence of the fact that Fαβ(x′) = ∂′αAβ(x′)− ∂′βAα(x′). From Eq. (5.4.85),

we then obtain

〈
(F µν(x)Fαβ(x′))+

〉
=

〈
(F µν(x)∂′αAβ(x′))+

〉
−
〈
(F µν(x)∂′βAα(x′))+

〉

=
[
∂′αA′β(x′)− ∂′βA′α(x′)

]〈
F µν(x)

〉

−
〈[
∂′αA′β(x′)− ∂′βA′α(x′)

]
F µν(x)

〉

+
〈
F µν(x)

〉 [
∂′α
〈
Aβ(x′)

〉
− ∂′β

〈
Aα(x′)

〉]
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+ gα0 δ(x0 − x′0)
〈
[F µν(x), Aβ(x′)]

〉

− gβ0 δ(x0 − x′0)
〈
[F µν(x), Aα(x′)]

〉
,

〈
(F µν(x)Fαβ(x′))+

〉
= F ′αβ(x′)

〈
F µν(x)

〉
−
〈
F ′αβ(x′)F µν(x)

〉

+
〈
F µν(x)

〉〈
Fαβ(x′)

〉

+ gα0 δ(x0 − x′0)
〈
[F µν(x), Aβ(x′)]

〉

− gβ0 δ(x0 − x′0)
〈
[F µν(x), Aα(x′)]

〉
, (5.4.92)

where

〈
F µν(x)

〉
=

1

〈0+ |0−〉
F ′µν(x) 〈0+ |0−〉 . (5.4.93)

We note that

δ

iδJβ(x′)

〈
F µν(x)

〉
=

1

〈0+ |0−〉
δ

iδJβ(x′)
F ′µν(x) 〈0+ |0−〉

− 1

〈0+ |0−〉
F ′µν(x) 〈0+ |0−〉

[
1

〈0+ |0−〉
δ

iδJβ(x′)
〈0+ |0−〉

]

=
1

〈0+ |0−〉
δ

iδJβ(x′)
F ′µν(x) 〈0+ |0−〉

−
〈
Aβ(x′)

〉〈
F µν(x)

〉
, (5.4.94)
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or

F ′αβ(x′)
〈
F µν(x)

〉
=

1

〈0+ |0−〉
F ′αβ(x′)F ′µν(x) 〈0+ |0−〉

−
〈
F µν(x)

〉 [ 1

〈0+ |0−〉
F ′αβ(x′) 〈0+ |0−〉

]

=
1

〈0+ |0−〉
F ′αβ(x′)F ′µν(x) 〈0+ |0−〉

−
〈
F µν(x)

〉〈
Fαβ(x′)

〉
. (5.4.95)

We may then rewrite Eq. (5.4.92) as

〈
(F µν(x)Fαβ(x′))+

〉
=

1

〈0+ |0−〉
F ′αβ(x′)F ′µν(x) 〈0+ |0−〉 −

〈
F µν(x)

〉〈
Fαβ(x′)

〉

−
〈
F ′αβ(x′)F µν(x)

〉
+
〈
F µν(x)

〉〈
Fαβ(x′)

〉

+ gα0 δ(x0 − x′0)
〈
[F µν(x), Aβ(x′)]

〉

− gβ0 δ(x0 − x′0)
〈
[F µν(x), Aα(x′)]

〉
, (5.4.96)

where [F µν(x), Aα(x′)] is a c-numbers, and we have
〈
[F µν(x), Aα(x′)]

〉
=

[F µν(x), Aα(x′)]. Accordingly, we get

〈
(F µν(x)Fαβ(x′))+

〉
=

1

〈0+ |0−〉
F ′αβ(x′)F ′µν(x) 〈0+ |0−〉 −

〈
F ′αβ(x′)F µν(x)

〉

+ gα0 δ(x0 − x′0)
〈
[F µν(x), Aβ(x′)]

〉

− gβ0 δ(x0 − x′0)
〈
[F µν(x), Aα(x′)]

〉
. (5.4.97)



132

Equation (5.3.39) leads to:

F µν =
1

2

[
(gµ0gνα − gν0gµα)− (gµ0bν − gν0bµ)∂α

]
πα

+
1

2
(δµkF

kν − δνkF kµ)− 1

2
(gµ0bν − gν0bµ)J0 ,

giving

δF µν(x)

iδJα(x′)
= − 1

2i
gα0(gµ0bν − gν0bµ) δ4(x− x′)

=
i

2
gα0(gµ0bν − gν0bµ) δ4(x− x′) , (5.4.98)

or to

A′α(x′)F µν(x) =
i

2
gα0(gµ0bν − gν0bµ) δ4(x− x′) , (5.4.99)

and

∂′βA′α(x′)F µν(x) =
i

2
gα0∂′β(gµ0bν − gν0bµ) δ4(x− x′) . (5.4.100)

Using the identity

F ′αβ(x′) = ∂′αA′β(x′)− ∂′βA′α(x′) , (5.4.101)

we get

F ′αβ(x′)F µν(x) = ∂′αA′β(x′)F µν(x)− ∂′βA′α(x′)F µν(x)

=
i

2
(gβ0∂′α − gα0∂′β)(gµ0bν − gν0bµ) δ4(x− x′)
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=
i

2
(gβ0∂α − gα0∂β)(gµ0bν − gν0bµ) δ4(x− x′) , (5.4.102)

which is just a c-number, and
〈
F ′αβ(x′)F µν(x)

〉
= F ′αβ(x′)F µν(x).



CHAPTER VI

ACTION PRINCIPLE AND MODIFICATION OF

THE FADDEEV-POPOV FACTOR

IN GAUGE THEORIES

6.1 Introduction

Over the years (Manoukian, 1986, 1987; Manoukian and Siranan, 2005), we

have seen that the quantum action (dynamical) principle (Schwinger, 1951, 1953, 1954,

1972, 1973; Lam, 1965; Manoukian, 1985) may be used to quantize gauge theories in

constructing the vacuum-to-vacuum transition amplitude and the Faddeev-Popov (FP)

factor (Faddeev and Popov, 1967), encountered in non-abelian gauge theories (e.g.,

Abers and Lee, 1973; Rivers, 1987; ’t Hooft, 2000; Veltman, 2000; Gross, (2005);

Politzer, 2005; Wilczek, 2005), may be obtained directly from the action principle with-

out much effort. No appeal was made to path integrals, and there was not even the

need to go into the well-known complicated structure of the Hamiltonian (Fradkin and

Tyutin, 1970) in non-abelian gauge theories. For extensive references on the gauge

problem in gauge theories see Manoukian and Siranan. The latter reference traces its

historical development from early papers to most recent ones.

In the present investigation, we consider the generic non-abelian gauge theory

Lagrangian density

LT = L + LS , (6.1.1)
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and modifications thereof, where

L = −1

4
Ga
µνG

µν
a +

1

2i
[(∂µψ̄)γµψ − ψ̄γµ∂µψ]−m0ψ̄ψ

+ g0ψ̄γµA
µψ , (6.1.2)

LS = η̄ψ + ψ̄η + JµaA
a
µ , (6.1.3)

Aµ = Aaµta , Gµν = ∂µAν − ∂νAµ − ig0[Aµ, Aν ] , (6.1.4)

Gµν = Ga
µνta , (6.1.5)

Ga
µν = ∂µA

a
ν − ∂νAaµ + g0f

abcAbµA
c
ν . (6.1.6)

The ta are generators of the underlying algebra, and the fabc, totally antisymmetric, are

the structure constants satisfying the Jacobi identity, [ta, tb] = ifabctc. Note that Aµ is a

matrix. LS is the source term with the Jaµ classical functions, while η, η̄ are so-called

anti-commuting Grassmann variables.

The Lagrangian density L in Eq. (6.1.2) is invariant under simultaneous local

gauge transformations:

ψ −→ Uψ, ψ̄ −→ ψ̄U−1 , (6.1.7)

Aµ −→ UAµU
−1 +

i

g0

U∂µU
−1 , (6.1.8)

Gµν −→ UGµνU
−1 , (6.1.9)

where

U = U(θ) = exp [ ig0θ
ata] , θ = θata , θ = θ(x) . (6.1.10)
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Upon setting

∇µ = ∂µ − ig0Aµ , (6.1.11)

with fabc = i(ta)bc → f cab = i(tc)ab, we have

∇µ = ∂µ − ig0Aµ

= ∂µ − ig0A
c
µt
c , (6.1.12)

∇ab
µ = δab∂µ − ig0A

c
µ(tc)ab

= δab∂µ − g0f
cabAcµ ,

∇ab
µ = δab∂µ + g0f

acbAcµ , (6.1.13)

We next consider the basic commutator defined by

[∇µ,∇ν ] = ∇µ∇ν −∇ν∇µ

= (∂µ − ig0Aµ)(∂ν − ig0Aν)− (∂ν − ig0Aν)(∂µ − ig0Aµ)

= ∂µ∂ν − ig0∂µAν − ig0Aµ∂ν − g2
0AµAν

− ∂ν∂µ︸︷︷︸+ig0∂νAµ + ig0Aν∂µ︸ ︷︷ ︸+g2
0AνAµ

= ∂µ∂ν = ig0Aµ∂ν

= −ig0∂µAν + ig0∂νAµ − g2
0AµAµ + g2

0AνAµ

= −ig0∂µA
a
νta + ig0∂νA

a
µta − g2

0(AµAν − AνAµ)
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= −ig0∂µA
a
νta + ig0∂νA

a
µta − g2

0[Aµ, Aν ]

= −ig0∂µA
a
νta + ig0∂νA

a
µta − g2

0[tb, tc]AbµA
c
ν

= −ig0∂µA
a
νta + ig0∂νA

a
µta − g2

0(if bcata)AbµA
c
ν

= −ig0∂µA
a
νta + ig0∂νA

a
µta − g2

0(ifabcta)AbµA
c
ν

= −ig0∂µA
a
νta + ig0∂νA

a
µta − ig2

0f
abctaA

b
µA

c
ν ,

[∇µ,∇ν ] = −ig0(∂µA
a
νta − ∂νAaµta + g0f

abctaA
b
µA

c
ν) .

That is

[∇µ,∇ν ] = −ig0Gµν . (6.1.14)

We also prove the following identity:

(∇µ∇ν)
ac =

1

2
[(∇µ∇ν)− (∇ν∇µ)]ac +

1

2
[(∇µ∇ν) + (∇ν∇µ)]ac

=
1

2
([∇µ,∇ν ])

ac +
1

2
({∇µ,∇ν})ac , (6.1.15)

(∇µ∇ν)
acGµν

c =
1

2
([∇µ,∇ν ])

ac Gµν
c +

1

2
({∇µ,∇ν}︸ ︷︷ ︸)

ac Gµν
c︸︷︷︸

symmetric antisymmetric

=
1

2
([∇µ,∇ν ])

ac Gµν
c + 0

=
1

2

[
−ig0 G

b
µν(tb)

ac Gµν
c

]

=
1

2

[
−ig0 G

b
µν(−if bac) Gµν

c

]
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= −g0

2
Gb
µνf

bacGµν
c︸ ︷︷ ︸ ,

= 0

(∇µ∇ν)
acGµν

c = 0 . (6.1.16)

That is,

∇ab
µ ∇bc

ν G
µν
c = 0 . (6.1.17)

[The latter generalizes the elementary identity ∂µ∂νF µν = 0, in abelian gauge theory,

to non-abelian ones, where F µν = ∂µAν − ∂νAµ.]

We consider gauge invariant (Sect. 6.3) as well as gauge non-invariant (Sect. 6.4)

modifications of the Lagrangian density and show by a systematic use of the quantum

action principle that the familiar FP factor needs to be modified in more general cases

and explicit expressions for these modifications are derived. In particular, we show that

a gauge invariant theory does not necessarily imply the familiar FP factor for proper

quantization, as may be perhaps expected (cf. Rivers, 1987, p. 204), and modifications

thereof may be necessary. Before doing so, however, we use the action principle to

derive, in Sect. 6.2, the FP factor and investigate its origin for the classic Lagrangian

density L, without recourse to path integrals, as an anticipation of what to expect in

more general cases. Throughout, we work in the celebrated Coulomb gauge ∂kAka = 0,

k = 1, 2, 3 as always.

6.2 Action Principle and the Origin of the FP Factor

To obtain the expression for the vacuum-to-vacuum transition amplitude

〈0+ |0−〉, in the presence of external sources Jaµ , ηa, η̄a, as the generator of all the

Green functions of the theory, no restrictions may be set, in particular, on the exter-

nal current Jaµ , coupled to the gauge fields Aµa , such as ∂µJaµ = 0, so that variations

of the components of Jaµ may be carried out independently, until the entire analysis is

completed, and all functional differentiations are carried out to generate Green func-



139

tions. This point cannot be overemphasized. As we will see, the generality condition

that must be adopted on the external current Jaµ together with the presence of dependent

gauge field components in (Aµa), as a result of the structure of the Lagrangian density L

in Eq. (6.1.2) and the gauge constraint, are responsible for the origin and the presence

of the FP factor in the theory for a proper quantization in the realm of the quantum

action principle.

We define the Green operator Dab(x, x′) satisfying the differential equation

[δac∂2 + g0f
abcAbk∂k]D

cd(x, x′) = δ4(x, x′)δad . (6.2.1)

Since the differential operator on the left-hand side of Dcd(x, x′) is independent of the

time derivative, Dcd(x, x′) involves a δ(x0 − x′0) factor. Using the gauge constraint,

one may, for example, eliminate A3
a in favor of A1

a, A
2
a. That is, we may treat the A3

a as

dependent fields.

The action in question is defined by

WT =

ˆ
(dx) L

=

ˆ
(dx)

{
− 1

4
Ga
µνG

µν
a +

1

2i

[
(∂µψ̄)γµψ − ψ̄γµ∂µψ

]
−m0ψ̄ψ

+g0ψ̄γµA
µψ + η̄ψ + ψ̄η + JµaA

a
µ

}
, (6.2.2)

and for its variation we have

δWT =

ˆ
(dx)

{
− 1

4
δ(Ga

µνG
µν
a ) +

1

2i
δ
[
(∂µψ̄)γµψ − ψ̄γµ∂µψ

]
−m0δ(ψ̄ψ)

+g0δ(ψ̄γµA
µψ) + η̄δψ + (δψ̄)η + Jµa δA

a
µ

}
. (6.2.3)
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The first term in the integrand in Eq. (6.2.3) is worked out as

δ(Ga
µνG

µν
a ) = Ga

µνδG
µν
a +Gµν

a δG
a
µν

= Ga
µνδ(∂

µAνa − ∂νAµa + g0f
abcAµbA

ν
c )

+Gµν
a δ(∂µa

a
ν − ∂νAaµ + g0f

abcAbµA
c
ν)

= Ga
µν∂

µδAνa −Ga
µν∂

νδAµa + g0f
abcGa

µνδ(A
µ
bA

ν
c )

+Gµν
a ∂µδA

a
ν −Gµν

a ∂νδA
a
µ + g0f

abcGµν
a δ(A

b
µA

c
ν)

= Gµν
a ∂µδA

a
ν +Gµν

a ∂µδA
a
ν + g0f

abcGa
µνδ(A

µ
bA

ν
c )

+Gµν
a ∂µδA

a
ν +Gµν

a ∂µδA
a
ν + g0f

abcGµν
a δ(A

b
µA

c
ν) ,

δ(Ga
µνG

µν
a ) = 4Gµν

a ∂µδA
a
ν + g0f

abcGa
µνδ(A

µ
bA

ν
c ) + g0f

abcGµν
a δ(A

b
µA

c
ν) .

(6.2.4)

Using AδB = δ(AB)− (δA)B, we obtain

Gµν
a ∂µδA

a
ν = ∂µ(Gµν

a δA
a
ν)− (∂µG

µν
a )δAaν , (6.2.5)

and ˆ
(dx)∂µ(GµνδAaν) =

˛
dΣµ G

µνδAaν = 0 , (6.2.6)

and we have

Gµν
a ∂µδA

a
ν = −(∂µG

µν
a )δAaν . (6.2.7)

Upon substituting Eq. (6.2.7) into the first term on the right-hand side of
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Eq. (6.2.4), gives

δ(Ga
µνG

µν
a ) = −4(∂µG

µν
a )δAaν + g0f

abcGa
µνδ(A

µ
bA

ν
c ) + g0f

abcGµν
a δ(A

b
µA

c
ν)

= −4(∂µG
µν
a )δAaν + g0f

abcGa
µνδ(A

µ
bA

ν
c ) + g0f

abcGa
µνδ(A

µ
bA

ν
c ) ,

δ(Ga
µνG

µν
a ) = −4(∂µG

µν
a )δAaν + 2g0f

abcGa
µνδ(A

µ
bA

ν
c ) . (6.2.8)

On the other hand for the second term on the right-hand side of the above equation we

may write:

2g0f
abcGa

µνδ(A
µ
bA

ν
c ) = 2g0f

abcGa
µν

[
Aµb δA

ν
c + (δAµb )Aνc

]

= 2g0f
abcGa

µνA
µ
b δA

ν
c + 2g0f

abcGa
µν(δA

µ
b )Aνc

= 2g0f
abcAµbG

a
µνδA

ν
c + 2g0f

abc(δAµb )Ga
µνA

ν
c

= 2g0f
bcaAµcG

b
µνδA

ν
a + 2g0f

bac(δAµa)Gb
µνA

ν
c

= −2g0f
acbAµcG

b
µνδA

ν
a + 2g0f

acb(δAµa)Gb
µνA

ν
c

= −2g0f
acbAµcG

b
µνδA

ν
a − 2g0f

acb(δAνa)G
b
µνA

µ
c ,

2g0f
abcGa

µνδ(A
µ
bA

ν
c ) = −4g0f

acbAµcG
b
µνδA

ν
a . (6.2.9)

Substituting Eq. (6.2.9) into Eq. (6.2.8), then gives

δ(Ga
µνG

µν
a ) = −4(∂µG

µν
a )δAaν − 4g0f

acbAµcG
b
µνδA

ν
a , (6.2.10)

−1

4
δ(Ga

µνG
µν
a ) = (∂µG

µν
a )δAaν + g0f

acbAµcG
b
µνδA

ν
a . (6.2.11)
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The second term may be rewritten as:

+
1

2i
δ
[
(∂µψ̄)γµψ − ψ̄γµ∂µψ

]
=

1

2i

{
δ
[
(∂µψ̄)γµψ

]
− δ(ψ̄γµ∂µψ)

}

=
1

2i

[
(∂µψ̄)γµψ + δ(∂µψ̄)γµψ

−ψ̄γµδ(∂µψ)− δψ̄γµ(∂µψ) , (6.2.12)

while for the third term we have,

−m0δ(ψ̄ψ) = −m0

[
ψ̄δψ + (δψ̄)ψ

]

= −m0ψ̄δψ −m0(δψ̄)ψ . (6.2.13)

On the other hand, the forth term may be expressed as

g0δ(ψ̄γµA
µψ) = g0

[
ψ̄γµA

µδψ + δ(ψ̄γµA
µ)ψ
]

= g0

{
ψ̄γµA

µδψ +
[
ψ̄γµ(δAµ) + (δψ̄)γµA

µ
]
ψ
}

= g0

[
ψ̄γµA

µδψ + ψ̄γµ(δAµ)ψ + (δψ̄)γµA
µψ
]
,

g0δ(ψ̄γµA
µψ) = g0ψ̄γµA

µδψ + g0ψ̄γµ(δAµ)ψ + g0(δψ̄)γµA
µψ . (6.2.14)

Upon substituting Eqs. (6.2.11) - (6.2.14) into Eq. (6.2.3), we obtain
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δWT =

ˆ
(dx)

{
(∂µG

µν
a )δAaν + g0f

acbAµcG
b
µνδA

ν
a −m0ψ̄δψ −m0(δψ̄)ψ

+
1

2i

[
(∂µψ̄)γµψ + δ(∂µψ̄)γµψ − ψ̄γµδ(∂µψ)− δψ̄γµ(∂µψ)

]

+g0ψ̄γµA
µδψ + g0ψ̄γµ(δAµ)ψ + g0(δψ̄)γµA

µψ

+η̄δψ + (δψ̄)η + Jµa δA
a
µ

}
, (6.2.15)

and

δWT

δψ
= −m0ψ̄ +

1

2i
(∂µψ̄)γµ +

1

2i
(∂µψ̄)γµ + g0ψ̄γµA

µ + η̄

= 0 , (6.2.16)

leading to

−m0ψ̄ + (∂µψ̄)
γµ

i
+ g0ψ̄γµA

µ = −η̄ , (6.2.17)

ψ̄

(
γµ
∂µ
i

+ g0γµA
µ −m0

)
= −η̄ , (6.2.18)

ψ̄

(
γµ
∇∗µ
i
−m0

)
= −η̄ , (6.2.19)

and

δWT

δψ̄
= −m0ψ −

1

2i
γµ(∂µψ)− 1

2i
γµ(∂µψ) + g0γµA

µψ + η

= 0 . (6.2.20)
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Or

m0ψ +
γµ

i
(∂µψ̄)− g0γµA

µψ = η , (6.2.21)

(
γµ

i
∂µ − g0γµA

µ +m0

)
ψ = η , (6.2.22)

(
γµ
∇µ

i
+m0

)
ψ = η . (6.2.23)

with µ, ν = 0, 1, 2, 3 and where∇µ is defined in Eq. (6.1.11).

Consider the terms not containing δψ and δψ̄ in Eq. (6.2.15). The first in this is

given by

(∂µG
µν
a )δAaν = (∂µG

µ0
a )δAa0 + (∂µG

µk
a )δAak

= (∂µG
µ0
a )δAa0 + (∂µG

µk
a )

(
δki − δk3 ∂

i

∂3

)
δAai

= (∂µG
µ0
a )δAa0 + (∂µG

µi
a )δAai −

∂i

∂3

(∂µG
µ3
a )δAai ,

(∂µG
µν
a )δAaν = δab∂kG

k0
b δA

a
0 + δab∂µG

µi
b δA

a
i −

∂i

∂3

δab∂µG
µ3
b δA

a
i , (6.2.24)

while for the second term we have

g0f
acbAµcG

b
µνδA

ν
a = g0f

acbAcµG
µν
b δA

a
ν

= g0f
acb(AcµG

µ0
b δA

a
0 + AcµG

µk
b δA

a
k)

= g0f
acb

[
AckG

k0
b δA

a
0 + AcµG

µk
b

(
δki − δk3 ∂

i

∂3

)
δAai

]

= g0f
acb

(
AckG

k0
b δA

a
0 + AcµG

µi
b δA

a
i −

∂i

∂3

AcµG
µ3
b δA

a
i

)
,
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g0f
acbAµcG

b
µνδA

ν
a = g0f

acbAckG
k0
b δA

a
0 + g0f

acbAcµG
µi
b δA

a
i

−∂
i

∂3

g0f
acbAcµG

µ3
b δA

a
i . (6.2.25)

The third may be rewritten as

g0ψ̄γµt
a(δAµa)ψ = g0ψ̄t

aψγµ(δAµa)

= g0ψ̄t
aψ
[
γ0(δA

0
a) + γk(δA

k
a)
]

= g0ψ̄t
aψ

[
γ0(δA

0
a) + γk

(
δki − δk3 ∂i

∂3

)
δAia

]

= g0ψ̄t
aψ

[
γ0(δA

0
a) +

(
δkiγk − δk3γk

∂i
∂3

)
δAia

]

= g0ψ̄t
aψ

[
γ0(δA

0
a) + γiδAia − γ3 ∂i

∂3

δAia

]
,

g0ψ̄γµt
a(δAµa)ψ = g0ψ̄γ0t

a(δA0
a)ψ + g0ψ̄γ

ita(δAia)ψ

−g0ψ̄γ
3ta

∂i
∂3

(δAia)ψ . (6.2.26)

Finally for the last term we have,

Jµa δA
a
µ = J0

aδA
a
0 + Jka δA

a
k

= J0
aδA

a
0 + Jka

(
δki − δk3 ∂

i

∂3

)
δAai

= J0
aδA

a
0 + δkiJka δA

a
i − δk3Jka

∂i

∂3

δAai ,

Jµa δA
a
µ = J0

aδA
a
0 + J iaδA

a
i − J3

a

∂i

∂3

δAai . (6.2.27)
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Substituting Eqs. (6.2.24) - (6.2.27) into Eq. (6.2.15) leads to

δWT =

ˆ
(dx)

{
δab∂kG

k0
b δA

a
0 + δab∂µG

µi
b δA

a
i −

∂i

∂3

δab∂µG
µ3
b δA

a
i

+g0f
acbAckG

k0
b δA

a
0 + g0f

acbAcµG
µi
b δA

a
i −

∂i

∂3

g0f
acbAcµG

µ3
b δA

a
i

+
1

2i

[
(∂µψ̄)γµψ + δ(∂µψ̄)γµψ − ψ̄γµδ(∂µψ)− δψ̄γµ(∂µψ)

]

+g0ψ̄γ0t
a(δA0

a)ψ + g0ψ̄γ
ita(δAia)ψ − g0ψ̄γ

3ta
∂i
∂3

(δAia)ψ

−m0ψ̄δψ −m0(δψ̄)ψ + g0ψ̄γµA
µδψ + g0(δψ̄)γµA

µψ

+η̄δψ + (δψ̄)η + J0
aδA

a
0 + J iaδA

a
i − J3

a

∂i

∂3

δAai

}
, (6.2.28)

δWT

δAa0(x)
= δab∂kG

k0
b + g0f

acbAckG
k0
b + g0ψ̄γ

0taψ + J0
a ,

= 0 . (6.2.29)

These equations lead to the following

δab∂kG
k0
b + g0f

acbAckG
k0
b = −g0ψ̄γ

0taψ − J0
a , (6.2.30)

(
δab∂k + g0f

acbAck
)
Gk0
b = −g0ψ̄γ

0taψ − J0
a , (6.2.31)

∇ab
k G

k0
b = −g0ψ̄γ

0taψ − J0
a . (6.2.32)
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On the other hand,

δWT

δAai (x)
= δab∂µG

µi
b −

∂i
∂3

δab∂µG
µ3
b + g0f

acbAcµG
µi
b −

∂i
∂3

g0f
acbAcµG

µ3
b

+g0ψ̄γ
itaψ − ∂i

∂3

g0ψ̄γ
3taψ + J ia −

∂i
∂3

J3
a

= 0 , (6.2.33)

gives

0 =
(
δab∂µG

µi
b + g0f

acbAcµG
µi
b

)
−
(
∂i
∂3

δab∂µG
µ3
b +

∂i
∂3

g0f
acbAcµG

µ3
b

)

−
(
∂i
∂3

g0ψ̄γ
3taψ +

∂i
∂3

J3
a

)
+ g0ψ̄γ

itaψ + J ia , (6.2.34)

0 =
(
δab∂µ + g0f

acbAcµ
)
Gµi
b −

∂i
∂3

[(
δab∂µ + g0f

acbAcµ
)
Gµ3
b

]

− ∂i
∂3

(
g0ψ̄γ

3taψ + J3
a

)
+ g0ψ̄γ

itaψ + J ia . (6.2.35)

That is we have,

∇ab
µ G

µi
b −

∂i
∂3

(
∇ab
µ G

µ3
b + g0ψ̄γ

3taψ + J3
a

)
= g0ψ̄γ

itaψ + J ia , (6.2.36)

where

∇ab
µ = δab∂µ + g0f

acbAcµ . (6.2.37)

The canonical conjugate momenta to Aµ are defined by

πµ = π[Aµ] =
δW
δȦµ

=
δW

δ(∂0Aµ)
. (6.2.38)
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To obtain the expressions for the latter, consider the first term on the right-hand

side of Eq. (6.2.15). This is given by

ˆ
(dx) (∂µG

µν
a ) δAaν =

ˆ
(dx)

[(
∂µG

µ0
a

)
δAa0 +

(
∂µG

µk
a

)
δAak

]
, k = 1, 2, 3

=

ˆ
(dx)

[(
∂µG

µ0
a

)
δAa0 +

(
∂µG

µk
a

)(
δki − δk3 ∂

i

∂3

)
δAai

]

=

ˆ
(dx)

[(
∂µG

µ0
a

)
δAa0 +

(
∂µG

µi
a −

∂i

∂3

∂µG
µ3
a

)
δAai

]
,

ˆ
(dx) (∂µG

µν
a ) δAaν =

ˆ
(dx)

[
−Gµ0

a δ (∂µA
a
0)−

(
Gµi
a −

∂i

∂3

Gµ3
a

)
δ(∂µA

a
i )

]
.

(6.2.39)

The canonical conjugate variables to A1
a, A

2
a, are then given by

πia = −G0i
a +

∂i

∂3

G03
a

= Gi0
a −

∂i

∂3

G30
a , (6.2.40)

with

π0
a = 0 , π3

a = 0 . (6.2.41)

We may rewrite Eq. (6.2.40) as

πµa = Gµ0
a − ∂−1

3 gµk∂kG
30
a . (6.2.42)

Upon multiplying Eq. (6.2.42) by∇ba
µ , we get

∇ba
µ π

µ
a = ∇ba

µ G
µ0
a −∇ba

µ ∂
−1
3 gµk∂kG

30
a . (6.2.43)
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We make use of the field equation

∇ab
µ G

µν
b = −

(
δνσδ

ac − gνk∂kDab∇bc
σ

) [
Jσc + g0ψ̄γ

σtcψ
]
, (6.2.44)

∇ba
µ G

µ0
a = −

(
δ0
σδ

bc − g0k∂kD
ba∇ac

σ

) [
Jσc + g0ψ̄γ

σtcψ
]

= −J0
b − g0ψ̄γ

0tbψ , (6.2.45)

and substitute the above equation into Eq. (6.2.43), to obtain

∇ba
µ π

µ
a = −J0

b − g0ψ̄γ
0tbψ −∇ba

k ∂
−1
3 ∂kG

30
a , (6.2.46)

∇ba
k ∂
−1
3 ∂kG

30
a = −

[
J0
b + g0ψ̄γ

0tbψ +∇ba
µ π

µ
a

]
. (6.2.47)

Let∇ba
k ∂k ≡ Oba(x), ∂−1

3 G30
a ≡ Aa(x) to obtain from Eq. (6.2.47):

Oba(x)Aa(x) = J̃ b(x) , (6.2.48)

where

J̃ b = −[J0
b + g0ψ̄γ

0tbψ +∇ba
µ π

µ
a ] . (6.2.49)

We now define the Green operator Dab(x, x′) satisfying the differential equation

∇ac
k ∂kD

cd(x, x′) = δ4(x, x′)δad , (6.2.50)

to obtain from Eqs. (6.2.48), (6.2.47)

∂−1
3 G30

a = −Dab

[
J0
b + g0ψ̄γ

0tbψ +∇ba
µ π

µ
a

]
. (6.2.51)
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Finally we make use of Eq. (6.2.47) to solve for πµa as follows:

πµa = Gµ0
a + gµk∂kDab

[
J0
b + g0ψ̄γ

0tbψ +∇bc
ν π

ν
c

]
. (6.2.52)

In particular, one may then readily express Gµ0
a as in the form

Gµ0
a = πµa − gµk∂kDab

[
J0
b + g0ψ̄γ

0tbψ +∇bc
ν π

ν
c

]
. (6.2.53)

We note that the right-hand side of Eq. (6.2.53) is expressed in terms of the in-

dependent fields A1
a, A

2
a, and their canonical conjugate momenta and involves no time

derivatives. Here we recall that A3
a is expressed in terms of A1

a, A
2
a with no time deriva-

tive. Accordingly, with the (independent) fields and their canonical conjugate momenta

kept fixed, we obtain the following functional derivative ofGµ0
a (x) with respect to Jνb (x′)

to be

δ

δJνb (x′)
Gµ0
a (x) =

δ

δJνb (x′)

[
πµa − gµk∂kDab

(
J0
b + g0ψ̄γ

0tbψ +∇bc
ν π

ν
c

)]

=
δ

δJνb (x′)

[
πµa − gµk∂kDab

(
δ0
νJ

ν
b + g0ψ̄γ

0tbψ +∇bc
ν π

ν
c

)]
,

or

δ

δJνb (x′)
Gµ0
a (x) = −gµkδ0

ν∂kDab(x, x
′) , (6.2.54)

where µ, ν = 0, 1, 2, 3 and k = 1, 2, 3. On the other hand, Gkl
a = ∂kAla − ∂lAka +

g0f
abcAbkA

c
l , k, l = 1, 2, 3, may be expressed in terms of the independent fields A1

a, A
2
a

and involves no time derivatives. Accordingly withA1
a,A

2
a and their canonical conjugate

variables kept fixed, we also have

δ

δJνb (x′)
Gkl
a (x) = 0 . (6.2.55)
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Similarly, with ψ and ψ̄ kept fixed, we have the obvious functional derivative

expression

δ

δJνb (x′)

[
ψ̄(x)γµtaψ(x)

]
= 0 . (6.2.56)

The action principle gives

∂

∂g0

〈0+ |0−〉 = i

〈
0+

∣∣∣∣
ˆ

(dx) L̂I

∣∣∣∣0−
〉
, (6.2.57)

where

L̂I =
∂

∂g0

L . (6.2.58)

The first term on the right-hand side of Eq. (6.1.2) may be expressed as

−1

4
Ga
µνG

µν
a = −1

4

(
∂µA

a
ν − ∂νAaµ + g0f

abcAbµA
c
ν

) (
∂µAνa − ∂νAµa + g0f

abcAµbA
ν
c

)
,

= −1

4

[
∂µA

a
ν∂

µAνa − ∂µAaν∂νAµa + (∂µA
a
ν) g0f

abcAµbA
ν
c

−∂νAaµ∂µAνa + ∂νA
a
µ∂

νAµa −
(
∂νA

a
µ

)
g0f

abcAµbA
ν
c

+g0f
abcAbµA

c
ν (∂µAνa)− g0f

abcAbµA
c
ν (∂νAµa)

+
(
g0f

abc
)2
AbµA

c
νA

µ
bA

ν
c

]
,
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= −1

4
∂µA

a
ν∂

µAνa +
1

4
∂µA

a
ν∂

νAµa −
1

4
(∂µA

a
ν) g0f

abcAµbA
ν
c

+
1

4
∂νA

a
µ∂

µAνa −
1

4
∂νA

a
µ∂

νAµa +
1

4

(
∂νA

a
µ

)
g0f

abcAµbA
ν
c

−1

4
g0f

abcAbµA
c
ν (∂µAνa) +

1

4
g0f

abcAbµA
c
ν (∂νAµa)

−1

4

(
g0f

abc
)2
AbµA

c
νA

µ
bA

ν
c ,

= −1

4
∂µA

a
ν∂

µAνa −
1

4
∂µA

a
ν∂

µAνa −
1

4
(∂µAνa) g0f

abcAbµA
c
ν

−1

4
∂µA

a
ν∂

µAνa −
1

4
∂µA

a
ν∂

µAνa −
1

4
(∂µAνa) g0f

abcAbµA
c
ν

+
1

4
g0f

abcAbµA
c
ν (∂νAµa) +

1

4
g0f

abcAbµA
c
ν (∂νAµa)

−1

4

(
g0f

abc
)2
AbµA

c
νA

µ
bA

ν
c ,

−1

4
Ga
µνG

µν
a = −∂µAaν∂µAνa −

1

2
(∂µAνa) g0f

abcAbµA
c
ν

+
1

2
g0f

abcAbµA
c
ν (∂νAµa)− 1

4

(
g0f

abc
)2
AbµA

c
νA

µ
bA

ν
c . (6.2.59)

Substituting this into Eq. (6.1.2), gives for the Lagrangian density

L = −∂µAaν∂µAνa −
1

2
(∂µAνa) g0f

abcAbµA
c
ν

+
1

2
g0f

abcAbµA
c
ν (∂νAµa)− 1

4

(
g0f

abc
)2
AbµA

c
νA

µ
bA

ν
c

+
1

2i

[
(∂µψ̄)γµψ − ψ̄γµ∂µψ

]
−m0ψ̄ψ + g0ψ̄γµA

µψ . (6.2.60)
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The derivative of the Lagrangian with respect to the coupling parent g0 is given

by

∂

∂g0

L =
∂

∂g0

{
− ∂µAaν∂µAνa −

1

2
(∂µAνa) g0f

abcAbµA
c
ν

+
1

2
g0f

abcAbµA
c
ν (∂νAµa)− 1

4

(
g0f

abc
)2
AbµA

c
νA

µ
bA

ν
c

+
1

2i

[
(∂µψ̄)γµψ − ψ̄γµ∂µψ

]
−m0ψ̄ψ + g0ψ̄γµA

µψ
}

= −1

2
(∂µAνa) f

abcAbµA
c
ν +

1

2
fabcAbµA

c
ν (∂νAµa)

−(2)
1

4
g0f

abcfabcAbµA
c
νA

µ
bA

ν
c + ψ̄γµA

µψ ,

∂

∂g0

L = −1

2
fabcAbµA

c
ν

(
∂µAνa − ∂νAµa + g0f

abcAµbA
ν
c

)
+ ψ̄γµA

µψ ,

or

∂

∂g0

L = −1

2
fabcAbµA

c
νG

µν
a + ψ̄γµA

µψ . (6.2.61)

We may also write

fabcAbµA
c
νG

µν
a = fabcAb0A

c
νG

0ν
a + fabcAbkA

c
νG

kν
a

= fabcAb0A
c
0G

00
a + fabcAb0A

c
lG

0l
a

+fabcAbkA
c
0G

k0
a + fabcAbkA

c
lG

kl
a

= fabcAblA
c
0G

l0
a + fabcAbkA

c
0G

k0
a + fabcAbkA

c
lG

kl
a ,

fabcAbµA
c
νG

µν
a = 2fabcAbkA

c
0G

k0
a + fabcAbkA

c
lG

kl
a . (6.2.62)



154

In the sequel, we set (−i)δ/δJµa = A′aµ , (−i)δ/δη̄ = ψ′, (−i)δ/δη = ψ̄′. [Here

we note that G′aµν on the right-hand side of Eq. (5.30) of Manoukian (1986) should be

replaced by F ′aµν = ∂µA
′a
ν − ∂νA′aµ .]

Now we use the rule of functional differentiations (cf. Manoukian, 2006, Chap.

11; Manoukian et al., 2007) that for an operator O(x)

(−i)
δ

δJµa (x′)
〈0+ |O(x)|0−〉 =

〈
0+

∣∣(Aaµ(x′)O(x))+

∣∣0−
〉
− i

〈
0+

∣∣∣∣
δ

δJµa (x′)
O(x)

∣∣∣∣0−
〉
,

(6.2.63)

where (. . .)+ denotes the time-ordered product, and the functional derivative of O(x) in

the second term on the right-hand of Eq. (6.2.63) is taken as in Eqs. (6.2.54) - (6.2.56)

with the (independent) fields and their canonical conjugate momenta kept fixed. Here

we recall that A3
a may be expressed in terms of A1

a, A
2
a and involves no time derivatives.

From Eqs. (6.2.57) and (6.2.61), the action principle gives:

∂

∂g0

〈0+ |0−〉 = i

〈
0+

∣∣∣∣
ˆ

(dx)

[
−1

2
fabcAbµA

c
νG

µν
a + ψ̄γµAµψ

]∣∣∣∣0−
〉
. (6.2.64)

Thus Eq. (6.2.62), leads to

∂

∂g0

〈0+ |0−〉 = i

〈
0+

∣∣∣∣
ˆ

(dx)

[
− 1

2

(
2fabcAbkA

c
0G

k0
a + fabcAbkA

c
lG

kl
a

)

+ψ̄γµAµψ

]∣∣∣∣0−
〉

= i

〈
0+

∣∣∣∣
ˆ

(dx)

(
− fabcAbkAc0Gk0

a −
1

2
fabcAbkA

c
lG

kl
a

+ψ̄γµAµψ

)∣∣∣∣0−
〉
,
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∂

∂g0

〈0+ |0−〉 = −i

ˆ
(dx)

〈
0+

∣∣(fabcAbkAc0Gk0
a

)∣∣0−
〉

− i

2

ˆ
(dx)

〈
0+

∣∣fabcAbkAclGkl
a

∣∣0−
〉

+i

ˆ
(dx)

〈
0+

∣∣ψ̄γµAµψ
∣∣0−
〉
. (6.2.65)

Now we use the rule of functional differentiations of an operator O(x), and for

the first term of the right-hand side of Eq. (6.2.65), we obtain

−i

ˆ
(dx)

〈
0+

∣∣(fabcAbkAc0Gk0
a

)∣∣0−
〉

= − i

ˆ
(dx)fabcA′bk

〈
0+

∣∣Ac0Gk0
a

∣∣0−
〉

= − i

ˆ
(dx)fabcA′bk

[
(−i)

δ

δJ0
c (x′)

〈
0+

∣∣Gk0
a

∣∣0−
〉

+ i

〈
0+

∣∣∣∣
δ

δJ0
c (x′)

Gk0
a

∣∣∣∣0−
〉]

. (6.2.66)

Using Eq. (6.2.54) in the last term of above equation and denoting (−i)δ/δJµa = A′aµ , as

always, we obtain

−i

ˆ
(dx)

〈
0+

∣∣(fabcAbkAc0Gk0
a

)∣∣0−
〉

= −i

ˆ
(dx)fabcA′bk

[
A′c0G

′k0
a 〈0+ |0−〉+ i 〈0+ |−∂kDac(x, x

′)|0−〉
]

= −i

ˆ
(dx)fabcA′bk

[
A′c0G

′k0
a 〈0+ |0−〉 − i∂kD

′
ac(x, x) 〈0+ |0−〉

]

=

ˆ
(dx)

[
− ifabcA′bkA

′c
0G
′k0
a 〈0+ |0−〉 − fabcA′bk ∂kD′ac(x, x) 〈0+ |0−〉

]

=

ˆ
(dx)

[
− ifabcA′bkA

′c
0G
′k0
a 〈0+ |0−〉 − f bcaA′bk ∂kD′ac(x, x) 〈0+ |0−〉

]
.

(6.2.67)



156

The second term on the right-hand side of Eq. (6.2.65) may be expressed as

− i

2

ˆ
(dx)

〈
0+

∣∣fabcAbkAclGkl
a

∣∣0−
〉

=− i

2

ˆ
(dx)fabcA′bk

〈
0+

∣∣AclGkl
a

∣∣0−
〉

=− i

2

ˆ
(dx)fabcA′bk

[
(−i)

δ

δJ lc(x
′)

〈
0+

∣∣Gkl
a

∣∣0−
〉

+ i

〈
0+

∣∣∣∣
δ

δJ lc(x
′)
Gkl
a

∣∣∣∣0−
〉]

.

(6.2.68)

Using Eq. (6.2.55) this simplifies to

− i

2

ˆ
(dx)

〈
0+

∣∣fabcAbkAclGkl
a

∣∣0−
〉

= − i

2

ˆ
(dx)fabcA′bkA

′c
l G
′kl
a 〈0+ |0−〉

=

ˆ
(dx)

(
− i

2
fabcA′bkA

′c
l G
′kl
a

)
〈0+ |0−〉 .

(6.2.69)

For the last term on the right-hand side of Eq. (6.2.65) we get

+ i

ˆ
(dx)

〈
0+

∣∣ψ̄γµAµψ
∣∣0−
〉

= + i

ˆ
(dx)

〈
0+

∣∣ψ̄γµAaµtaψ
∣∣0−
〉

= + i

ˆ
(dx)

[
(−i)

δ

δJµa (x′)

〈
0+

∣∣ψ̄γµtaψ
∣∣0−
〉

+ i

〈
0+

∣∣∣∣
δ

δJµa (x′)
(ψ̄γµtaψ)

∣∣∣∣0−
〉]

,

(6.2.70)

and using Eq. (6.2.56) this again simplifies to the following
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+i

ˆ
(dx)

〈
0+

∣∣ψ̄γµAµψ
∣∣0−
〉

= i

ˆ
(dx)ψ̄′γµA′aµ taψ

′ 〈0+ |0−〉

=

ˆ
(dx) iψ̄′γµA′aµ taψ

′ 〈0+ |0−〉 . (6.2.71)

Equations (6.2.67), (6.2.69) and (6.2.71), may be then used to rewrite Eq. (6.2.65) in the

form

∂

∂g0

〈0+ |0−〉 =

ˆ
(dx)

[
− ifabcA′bkA

′c
0G
′k0
a −

i

2
fabcA′bkA

′c
l G
′kl
a + iψ̄′γµA′aµ taψ

′

−f bcaA′bk ∂kD′ac(x, x)
]
〈0+ |0−〉

=

ˆ
(dx)

[
iL̂I

′
(x)− f bcaA′bk ∂kD′ac(x, x)

]
〈0+ |0−〉 . (6.2.72)

Using a matrix notation

Dab(x, x′) =

[〈
x

∣∣∣∣
(

1

∂2 − ig0Ak∂k

)∣∣∣∣x′
〉]ab

, (6.2.73)

the notation

Tr[f ] =

ˆ
(dx) faa(x, x) , (6.2.74)

and the fact that f bcaAbk = i(Ak)
ca, we may rewrite the second factor within the square

brackets in Eq. (6.2.72) as

∂

∂g0

〈0+ |0−〉 =

ˆ
(dx)

[
iL̂I

′
(x)− f bcaA′bk ∂kD′ac(x, x)

]
〈0+ |0−〉

=

{ˆ
(dx) iL̂I

′
(x)−

ˆ
(dx)

iA′k∂k
[∂2 − ig0Al∂l]

}
〈0+ |0−〉

=

{
i

ˆ
(dx) L̂I

′
(x) + Tr

−iA′k∂k
[∂2 − ig0A′l∂

l]

}
〈0+ |0−〉 , (6.2.75)
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ˆ
δ 〈0+ |0−〉 =

ˆ
δg0

[
i

ˆ
(dx) L̂I

′
(x) + Tr

−iA′k∂k
[∂2 − ig0A′l∂

l]

]
〈0+ |0−〉 . (6.2.76)

which integrates out to

〈0+ |0−〉g0 = exp

ˆ g0

0

dg0

[
i

ˆ
(dx) L̂I

′
(x) + Tr

−iA′k∂k
[∂2 − ig0A′l∂

l]

]
〈0+ |0−〉0 ,

(6.2.77)

where

L̂I

′
(x) = −1

2
fabcA′bµA

′c
νG
′µν
a + ψ̄′γµA

′µψ′ . (6.2.78)

That is,

〈0+ |0−〉g0 =

[
exp i

ˆ
(dx) LI

′(x)

]
exp Tr ln

[
1− ig0

1

∂2A
′
k∂

k

]
〈0+ |0−〉0 , (6.2.79)

where

LI
′(x) =− 1

4
G′aµνG

′µν
a +

1

2i
[(∂µψ̄

′)γµψ′ − ψ̄′γµ∂µψ′]−m0ψ̄
′ψ′ + g0ψ̄

′γµA
′µψ′ .

(6.2.80)

Using the identity detM = exp Tr lnM , we may rewrite Eq. (6.2.79) as

〈0+ |0−〉 =

[
exp i

ˆ
(dx) LI

′(x)

]
det

[
1− ig0

1

∂2A
′
k∂

k

]
〈0+ |0−〉0 , (6.2.81)

where for simplicity of the notation we have written the exact expression for 〈0+ |0−〉g0
simply as 〈0+ |0−〉.

Thus we learn that the naïve Feynman rules are modified by the presence of the

multiplicative factor

det

[
1− ig0

1

∂2A
′
k∂

k

]
, (6.2.82)

as a functional differential operation in the expression for 〈0+ |0−〉g0 .
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6.3 Gauge Invariance and Modification of the FP Factor

Now consider the modification of the Lagrangian density L in Eq. (6.1.2):

L→ L + λψ̄ψGa
µνG

µν
a ≡ L1 , (6.3.1)

which is obviously gauge invariant under the simultaneous local gauge transformations

in Eqs. (6.1.7) - (6.1.9).

The Lagrangian density L1T = L1 + LS , where LS is defined in Eq. (6.1.3) , is

given by

L1T = L1 + LS

= −1

4
Ga
µνG

µν
a +

1

2i

[
(∂µψ̄)γµψ − ψ̄γµ∂µψ

]
−m0ψ̄ψ + g0ψ̄γµA

µψ

+λψ̄ψGa
µνG

µν
a + η̄ψ + ψ̄η + JµaA

a
µ . (6.3.2)

The action in question is defined by

W =

ˆ
(dx) L1T

=

ˆ
(dx)

{
− 1

4
Ga
µνG

µν
a +

1

2i

[
(∂µψ̄)γµψ − ψ̄γµ∂µψ

]
−m0ψ̄ψ

+g0ψ̄γµA
µψ + λψ̄ψGa

µνG
µν
a + η̄ψ + ψ̄η + JµaA

a
µ

}

=

ˆ
(dx)

{
− 1

4
(1− 4λψ̄ψ) Ga

µνG
µν
a +

1

2i

[
(∂µψ̄)γµψ − ψ̄γµ∂µψ

]

−m0ψ̄ψ + g0ψ̄γµA
µψ + η̄ψ + ψ̄η + JµaA

a
µ

}
, (6.3.3)
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δW =

ˆ
(dx)

{
− 1

4
(1− 4λψ̄ψ) δGa

µνG
µν
a +

1

2i
δ
[
(∂µψ̄)γµψ − ψ̄γµ∂µψ

]

−m0δ(ψ̄ψ) + g0δ(ψ̄γµA
µψ) + η̄δψ + (δψ̄)η + Jµa δA

a
µ

}
.

(6.3.4)

Corresponding to the first term in Eq. (6.3.4), we have the variation:

δ
[
(1− 4λψ̄ψ)Ga

µνG
µν
a

]
= (1− 4λψ̄ψ)δ

(
Ga
µνG

µν
a

)
+ δ(1− 4λψ̄ψ)Ga

µνG
µν
a

= (1− 4λψ̄ψ)
[
Ga
µνδG

µν
a + δGa

µν(G
µν
a )
]

−4λ
[
ψ̄δψ + (δψ̄)ψ

]
Ga
µνG

µν
a

= (1− 4λψ̄ψ)
[
Ga
µνδ
(
∂µAνa − ∂νAµa + g0f

abcAµbA
ν
c

)

+δ
(
∂µA

a
ν − ∂νAaµ + g0f

abcAbµA
c
ν

)
Gµν
a

]

−4λψ̄(δψ)Ga
µνG

µν
a − 4λ(δψ̄)ψGa

µνG
µν
a

= (1− 4λψ̄ψ)
[
Ga
µν∂

µδAνa −Ga
µν∂

νδAµa

+g0f
abcGa

µνδ(A
µ
bA

ν
c ) + ∂µ(δAaν)G

µν
a

−∂ν(δAaµ)Gµν
a + g0f

abcδ(AbµA
c
ν)G

µν
a

]

−4λψ̄(δψ)Ga
µνG

µν
a − 4λ(δψ̄)ψGa

µνG
µν
a
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= Ga
µν∂

µδAνa −Ga
µν∂

νδAµa + g0f
abcGa

µνδ(A
µ
bA

ν
c )

+∂µ(δAaν)G
µν
a − ∂ν(δAaµ)Gµν

a + g0f
abcδ(AbµA

c
ν)G

µν
a

−4λψ̄ψGa
µν∂

µδAνa + 4λψ̄ψGa
µν∂

νδAµa

−4λψ̄ψg0f
abcGa

µνδ(A
µ
bA

ν
c )− 4λψ̄ψ∂µ(δAaν)G

µν
a

+4λψ̄ψ∂ν(δA
a
µ)Gµν

a − 4λψ̄ψg0f
abcδ(AbµA

c
ν)G

µν
a

−4λψ̄(δψ)Ga
µνG

µν
a − 4λ(δψ̄)ψGa

µνG
µν
a

= Gµν
a ∂µ(δAaν) +Gµν

a ∂µδA
a
ν + g0f

abcGa
µνδ(A

µ
bA

ν
c )

+Gµν
a ∂µ(δAaν) +Gµν

a ∂µδA
a
ν + g0f

abcGµν
a δ(A

b
µA

c
ν)

−4λψ̄ψGµν
a ∂µ(δAaν)− 4λψ̄ψGµν

a ∂µ(δAaν)

−4λψ̄ψGµν
a ∂µ(δAaν)− 4λψ̄ψGµν

a ∂µ(δAaν)

−4λψ̄ψg0f
abcGa

µνδ(A
µ
bA

ν
c )− 4λψ̄ψg0f

abcGµν
a δ(A

b
µA

c
ν)

−4λψ̄(δψ)Ga
µνG

µν
a − 4λ(δψ̄)ψGa

µνG
µν
a

= 4Gµν
a ∂µ(δAaν)− 16λψ̄ψGµν

a ∂µ(δAaν)

+(1− 4λψ̄ψ)g0f
abcGa

µνδ(A
µ
bA

ν
c )

+(1− 4λψ̄ψ)g0f
abcGµν

a δ(A
b
µA

c
ν)

−4λψ̄(δψ)Ga
µνG

µν
a − 4λ(δψ̄)ψGa

µνG
µν
a ,
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or

δ
[
(1− 4λψ̄ψ)Ga

µνG
µν
a

]
= 4(1− 4λψ̄ψ)Gµν

a ∂µ(δAaν)

+2(1− 4λψ̄ψ)g0f
abcGa

µνδ(A
µ
bA

ν
c )

−4λψ̄(δψ)Ga
µνG

µν
a − 4λ(δψ̄)ψGa

µνG
µν
a . (6.3.5)

From Eqs. (6.2.5) - (6.2.7), we also obtain

fabcGa
µνδ(A

µ
bA

ν
c ) = fabcGa

µν [Aµb δA
ν
c + (δAµb )Aνc ]

= fabcGa
µνA

µ
b δA

ν
c + fabcGa

µν(δA
µ
b )Aνc

= fabcAµbG
a
µνδA

ν
c + fabc(δAµb )Ga

µνA
ν
c

= f bcaAµcG
b
µνδA

ν
a + f bac(δAµa)Gb

µνA
ν
c

= −facbAµcGb
µνδA

ν
a + facb(δAµa)Gb

µνA
ν
c

= −facbAµcGb
µνδA

ν
a − facb(δAνa)Gb

µνA
µ
c ,

fabcGa
µνδ(A

µ
bA

ν
c ) = −2fabcAµcG

b
µνδA

ν
a . (6.3.6)

Substituting Eqs. (6.2.7) and (6.3.6) into Eq. (6.3.5), gives

δ
[
(1− 4λψ̄ψ)Ga

µνG
µν
a

]
= − 4(1− 4λψ̄ψ) (∂µG

µν
a ) δAaν

− 4(1− 4λψ̄ψ)g0f
acbAµcG

b
µνδA

ν
a

− 4λψ̄(δψ)Ga
µνG

µν
a − 4λ(δψ̄)ψGa

µνG
µν
a , (6.3.7)
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−1

4
δ
[
(1− 4λψ̄ψ)Ga

µνG
µν
a

]
= (1− 4λψ̄ψ) (∂µG

µν
a ) δAaν

+ (1− 4λψ̄ψ)g0f
acbAµcG

b
µνδA

ν
a

+ λψ̄(δψ)Ga
µνG

µν
a + λ(δψ̄)ψGa

µνG
µν
a . (6.3.8)

Using Eqs. (6.3.8) and (6.2.12) - (6.2.14), we can rewrite Eq. (6.3.4) as

δW1T =

ˆ
(dx)

{
(1− 4λψ̄ψ) (∂µG

µν
a ) δAaν + (1− 4λψ̄ψ)g0f

acbAµcG
b
µνδA

ν
a

+λψ̄(δψ)Ga
µνG

µν
a + λ(δψ̄)ψGa

µνG
µν
a

+
1

2i

[
(∂µψ̄)γµδψ + δ(∂µψ̄)γµψ − ψ̄γµδ(∂µψ)− (δψ̄)γµ∂µψ

]

−m0ψ̄δψ −m0(δψ̄)ψ + g0ψ̄γµA
µδψ + g0ψ̄γµ(δAµ)ψ

+g0(δψ̄)γµA
µψ + η̄δψ + (δψ̄)η + Jµa δA

a
µ

}
, (6.3.9)

δW1T

δψ
= λψ̄Ga

µνG
µν
a +

1

2i
(∂µψ̄)γµ +

1

2i
γµ∂µψ̄ −m0ψ̄ + g0ψ̄γµA

µ + η̄

= 0 , (6.3.10)

or

λψ̄Ga
µνG

µν
a +

1

i
γµ∂µψ̄ −m0ψ̄ + g0ψ̄γµA

µ = −η̄ , (6.3.11)

ψ̄

(
λGa

µνG
µν
a + γµ

∂µ
i
−m0 + g0γµA

µ

)
= −η̄ , (6.3.12)

ψ̄

[
γµ
∇∗µ
i

+ λGa
µνG

µν
a −m0

]
= −η̄ , (6.3.13)
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and

δW1T

δψ̄
= λψGa

µνG
µν
a −

1

2i
γµ∂µψ −

1

2i
γµ∂µψ −m0ψ + g0γµA

µψ + η

= 0 . (6.3.14)

Thus we obtain

−λψGa
µνG

µν
a +

1

i
γµ∂µψ +m0ψ − g0γµA

µψ = η , (6.3.15)

(
−λGa

µνG
µν
a + γµ

∂µ
i

+m0 − g0γµA
µ

)
ψ = η , (6.3.16)

[
γµ
∇µ

i
− λGa

µνG
µν
a +m0

]
ψ = η , (6.3.17)

with µ, ν = 0, 1, 2, 3 and where∇µ is defined in Eq. (6.1.11).

Consider first the terms not containing δψ and δψ̄ in Eq. (6.3.9). The first term

in this combination is given by

(∂µG
µν
a ) δAaν =

(
∂µG

µ0
a

)
δAa0 +

(
∂µG

µk
a

)
δAak

=
(
∂µG

µ0
a

)
δAa0 +

(
∂µG

µk
a

)(
δki − δk3 ∂

i

∂3

)
δAai

=
(
∂µG

µ0
a

)
δAa0 +

(
∂µG

µi
a

)
δAia −

∂i

∂3

(
∂µG

µ3
a

)
δAai ,

(∂µG
µν
a ) δAaν = δab∂kG

k0
b δA

a
0 + δab∂µG

µi
b δA

a
i −

∂i

∂3

δab∂µG
µ3
b δA

a
i , (6.3.18)
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and

(1− 4λψ̄ψ) (∂µG
µν
a ) δAaν = (1− 4λψ̄ψ)

[
δab∂kG

k0
b δA

a
0 + δab∂µG

µi
b δA

a
i

−∂
i

∂3

δab∂µG
µ3
b δA

a
i

]
. (6.3.19)

For second term in this combination we have

(1− 4λψ̄ψ)g0f
acbAµcG

b
µνδA

ν
a

= (1− 4λψ̄ψ)g0f
acbAcµG

µν
b δA

a
ν

= (1− 4λψ̄ψ)g0f
acb
(
AcµG

µ0
b δA

a
0 + AcµG

µk
b δA

a
k

)

= (1− 4λψ̄ψ)g0f
acb

[
AckG

k0
b δA

a
0 + AcµG

µk
b

(
δki − δk3 ∂

i

∂3

)
δAai

]

= (1− 4λψ̄ψ)g0f
acb

(
AckG

k0
b δA

a
0 + AcµG

µi
b δA

a
i −

∂i

∂3

AcµG
µ3
b δA

a
i

)

= (1− 4λψ̄ψ)

[
g0f

acbAckG
k0
b δA

a
0 + g0f

acbAcµG
µi
b δA

a
i −

∂i

∂3

g0f
acbAcµG

µ3
b δA

a
i

]
.

(6.3.20)

On the other hand for the third in this combination we obtain

g0ψ̄γµ(δAµ)ψ = g0ψ̄γµt
a(δAµa)ψ

= g0ψ̄t
aψγµ (δAµa)

= g0ψ̄t
aψ
[
γ0

(
δA0

a

)
+ γk

(
δAka

)]
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= g0ψ̄t
aψ

[
γ0

(
δA0

a

)
+ γk

(
δki − δk3 ∂i

∂3

)
δAia

]

= g0ψ̄t
aψ

[
γ0

(
δA0

a

)
+

(
δkiγk − δk3γk

∂i
∂3

)
δAia

]

= g0ψ̄t
aψ

[
γ0

(
δA0

a

)
+ γiδAia − γ3 ∂i

∂3

δAia

]
,

g0ψ̄γµ(δAµ)ψ = g0ψ̄γ0t
a
(
δA0

a

)
ψ + g0ψ̄γ

ita
(
δAia

)
ψ − g0ψ̄t

aψγ3 ∂i
∂3

δAia .

(6.3.21)

Finally for the last in this combination we get

Jµa δA
a
µ = J0

aδA
a
0 + Jka δA

a
k

= J0
aδA

a
0 + Jka

(
δki − δk3 ∂

i

∂3

)
δAai

= J0
aδA

a
0 + δkiJka δA

a
i − δk3Jka

∂i

∂3

δAai ,

Jµa δA
a
µ = J0

aδA
a
0 + J iaδA

a
i − J3

a

∂i

∂3

δAai . (6.3.22)

We now substitute Eqs. (6.3.19) - (6.3.22) into Eq. (6.3.9), to obtain

δW1T =

ˆ
(dx)

{
(1− 4λψ̄ψ)

[
δab∂kG

k0
b δA

a
0 + δab∂µG

µi
b δA

a
i −

∂i

∂3

δab∂µG
µ3
b δA

a
i

]

+(1− 4λψ̄ψ)

(
g0f

acbAckG
k0
b δA

a
0 + g0f

acbAcµG
µi
b δA

a
i

−∂
i

∂3

g0f
acbAcµG

µ3
b δA

a
i

)
+ λψ̄(δψ)Ga

µνG
µν
a + λ(δψ̄)ψGa

µνG
µν
a

+
1

2i

[
(∂µψ̄)γµδψ + δ(∂µψ̄)γµψ − ψ̄γµδ(∂µψ)− (δψ̄)γµ∂µψ

]
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−m0ψ̄δψ −m0(δψ̄)ψ + g0ψ̄γµA
µδψ + g0ψ̄γ0t

a
(
δA0

a

)
ψ

+g0ψ̄γ
ita
(
δAia

)
ψ − g0ψ̄t

aψγ3 ∂i
∂3

δAia + g0(δψ̄)γµA
µψ

+η̄δψ + (δψ̄)η + J0
aδA

a
0 + J iaδA

a
i − J3

a

∂i

∂3

δAai

}
, (6.3.23)

δW1T

δAa0(x)
= (1− 4λψ̄ψ)δab∂kG

k0
b + (1− 4λψ̄ψ)g0f

acbAckG
k0
b + g0ψ̄γ0t

aψ + J0
a

= (1− 4λψ̄ψ)
(
δab∂kG

k0
b + g0f

acbAckG
k0
b

)
+ g0ψ̄γ0t

aψ + J0
a

= 0 . (6.3.24)

Or

(1− 4λψ̄ψ)
(
δab∂kG

k0
b + g0f

acbAckG
k0
b

)
= −g0ψ̄γ0t

aψ − J0
a , (6.3.25)

(1− 4λψ̄ψ)
(
δab∂k + g0f

acbAck
)
Gk0
b = −g0ψ̄γ0t

aψ − J0
a , (6.3.26)

(1− 4λψ̄ψ)∇ab
k G

k0
b = −g0ψ̄γ0t

aψ − J0
a . (6.3.27)

For the variation with respect to Aai (x) we derive

δW1T

δAai (x)
= (1− 4λψ̄ψ)

(
δab∂µG

µi
b −

∂i

∂3

δab∂µG
µ3
b

)

+(1− 4λψ̄ψ)

(
g0f

acbAcµG
µi
b −

∂i

∂3

g0f
acbAcµG

µ3
b

)

+g0ψ̄γ
itaψ − g0ψ̄t

aψγ3 ∂i
∂3

+ J ia − J3
a

∂i

∂3

= 0 , (6.3.28)
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or

0 = (1− 4λψ̄ψ)
(
δab∂µG

µi
b + g0f

acbAcµG
µi
b

)

−(1− 4λψ̄ψ)

(
∂i

∂3

δab∂µG
µ3
b +

∂i

∂3

g0f
acbAcµG

µ3
b

)

−
(
g0ψ̄t

aψγ3 ∂i
∂3

+ J3
a

∂i

∂3

)
+ g0ψ̄γ

itaψ + J ia

= (1− 4λψ̄ψ)
(
δab∂µ + g0f

acbAcµ
)
Gµi
b

−(1− 4λψ̄ψ)
∂i

∂3

(
δab∂µ + g0f

acbAcµ
)
Gµ3
b

− ∂i
∂3

(
g0ψ̄t

aψγ3 + J3
a

)
+ g0ψ̄γ

itaψ + J ia

= (1− 4λψ̄ψ)∇ab
µ G

µi
b − (1− 4λψ̄ψ)

∂i

∂3

∇ab
µ G

µ3
b

− ∂i
∂3

(
g0ψ̄t

aψγ3 + J3
a

)
+ g0ψ̄γ

itaψ + J ia ,

0 = (1− 4λψ̄ψ)

(
∇ab
µ G

µi
b −

∂i

∂3

∇ab
µ G

µ3
b

)

− ∂i
∂3

(
g0ψ̄t

aψγ3 + J3
a

)
+ g0ψ̄γ

itaψ + J ia . (6.3.29)

Thus we have

(1− 4λψ̄ψ)

(
∇ab
µ G

µi
b −

∂i

∂3

∇ab
µ G

µ3
b

)
− ∂i
∂3

(
g0ψ̄t

aψγ3 + J3
a

)
= −g0ψ̄γ

itaψ − J ia .

(6.3.30)

From Eq. (6.3.9), we will obtain the canonical conjugate momenta to A1
a, A

2
a,
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using the expression for the canonical conjugate momenta to Aµ are defined by

πµ ≡ π[Aµ] =
δW
δȦµ

=
δW

δ(∂0Aµ)
.

Consider the first term on the right-hand side of Eq. (6.3.9):

ˆ
(dx)(1− 4λψ̄ψ) (∂µG

µν
a ) δAaν

=

ˆ
(dx)(1− 4λψ̄ψ)

[(
∂µG

µ0
a

)
δAa0 +

(
∂µG

µk
a

)
δAak

]
; k = 1, 2, 3

=

ˆ
(dx)(1− 4λψ̄ψ)

[(
∂µG

µ0
a

)
δAa0 +

(
∂µG

µk
a

)(
δki − δk3 ∂

i

∂3

)
δAai

]
; i = 1, 2

=

ˆ
(dx)(1− 4λψ̄ψ)

[(
∂µG

µ0
a

)
δAa0 +

(
∂µG

µi
a −

∂i

∂3

∂µG
µ3
a

)
δAai

]

=

ˆ
(dx)(1− 4λψ̄ψ)

[
−Gµ0

a δ(∂µA
a
0)−

(
Gµi
a −

∂i

∂3

Gµ3
a

)
δ(∂µA

a
i )

]
. (6.3.31)

The canonical conjugate momenta to A1
a, A

2
a are then worked out to be

πia =
δW1T

δ(∂0Ai)

= −(1− 4λψ̄ψ)

(
G0i
a −

∂i

∂3

G03
a

)
,

πia = (1− 4λψ̄ψ) Gi0
a −

∂i

∂3

(1− 4λψ̄ψ) G30
a ; i = 1, 2 , (6.3.32)

while for the dependent field A0
a, A

3
a we have

π0
a = 0 , π3

a = 0 . (6.3.33)

We note that Eq. (6.3.32) is also valid if we replace i by 3. That is, for k = 1, 2, 3, we
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may rewrite

πka = (1− 4λψ̄ψ) Gk0
a − ∂−1

3 ∂k(1− 4λψ̄ψ) G30
a . (6.3.34)

Upon multiplying Eq. (6.3.34) by∇ba
k this gives

∇ba
k π

k
a = (1− 4λψ̄ψ)∇ba

k G
k0
a − (1− 4λψ̄ψ)∇ba

k ∂
−1
3 ∂kG30

a . (6.3.35)

We make use of the field equation

∇ab
µ

[
(1− 4λψ̄ψ) Gµν

b

]
=− (δνσδ

ac − gνk∂kDab∇bc
σ )
[
Jσc + g0ψ̄γ

σtcψ
]
, (6.3.36)

∇ba
k

[
(1− 4λψ̄ψ) Gk0

a

]
=− (δ0

σδ
bc − g0k∂kD

ba∇ac
σ )
[
Jσc + g0ψ̄γ

σtcψ
]

∇ba
k

[
(1− 4λψ̄ψ) Gk0

a

]
=− J0

b − g0ψ̄γ
0tbψ , (6.3.37)

and substitute the above into the right-hand side of Eq. (6.3.35), to obtain

∇ba
k π

k
a = −J0

b − g0ψ̄γ
0tbψ − (1− 4λψ̄ψ)∇ba

k ∂
−1
3 ∂kG30

a , (6.3.38)

(1− 4λψ̄ψ)∇ba
k ∂
−1
3 ∂kG30

a = − [J0
b + g0ψ̄γ

0tbψ +∇ba
k π

k
a ] . (6.3.39)

Let ∇ba
k ∂

k ≡ Oba(x), [1− 4λψ̄ψ]∂−1
3 G30

a ≡ Ãa(x) and set

Oba(x)Ãa(x) = J̃ b(x) ,

where

J̃ b = −[J0
b + g0ψ̄γ

0tbψ +∇ba
k π

k
a ] . (6.3.40)
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Using the Green operator equation:

∇ac
k ∂kD

cd(x, x′) = δ4(x, x′) δad , (6.3.41)

we then obtain

(1− 4λψ̄ψ)∂−1
3 G30

a = −Dad[J0
b + g0ψ̄γ

0tbψ +∇ba
k π

k
a ] . (6.3.42)

Upon substituting the above equation into Eq. (6.3.34), gives

πka = (1− 4λψ̄ψ) Gk0
a + ∂kDad[J0

b + g0ψ̄γ
0tbψ +∇ba

k π
k
a ] , (6.3.43)

or

[1− 4λψ̄(x)ψ(x)] Gk0
a (x) = πka(x)− ∂k

ˆ
(dx′) Dab(x, x

′)
[
J0
b (x′)

+g0ψ̄(x′)γ0tbψ(x′) +∇′bcj πjc(x′)
]
, (6.3.44)

[1− 4λψ̄(x)ψ(x)] Gk0
a (x) = πka(x)− ∂k

ˆ
(dx′) Dab(x, x

′)
[
δ0
νJ

ν
b (x′)

+g0ψ̄(x′)γ0tbψ(x′) +∇′bcj πjc(x′)
]
, (6.3.45)

k = 1, 2, 3 and with π3
a set equal to zero.

With the (independent) fields and their canonical conjugate momenta kept fixed,

we then have the following functional derivative expression

[1− 4λψ̄(x)ψ(x)]
δ

δJνb (x′)
Gk0
a (x) = −∂kDab(x, x

′) δ0
ν . (6.3.46)

The canonical commutation relations of Aa(x), πb(x′) are given by

[
Aa(x), πb(x′)

]
= iδabδ3(x− x′) . (6.3.47)
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Using

δ(x0 − x′0) δ3(x− x′) = δ4(x− x′) , (6.3.48)

the equal time commutation relations of the independent fields A1
a(x), A2

a(x) may be

then rewritten in the form

δ(x0 − x′0)
[
Aia(x), πjb(x

′)
]

= iδabδ
ijδ4(x− x′) , (6.3.49)

δ(x0 − x′0)
[
Aia(x), gljπjb(x

′)
]

= iδabδ
ijgljδ4(x− x′) , (6.3.50)

δ(x0 − x′0)
[
Aia(x), πlb(x

′)
]

= iδabg
liδ4(x− x′) . (6.3.51)

From the gauge constraint,

A3
a = − ∂i

∂3

Aia , δAk =

(
δki − δk3 ∂i

∂3

)
δAi , (6.3.52)

we may then write

[
Aia(x), πlb(x

′)
]

= iδabg
li δ3(x− x′) , (6.3.53)

[
− ∂i
∂3

Aia(x), πlb(x
′)

]
= −iδabg

li ∂i
∂3

δ3(x− x′) , (6.3.54)

δ(x0 − x′0)
[
− ∂i
∂3

Aia(x), πlb(x
′)

]
= −iδabg

li ∂i
∂3

δ4(x− x′) . (6.3.55)

We may combine Eqs. (6.3.51) and (6.3.55), in the form

δ(x0 − x′0)
[
Aia(x) + A3

a(x), πlb(x
′)
]

= iδabg
liδ4(x− x′)− iδabg

li ∂i
∂3

δ4(x− x′) ,

(6.3.56)
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or

δ(x0 − x′0)
[
Aka(x), πlb(x

′)
]

= iδab

(
gliδki − δk3 ∂

l

∂3

)
δ4(x− x′) . (6.3.57)

This allows us to obtain the expression

δ(x0 − x′0)
[
Aka(x), πlb(x

′)
]

= iδab
[
δkl − δk3∂−1

3 ∂l
]
δ4(x− x′) , (6.3.58)

with now k, l = 1, 2, 3.

Equations (6.3.44) and (6.3.58), will allow to derive the commutation relation in

Eq. (6.3.59) below

[1−4λψ̄(x)ψ(x)] Gk0
a

= πka(x)− ∂k
ˆ

(dx′)Dab(x, x
′)
[
J0
b (x′) + g0ψ̄(x′)γ0tbψ(x′) +∇′bcj πjc(x′)

]
,

[1−4λψ̄(x)ψ(x)]
[
Aka(x

′), Gk0
a (x)

]
δ(x0 − x′0)

=
[
Aka(x), πka(x′)

]
δ(x0 − x′0)

− ∂k
ˆ

(dx′′) Dab(x, x
′′)∇′′bcj

[
Aak(x

′), πjc(x
′′)
]
δ(x0 − x′0)

= iδaa
[
δkk − δk3∂−1

3 ∂k
]
δ4(x− x′)

− ∂k
ˆ

(dx′′) Dab(x, x
′′)∇′′bcj

[
Aak(x

′), πjc(x
′′)
]
δ(x0 − x′0)

= 2iδaaδ
4(x− x′)− ∂k

ˆ
(dx′′) Dab(x, x

′′)∇′′bcj
[
Aak(x

′), πjc(x
′′)
]
δ(x0 − x′0) ,

(6.3.59)



174

where we recall that Dab(x, x
′′) involves the factor δ(x0 − x′0). The latter then implies

that the last term in Eq. (6.3.59) is given by

− ∂k
ˆ

(dx′′) Dab(x, x
′′)∇′′bcj

[
Aak(x

′), πjc(x
′′)
]
δ(x0 − x′0)

= − ∂k
ˆ

(dx′′) Dab(x, x
′′)∇′′bcj iδac

[
δkj − δk3∂′−1

3 ∂′j
]
δ4(x− x′′)

= − i∂k

ˆ
(dx′′) Dab(x, x

′′)∇′′baj
[
δkj − δk3∂′−1

3 ∂′j
]
δ3(x′ − x′′)δ(x0 − x′0) . (6.3.60)

Now we take the limit x′ → x in the latter and integrate over d3x to obtain

− i

ˆ
(dx′′)

ˆ
d3x ∂k

[
δkj − δk3∂′−1

3 ∂′j
]
Dab(x, x

′′)∇′′baj δ3(x′ − x′′)δ(x0 − x′0)

= − i

ˆ
(dx′′)

ˆ
d3x [∂j − ∂j]Dab(x, x

′′)∇′′baj δ3(x′ − x′′)δ(x0 − x′0)

= 0 . (6.3.61)

This result will be used later in deriving the modification of the FP factor.

The action principle gives

∂

∂λ
〈0+ |0−〉 = i

〈
0+

∣∣∣∣
ˆ

(dx) L̂1T

∣∣∣∣0−
〉

= i

〈
0+

∣∣∣∣
ˆ

(dx)
∂

∂λ
L1T

∣∣∣∣0−
〉

= i

〈
0+

∣∣∣∣
ˆ

(dx) ψ̄ψGa
µνG

µν
a

∣∣∣∣0−
〉

∂

∂λ
〈0+ |0−〉 = i

ˆ
(dx)

〈
0+

∣∣ψ̄(x)ψ(x)Ga
µν(x)Gµν

a (x)
∣∣0−
〉
, (6.3.62)

where we refer to Eq. (6.3.1) for the appearance of the coupling parameter λ.
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We note that

GµνG
µν = G0νG

0ν +GiνG
iν

= G00G
00

︸ ︷︷ ︸+G0jG
0j +Gi0G

i0 +GijG
ij .

= 0

That is

GµνG
µν = 2 G0iG

0i +GijG
ij . (6.3.63)

Consider the matrix element

〈
0+

∣∣∣
(
Ga
µν(x)Gµν

a (x′)
)
+

∣∣∣0−
〉

= 2
〈

0+

∣∣∣
(
Ga
k0(x)Gk0

a (x′)
)
+

∣∣∣0−
〉

+
〈

0+

∣∣∣
(
Ga
kl(x)Gkl

a (x′)
)
+

∣∣∣0−
〉
. (6.3.64)

The second term is simply equal to

G′akl(x)G′kla (x′) 〈0+ |0−〉 , (6.3.65)

expressed in terms of functional derivatives using our notation below Eq. (6.2.62). From

Eq. (6.1.6), we may rewrite

Ga
k0(x) = ∂kA

a
0 − ∂0A

a
k + g0f

abcAbkA
c
0

=
(
∂kA

a
0 + g0f

abcAbkA
c
0

)
− ∂0A

a
k

=
(
∂kδ

acAc0 + g0f
abcAbkA

c
0

)
− ∂0A

a
k

=
(
δac∂k + g0f

abcAbk
)
Ac0 − ∂0A

a
k ,
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Ga
k0(x) = ∇ac

k A
c
0 − ∂0A

a
k , (6.3.66)

and subsequently use the integral

f(x) =

ˆ
(dz) δ4(x− z)f(z) . (6.3.67)

To determine the first term on the right-hand side of Eq. (6.3.64), we rewrite

Ga
k0(x) =

ˆ
(dz) δ4(x− z)∇ac

k (z)Ac0(z)−
ˆ

(dz) δ4(x− z)∂z0A
a
k(z) . (6.3.68)

We then have the useful identity:

〈
0+

∣∣∣
(
Ga
k0(x)Gk0

a (x′)
)
+

∣∣∣0−
〉

= G′ak0(x) G′k0a (x′) 〈0+ |0−〉

+

ˆ
(dz) δ4(x− z)δ(z0 − x′0)

〈
0+

∣∣[Aak(z), Gk0
a (x′)

]∣∣0−
〉

− i

ˆ
(dz) δ4(x− z)∇′ack (z)

〈
0+

∣∣∣∣
δ

δJ0
c

Gk0
a (x′)

∣∣∣∣0−
〉
, (6.3.69)

where the second term comes from the non-commutativity of the time derivative and

the time ordering operation as resulting from the last term in Eq. (6.3.68), and the third

term follows from the rule of functional differentiation in Eq. (6.2.63) as resulting from

the first integral in Eq. (6.3.68).

From Eqs. (6.3.44), (6.3.59) and (6.3.61), the right-hand side of Eq. (6.3.69) sim-

plifies for x′ → x to

[
G′ak0(x) G′k0a (x) + ∆′(x)

]
〈0+ |0−〉 , (6.3.70)
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where

∆′(x) = 2

ˆ
(dz)

δ4(z − x)[
1− 4λψ̄′(x)ψ′(x)

]K ′(x, z) , (6.3.71)

K ′(x, z) = i
[
δaaδ

4(0) +
1

2
∂xk∇′ack (z)D′ac(x, z)

]
, (6.3.72)

involving a familiar δ4(0) term.

All told, the expression Eq. (6.3.62) becomes

∂

∂λ
〈0+ |0−〉 = i

ˆ
(dx)ψ̄′(x)ψ′(x)G′aµνG

′µν
a (x) 〈0+ |0−〉

+2i

ˆ
(dx)ψ̄′(x)ψ′(x)∆′(x) 〈0+ |0−〉 , (6.3.73)

which upon an elementary integration over λ leads to

〈0+ |0−〉 = eiM ′ exp

[
iλ

ˆ
(dx)ψ̄′(x)ψ′(x)G′aµν(x)G′µνa (x)

]
〈0+ |0−〉λ=0 , (6.3.74)

where

M ′ = −
ˆ

(dx)(dz) δ4(x− z) ln
[
1− 4λψ̄′(x)ψ′(x)

]
K ′(x, z) , (6.3.75)

and 〈0+ |0−〉λ=0 is the vacuum-to-vacuum amplitude corresponding to the Lagrangian

density LT in Eq. (6.1.1) involving the FP factor in Eq. (6.2.82). That is, the famil-

iar FP factor gets modified by a multiplicative factor exp[iM ′] for the gauge invariant

Lagrangian density L1 in Eq. (6.3.1).

6.4 Gauge Breaking Interactions

In the present section we consider the addition of a gauge breaking term to the

Lagrangian density L in Eq. (6.1.2). It is well known that even the addition of the
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simple source term LS in Eq. (6.1.3) to L causes difficulties (cf. Rivers, 1987, p.204)

in the quantization problem in the path integral formalism as the action
´

(dx) LT (x),

with LT (x) defined in Eq. (6.1.1), is not gauge invariant. We will see how easy it is to

handle the addition of a gauge breaking term to LT in our formalism in the functional

differential approach to quantum field theory.

Consider the Lagrangian density

L2T = LT +
λ

2
AaµA

µ
aψ̄ψ , (6.4.1)

where from Eq. (6.1.1),

L2T = −1

4
Ga
µνG

µν
a +

1

2i

[(
∂µψ̄

)
γµψ − ψ̄γµ∂µψ

]
−m0ψ̄ψ

+g0ψ̄γµA
µψ + η̄ψ + ψ̄η + JµaA

a
µ +

λ

2
AaµA

µ
aψ̄ψ . (6.4.2)

The action is

W2T =

ˆ
(dx) L2T

=

ˆ
(dx)

{
− 1

4
Ga
µνG

µν
a +

1

2i

[
(∂µψ̄)γµψ − ψ̄γµ∂µψ

]

−m0ψ̄ψ + g0ψ̄γµA
µψ + η̄ψ + ψ̄η

+JµaA
a
µ +

λ

2
AaµA

µ
aψ̄ψ

}
, (6.4.3)

with the variation defined by
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δW2T =

ˆ
(dx)

{
− 1

4
δ
(
Ga
µνG

µν
a

)
+

1

2i
δ
[
(∂µψ̄)γµψ − ψ̄γµ∂µψ

]

−m0δ(ψ̄ψ) + g0δ
(
ψ̄γµA

µψ
)

+ η̄δψ + (δψ̄)η

+Jµa δA
a
µ +

λ

2
δ
(
AaµA

µ
aψ̄ψ

)}
. (6.4.4)

Consider the last term in the above equation:

λ

2
δ
(
AaµA

µ
aψ̄ψ

)

=
λ

2

[
AaµA

µ
a δ(ψ̄ψ) + δ

(
AaµA

µ
a

)
ψ̄ψ
]

=
λ

2

{
AaµA

µ
a

[
ψ̄δψ + (δψ̄)ψ

]
+
[
AaµδA

µ
a + (δAaµ)Aµa

]
ψ̄ψ
}

=
λ

2

[
AaµA

µ
aψ̄δψ + AaµA

µ
a(δψ̄)ψ + Aaµ(δAµa)ψ̄ψ + (δAaµ)Aµaψ̄ψ

]
. (6.4.5)

From Eqs. (6.2.11) - (6.2.14), we can rewrite Eq. (6.4.4) as

δW2T =

ˆ
(dx)

{(
∂µG

µν
a

)
δAaν + g0f

acbAµcG
b
µνδA

ν
a −m0ψ̄δψ −m0(δψ̄)ψ

+
1

2i

[
(∂µψ̄)γµδψ + δ(∂ψ̄)γµψ − ψ̄γµδ(∂µψ)− δψ̄γµ(∂µψ)

]

+g0ψ̄γµA
µδψ + g0ψ̄γµ(δAµ)ψ + g0(δψ̄)γµA

µψ

+η̄δψ + (δψ̄)η + Jµa δA
a
µ

+
λ

2

[
AaµA

µ
aψ̄δψ + AaµA

µ
a(δψ̄)ψ + Aaµ(δAµa)ψ̄ψ + (δAaµ)Aµaψ̄ψ

]
,

(6.4.6)
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δW2T

δψ
=

1

2i
(∂µψ̄)γµ +

1

2i
(∂µψ̄)γµ + g0ψ̄γµA

µ −m0ψ̄ + η̄ +
λ

2
AaµA

µ
aψ̄

= 0 . (6.4.7)

Or

(∂µψ̄)
γµ

i
+ g0ψ̄γµA

µ +
λ

2
AaµA

µ
aψ̄ −m0ψ̄ = −η̄ , (6.4.8)

ψ̄

(
γµ
∂µ
i

+ g0γµA
µ +

λ

2
AaµA

µ
a −m0

)
= −η̄ , (6.4.9)

ψ̄

(
γµ
∇∗µ
i

+
λ

2
AaµA

µ
a −m0

)
= −η̄ . (6.4.10)

On the other hand,

δW2T

δψ̄
= − 1

2i
(∂µψ)γµ − 1

2i
(∂µψ)γµ + g0γµA

µψ −m0ψ + η +
λ

2
AaµA

µ
aψ

= 0 , (6.4.11)

or

(∂µψ)
γµ

i
− g0γµA

µψ − λ

2
AaµA

µ
aψ +m0ψ = η , (6.4.12)

(
γµ

i
∂µ − g0γµA

µ − λ

2
AaµA

µ
a +m0

)
ψ = η , (6.4.13)

(
γµ
∇µ

i
− λ

2
AaµA

µ
a +m0

)
ψ = η , (6.4.14)

with µ, ν = 0, 1, 2, 3 and where∇µ is defined in Eq. (6.1.11).
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Consider only terms involving the variation δAaµ as appearing in the last term of

the right-hand side of Eq. (6.4.6) given by

λ

2

[
Aaµ
(
δAµa

)
ψ̄ψ +

(
δAaµ

)
Aµaψ̄ψ

]
=

λ

2

[
Aµa
(
δAaµ

)
ψ̄ψ +

(
δAaµ

)
Aµaψ̄ψ

]

= λψ̄ψAµaδA
a
µ

= λψ̄ψ
(
A0
aδA

a
0 + AkaδA

a
k

)

= λψ̄ψ

[
A0
aδA

a
0 + Aka

(
δki − δk3 ∂i

∂3

)
δAai

]

= λψ̄ψ

(
A0
aδA

a
0 + AiaδA

a
i −

∂i
∂3

A3
aδA

a
i

)

= λψ̄ψ

[
A0
aδA

a
0 + AiaδA

a
i −

∂i
∂3

(
−∂

i

∂3

Aia

)
δAai

]

= λψ̄ψ

(
A0
aδA

a
o + AiaδA

a
i +

∂2

∂2
3

AiaδA
a
i

)
,

λ

2

[
Aaµ
(
δAµa

)
ψ̄ψ +

(
δAaµ

)
Aµaψ̄ψ

]
= λψ̄ψA0

aδA
a
o + λψ̄ψAiaδA

a
i + λψ̄ψ

∂2

∂2
3

AiaδA
a
i .

(6.4.15)

From Eqs. (6.2.24) - (6.2.27), we can rewrite Eq. (6.4.6) as

δW2T =

ˆ
(dx)

{
δab∂kG

k0
b δA

a
0 + δab∂µG

µi
b δA

a
i −

∂i

∂3

δab∂µG
µ3
b δA

a
i

+g0f
acbAckG

k0
b δA

a
0 + g0f

acbAcµG
µi
b δA

a
i −

∂i

∂3

g0f
acbAcµG

µ3
b δA

a
i

+
1

2i

[
(∂µψ̄)γµδψ + δ(∂ψ̄)γµψ − ψ̄γµδ(∂µψ)− δψ̄γµ(∂µψ)

]

+g0ψ̄γµA
µδψ + g0(δψ̄)γµA

µψ −m0ψ̄δψ −m0(δψ̄)ψ
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+g0ψ̄γ0t
a(δA0

a)ψ + g0ψ̄γ
ita(δAia)ψ − g0ψ̄γ

3ta
∂i
∂3

(δAia)ψ

+η̄δψ + (δψ̄)η + J0
aδA

a
0 + J iaδA

a
i − J3

a

∂i

∂3

δAai

+λψ̄ψA0
aδA

a
o + λψ̄ψAiaδA

a
i + λψ̄ψ

∂2

∂2
3

AiaδA
a
i

+
λ

2

[
AaµA

µ
aψ̄δψ + AaµA

µ
a(δψ̄)ψ

]}
, (6.4.16)

δW2T

δAa0(x)
= J0

a + g0ψ̄γ
0taψ + δab∂kG

k0
b + g0f

acbAckG
k0
b + λψ̄ψA0

a ,

= 0 , (6.4.17)

or

δab∂kG
k0
b + g0f

acbAckG
k0
b = −J0

a − λA0
aψ̄ψ − g0ψ̄γ

0taψ , (6.4.18)

(
δab∂k + g0f

acbAck
)
Gk0
b = −J0

a − λA0
aψ̄ψ − g0ψ̄γ

0taψ , (6.4.19)

∇ab
k G

k0
b = −J0

a − λA0
aψ̄ψ − g0ψ̄γ

0taψ . (6.4.20)

Similarly,

δW2T

δAai (x)
= J ia − J3

a

∂i
∂3

+ g0ψ̄γ
itaψ − g0ψ̄γ

3ta
∂i
∂3

ψ + δab∂µG
µi
b

− ∂i
∂3

δab∂µG
µ3
b + g0f

acbAcµG
µi
b −

∂i
∂3

g0f
acbAcµG

µ3
b

+λψ̄ψAia + λψ̄ψ
∂2

∂2
3

Aia

= 0 , (6.4.21)
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or

(
δab∂µ + g0f

acbAcµ
)
Gµi
b −

∂i
∂3

(
δab∂µG

µ3
b + g0f

acbAcµG
µ3
b + g0ψ̄γ

3taψ + J3
a

)

=− g0ψ̄γ
itaψ − J ia − λψ̄ψAia − λψ̄ψ

∂2

∂2
3

Aia ,

(
δab∂µ + g0f

acbAcµ
)
Gµi
b −

∂i
∂3

[(
δab∂µ + g0f

acbAcµ
)
Gµ3
b + g0ψ̄γ

3taψ + J3
a

]

=− g0ψ̄ψ̄γ
itaψ − J ia −

(
1 +

∂2

∂2
3

)
λψ̄ψAia , (6.4.22)

∇ab
µ G

µi
b −

∂i
∂3

(
∇ab
µ G

µ3
b +g0ψ̄γ

3taψ + J3
a

)

=− g0ψ̄ψ̄γ
itaψ − J ia −

(
1 +

∂2

∂2
3

)
λψ̄ψAia . (6.4.23)

We make use of the field equations, to write

Gk0
a = πka − ∂kDab

[
J0
b + λA0

bψ̄ψ + g0ψ̄γ
0tbψ +∇bc

ν π
ν
c

]
. (6.4.24)

Also from Eq. (6.1.6), we have

Gµν
a = ∂µAνa − ∂νAµa + g0f

abcAµbA
ν
c ,

Gk0
a = ∂kA0

a − ∂0Aka + g0f
abcAkbA

0
c , (6.4.25)

thus

∂kG
k0
a = ∂k∂

kA0
a − ∂0 (∂kA

k
a)︸ ︷︷ ︸+g0f

acb∂kA
k
cA

0
b

= 0
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= δab∂k∂
kA0

b + g0f
acb∂kA

k
cA

0
b

=
(
δab∂k + g0f

acbAkc
)
∂kA

0
b ,

∂kG
k0
a = ∇ab

k ∂kA
0
b . (6.4.26)

Upon multiplying Eq. (6.4.24) by

∇ca
l ∂

l 1

∂2 ∂k ,

and using Eqs. (6.2.50) and (6.4.26), we get

∇ca
l ∂

l 1

∂2 ∂kG
k0
a =

(
∇ca
l ∂

l 1

∂2∇ab
k ∂k

)
A0
b

= ∇ca
l ∂

l 1

∂2 ∂kπ
k
a

−∇ca
l

∂l

∂2∂k∂
kDab

[
J0
b + λA0

bψ̄ψ + g0ψ̄γ
0tbψ +∇bc

ν π
ν
c

]

= ∇ca
l ∂

l 1

∂2 ∂kπ
k
a

−δ4(x, x′)δcb
[
J0
b + λA0

bψ̄ψ + g0ψ̄γ
0tbψ +∇bc

ν π
ν
c

]
,

∇ca
l ∂

l 1

∂2 ∂kG
k0
a = ∇ca

l ∂
l 1

∂2 ∂kπ
k
a

−δ4(x, x′)
[
J0
c + λA0

cψ̄ψ + g0ψ̄γ
0tbψ +∇bc

ν π
ν
c

]
, (6.4.27)

or

(
∇ca
l ∂

l 1

∂2∇ab
k ∂k

)
A0
b = −J0

c − λA0
cψ̄ψ + . . . , (6.4.28)
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where the dots correspond to terms independent of J0
b and A0

b . We introduce the Green

operator N be(x, x′) satisfying

[
∇ca
l ∂

l 1

∂2∇ab
k ∂k + λδcbψ̄(x)ψ(x)

]
N be(x, x′) = δceδ4(x− x′) , (6.4.29)

to obtain from Eq. (6.4.28)

[
∇ca
l ∂

l 1

∂2∇ab
k ∂k + λδcbψ̄(x)ψ(x)

]
A0
b = −J0

c + . . . , (6.4.30)

A0
b = N be(x, x′)

[
− J0

c + . . .
]
, (6.4.31)

δ

δJ0
b (x)

A0
b(x) = −N bb(x, x) . (6.4.32)

Hence the action principle and Eq. (6.4.32) give

∂

∂λ
〈0+ |0−〉 = i

〈
0+

∣∣∣∣
ˆ

(dx)
∂

∂λ
L2T

∣∣∣∣0−
〉

=
i

2

〈
0+

∣∣∣∣
ˆ

(dx)AaµA
µ
aψ̄ψ

∣∣∣∣0−
〉

=
i

2

ˆ
(dx)

〈
0+

∣∣AaµAµaψ̄ψ
∣∣0−
〉

=
i

2

ˆ
(dx)

[
(−i)

δ

δJµa (x′)

〈
0+

∣∣Aµaψ̄ψ
∣∣0−
〉

+i

〈
0+

∣∣∣∣
δ

δJµa (x′)
Aµaψ̄ψ

∣∣∣∣0−
〉]

=
i

2

ˆ
(dx)

[
A′aµA

′µ
a ψ̄
′ψ′ 〈0+ |0−〉+ iψ̄′ψ′

〈
0+

∣∣∣∣
δ

δJ0
a(x′)

A0
a

∣∣∣∣0−
〉]

=
i

2

ˆ
(dx)

[
A′aµA

′µ
a ψ̄
′ψ′ 〈0+ |0−〉 − iψ̄′ψ′N ′bb(x, x) 〈0+ |0−〉

]
,
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∂

∂λ
〈0+ |0−〉 =

i

2

ˆ
(dx)A′aµ (x)A′µa (x)ψ̄′(x)ψ′(x) 〈0+ |0−〉

+
1

2

ˆ
(dx)ψ̄′(x)ψ′(x)N ′bb(x, x) 〈0+ |0−〉 . (6.4.33)

Upon integrating the latter over λ, by using in the process Eq. (6.4.29), we obtain

ˆ
δ 〈0+ |0−〉 =

i

2

ˆ
δλ

[ˆ
(dx)A′aµA

′µ
a ψ̄
′ψ′ +

1

2

ˆ
(dx)ψ̄′ψ′N ′bb

]
〈0+ |0−〉 ,

(6.4.34)

which integrates out to

〈0+ |0−〉λ = exp

[
iλ

2

ˆ
(dx)A′aµA

′µ
a ψ̄
′ψ′ +

1

2

ˆ
(dx)λψ̄′ψ′N ′bb

]
〈0+ |0−〉λ=0 .

(6.4.35)

Consider the second term in the exponential on the right-hand side of Eq. (6.4.35), and

using Eqs. (6.4.29) and (6.2.74). This may be expressed as

1

2

ˆ
(dx)λψ̄′ψ′N ′bb =

1

2

ˆ
(dx)ψ̄′ψ′

1[
∇′cal ∂l

1

∂2∇′abk ∂k + λψ̄′ψ′
]λ

=
1

2
Tr


 λψ̄′ψ′

∇′cal ∂l
1

∂2∇′abk ∂k + λψ̄′ψ′


 . (6.4.36)

Thus we obtain

〈0+ |0−〉λ = exp





iλ

2

ˆ
(dx)A′aµA

′µ
a ψ̄
′ψ′ +

1

2
Tr


 λψ̄′ψ′

∇′cal ∂l
1

∂2∇′abk ∂k + λψ̄′ψ′








×〈0+ |0−〉λ=0 , (6.4.37)
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〈0+ |0−〉λ = exp

[
−1

2
Tr ln

(
1 +

λ

∇′l∂l(∂2)−1∇′k∂k
ψ̄′ψ′

)]

× exp

[
iλ

2

ˆ
(dx)A′aµA

′µ
a ψ̄
′ψ′
]
〈0+ |0−〉λ=0 , (6.4.38)

showing an obvious modification of the FP factor with latter occurring in 〈0+ |0−〉λ=0.

The quantum action (dynamical) principle leads systematically to the FP of non-abelian

gauge theories with no much effort. It is emphasized, in the process of the analysis,

that no restrictions may be set on the external current Jaµ , coupled to the gauge field

Aµa (such as ∂µJaµ = 0), until all functional differentiations with respect to it are taken

so that all of its components may be varied independently. We have considered gauge

invariant as well as gauge non-invariant interactions and have shown that the FP fac-

tor needs to be modified in more general cases and expressions for these modifications

were derived. [It is well known that even the simple gauge breaking source term LS in

Eq. (6.1.3) causes complications in the path integral formalism. The path integral may,

of course, be readily derived from the action principle.] The presence of the source term

LS in the Lagrangian density is essential in order to generate the Green functions of the

theory from the vacuum-to-vacuum transition amplitude, as a generating functional, by

functional differentiations. We have also show, in particular, that a gauge invariant the-

ory does not necessarily imply the familiar FP factor for proper quantization. Finally

we note that even for abelian gauge theories, as obtained from the bulk of this chapter

by taking the limit of fabc to zero and replacing ta by the identity, may lead to modi-

fications, as multiplicative factors in 〈0+ |0−〉, as clearly seen from the expressions in

Eqs. (6.3.75) and (6.4.38).



CHAPTER VII

QUADRATIC ACTIONS IN DEPENDENT FIELDS

AND THE ACTION PRINCIPLE: A THEOREM

7.1 Introduction

The purpose of this chapter is to investigate systematically, in a unified man-

ner, within the functional differential formalism of quantum field theory (Schwinger,

1951, 1953, 1954; Manoukian, 1985, 1986, 1987, 2006; Limboonsong and Manoukian,

2006; Manoukian, Sukkhasena and Siranan, 2007), field theories with interaction La-

grangian densities LI(x;λ), with λ a generic coupling constant, such that ∂LI(x;λ)/∂λ

may be expressed as quadratic functions in dependent fields and, in general, as arbitrary

functions of independent fields. These include, as special cases, present renormaliz-

able gauge field theories(see, Chapter 1). For example, the non-abelian ones, such as

QCD, are quadratic, while QED is linear in dependent fields. The functional differen-

tial treatment necessitates the introduction of external sources in order to generate the

vacuum-to-vacuum transition amplitude, as a generating functional, from which ampli-

tudes for basic processes may be extracted. The novelty of this work is that we show

that for all the general Lagrangians, mentioned above, the vacuum-to-vacuum transition

amplitude may be explicitly derived in functional differential form, in a unified manner,

leading to modifications of computational rules by including such factors as Faddeev-

Popov ones (Faddeev and Popov, 1967; Fradkin and Tyutin, 1970) and modifications

thereof. The derivation is given in the presence of external sources, without recourse to

path integrals, and without relying on any symmetry and invariance arguments. There

has also been a renewed interest in Schwinger’s action principle recently (see, e.g., Das

and Scherer, 2005; Kawai, 2005; Iliev, 2003) emphasizing, in general, however, oper-
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ator aspects of a theory, as deriving, for example, commutation relations, rather than

dealing with computational ones related directly to generating functionals as done here

in our work.

7.2 General Class of Lagrangians

Consider Lagrangian densities which may depend on one or more coupling con-

stants. We scale these couplings by a parameter λ which is eventually set equal to one.

The resulting Lagrangian densities will be denoted by L(x;λ). The class of Lagrangian

densities considered are of the following types

L(x;λ) = L(x; 0) + LI(x;λ) + J i1(x) χi(x) + J j2(x) ηj(x) , (7.2.1)

where χi(x) and ηj(x) are independent and dependent fields, respectively. J i1(x), J j2(x)

are external sources coupled to these respective fields. The interaction Lagrangian den-

sities sought are of the following forms

LI(x;λ) = B(x;λ) +Bj(x;λ) ηj(x) +
1

2
Bjk(x;λ) ηj(x) ηk(x) , (7.2.2)

with LI(x; 0) = 0, where

∂B(x;λ)

∂λ
,
∂Bj(x;λ)

∂λ
,
∂Bjk(x;λ)

∂λ
=

∂Bkj(x;λ)

∂λ
, (7.2.3)

may be expressed in terms of the independent fields, and the latter two may involve

space derivatives applied to the dependent fields ηj(x). By definition, the canonical

conjugate momenta of the fields ηj(x) vanish. That is, formally,

∂L(x;λ)

∂(∂0ηj(x))
= 0 . (7.2.4)
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Let
∂L(x; 0)

∂ηj(x)
= Ajk(x)ηk(x) . (7.2.5)

The constraint equation of the dependent fields ηk(x) follow from Eqs. (7.2.1) and

(7.2.2) are obtained as follows. We rewrite Eq. (7.2.1) in detail as

L(x;λ) = L(x; 0) +B(x;λ) +Bj(x;λ) ηj(x)

+
1

2
Bjk(x;λ) ηj(x) ηk(x)

+J i1(x) χi(x) + J j2(x) ηj(x) , (7.2.6)

with

L(x; 0) = L(x;λ)−B(x;λ)−Bj(x;λ) ηj(x)

−1

2
Bjk(x;λ) ηj(x) ηk(x)

−J i1(x) χi(x)− J j2(x) ηj(x) ,

∂L(x; 0)

∂ηj(x)
= −Bj(x;λ)− J j2(x)

−Bjk(x;λ) ηk(x) , (7.2.7)

∂L(x; 0)

∂ηj(x)
+Bjk(x;λ) ηk(x) = −[Bj(x;λ) + J j2(x)] , (7.2.8)

Ajk(x) ηk(x) +Bjk(x;λ) ηk(x) = −[Bj(x;λ) + J j2(x)] , (7.2.9)

[Ajk(x) +Bjk(x;λ)] ηk(x) = −[Bj(x;λ) + J j2(x)] , (7.2.10)
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leading to the important equation:

M jk(x;λ) ηk(x) = −[Bj(x;λ) + J j2(x)] , (7.2.11)

where

M jk(x;λ) = Ajk(x) +Bjk(x;λ) . (7.2.12)

Let Djk(x, x
′;λ) denote the Green operator function satisfying

M ij(x;λ) Djk(x, x
′;λ) = δik δ

4(x, x′) . (7.2.13)

We use the notation

M jk(x;λ) ≡ Ojk(x) (7.2.14)

and denote the right-hand side of Eq. (7.2.11) is J j(x), that is

J j(x) = −[Bj(x, λ) + J j2(x)] . (7.2.15)

From Eqs. (7.2.14) and (7.2.13), we note that

Ojk(x) ηk(x) = J j(x) , (7.2.16)

Ojk(x) Dkl(x, x′) = δ4(x, x′)δjl . (7.2.17)

Hence

ηj(x) =

ˆ
(dx) Djk(x, x′) Jk(x′) , (7.2.18)

and we may write

ηj(x) = −
ˆ

(dx′) Djk(x, x
′;λ) [Bk(x′;λ) + Jk2 (x′)] , (7.2.19)
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giving a constraint which is explicit source Jk2 -dependent, and is also a function of the

independent fields.

7.3 The Quantum Dynamical Principle at Work and Explicit

Expression for the Vacuum-to-Vacuum Transition Amplitude

Let |0∓〉 denote the vacuum states of a theory before/after the external are

switched on/off, respectively. We are interested in the variation of the vacuum-to-

vacuum transition amplitude 〈0+ |0−〉, governed by the Lagrangian density L(x;λ) in

Eq. (7.2.1), with respect to the parameter λ as well as with respect the external sources

J i1(x), J j2(x). To this end, we invoke the quantum dynamical principle which states

(see, e.g., Manoukian, 1985, 1986, 1987, 2006; Manoukian, Sukkhasena and Siranan,

2007)

∂

∂λ
〈0+ |0−〉 = i

〈
0+

∣∣∣∣
ˆ

(dx)
∂

∂λ
LI(x;λ)

∣∣∣∣0−
〉
, (7.3.1)

(−i)
δ

δJ i1(x)
〈0+ |0−〉 = 〈0+ |χi(x)|0−〉 , (7.3.2)

(−i)
δ

δJ j2(x)
〈0+ |0−〉 = 〈0+ |ηj(x)|0−〉 . (7.3.3)

Consider the matrix element 〈0+ |F (x;λ, J1, J2|0−〉 of an operator which is not

only a function of the independent fields but which may also have an explicit depen-

dence on λ and the external sources J i1, J j2 . An explicit λ, J j2 dependence may occur,

for example, when the dependent fields ηj(x) are expressed in terms of the independent

fields and J j2 as given in Eq. (7.2.19).

The quantum dynamical principle, in particular, then states (see, Limboonsong

and Manoukian, 2006; Manoukian, 2006; Manoukian, Sukkhasena and Siranan, 2007)
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that

(−i)
δ

δJ j2(x′)
〈0+ |F (x;λ, J1, J2|0−〉

= 〈0+ |(F (x;λ, J1, J2) ηj(x
′))+|0−〉 − i

〈
0+

∣∣∣∣
δ

δJ j2(x′)
F (x;λ, J1, J2)

∣∣∣∣0−
〉
, (7.3.4)

where (. . .)+ denotes the time-ordered product, and the functional derivative, with re-

spect to J j2(x′), in the second term on the right-hand side of Eq. (7.3.4), is applied to the

explicit J2-dependent term (if any) that occurs in F .

Let ∂B′j(x;λ)/∂λ denote ∂Bj(x;λ)/∂λ with the fields χi(x) in the latter re-

placed by the functional derivatives (−i) δ/δJ i1(x). From Eq. (7.3.4),

(−i)
δ

δJk2 (x′)

〈
0+

∣∣∣∣
∂

∂λ
Bj(x;λ)

∣∣∣∣0−
〉

=

〈
0+

∣∣∣∣(
∂

∂λ
Bj(x;λ) ηk(x

′))+

∣∣∣∣0−
〉
− i

〈
0+

∣∣∣∣
δ

δJk2 (x′)

∂

∂λ
Bj(x;λ)

∣∣∣∣0−
〉
, (7.3.5)

where we have used the fact that ∂Bj(x;λ)/∂λ is expressed in terms of the independent

fields and has no explicit Jk2 -dependence, and hence the second term on the right-hand

side of Eq. (7.3.4) is zero for this corresponding case.

Then from above equation we have

(−i)
δ

δJk2 (x′)

∂

∂λ
B
′j(x;λ) 〈0+ |0−〉 =

〈
0+

∣∣∣∣
(
∂

∂λ
Bj(x;λ) ηk(x

′)

)

+

∣∣∣∣0−
〉
. (7.3.6)

On the other hand, let F (x;λ, J1, J2) ≡ ∂Bjk(x;λ) ηk(x
′)/∂λ and replace ηk(x′)

by (−i) δ/δJk2 (x′), Eq. (7.3.4) also give
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(−i)
δ

δJ j2(x′′)

〈
0+

∣∣∣∣
∂

∂λ
Bjk(x;λ) ηk(x

′)

∣∣∣∣0−
〉

=

〈
0+

∣∣∣∣
(
∂

∂λ
Bjk(x;λ) ηk(x

′) ηj(x
′′)

)

+

∣∣∣∣0−
〉

− i

〈
0+

∣∣∣∣∣

(
δ

δJ j2(x′′)

∂

∂λ
Bjk(x;λ) ηk(x

′)

)

+

∣∣∣∣∣0−
〉
, (7.3.7)

(−i)
δ

δJ j2(x′′)
(−i)

δ

δJk2 (x′)

∂

∂λ
B
′jk(x;λ) 〈0+ |0−〉

=

〈
0+

∣∣∣∣
(
∂

∂λ
Bjk(x;λ) ηk(x

′) ηj(x
′′)

)

+

∣∣∣∣0−
〉

− i

〈
0+

∣∣∣∣∣

(
∂

∂λ
Bjk(x;λ)

δ

δJ j2(x′′)
ηk(x

′)

)

+

∣∣∣∣∣0−
〉
, (7.3.8)

where from Eq. (7.2.19),

ηj(x) = −
ˆ

(dx′) Djk(x, x
′;λ)[Bk(x′;λ) + Jk2 (x′)] ,

ηk(x
′) = −

ˆ
(dx′′) Dkj(x

′, x′′;λ)[Bj(x′′;λ) + J j2(x′′)] , (7.3.9)

and hence

δ

δJ j2(x′′)
ηk(x

′) = −Dkj(x
′, x′′;λ) . (7.3.10)

Therefore the second term on the right-hand side of Eq. (7.3.8) is simply
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−i

〈
0+

∣∣∣∣∣

(
∂

∂λ
Bjk(x;λ)

δ

δJ j2(x′′)
ηk(x

′)

)

+

∣∣∣∣∣0−
〉

= i

〈
0+

∣∣∣∣
∂

∂λ
Bjk(x;λ) Dkj(x

′, x′′;λ)

∣∣∣∣0−
〉

= i
∂

∂λ
B
′jk(x;λ) D′kj(x

′, x′′;λ) 〈0+ |0−〉 , (7.3.11)

with D′kj(x
′, x′′;λ) denoting Dkj(x

′, x′′;λ) with the fields χi(x) replaced by

(−i) δ/δJ j1(x).

All told, we may solve for 〈0+ |∂LI(x;λ)/∂λ|0−〉 in terms of functional deriva-

tives, with respect to the external sources, as applied to 〈0+ |0−〉 directly from

Eqs. (7.2.2), (7.3.1) and (7.3.5) - (7.3.11) by considering Eq. (7.2.2),

LI(x;λ) = B(x;λ) +Bj(x;λ) ηj(x) +
1

2
Bjk(x;λ) ηj(x) ηk(x) ,

and

∂

∂λ
LI(x;λ) =

∂

∂λ
B(x;λ) +

(
∂

∂λ
Bj(x;λ)

)
ηj(x)

+
1

2

(
∂

∂λ
Bjk(x;λ)

)
ηj(x) ηk(x) , (7.3.12)

and by substituting the above equation into the right-hand side of Eq. (7.3.1), to get

∂

∂λ
〈0+ |0−〉 = i

〈
0+

∣∣∣∣
ˆ

(dx)
∂

∂λ
LI(x;λ)

∣∣∣∣0−
〉

= i

〈
0+

∣∣∣∣
ˆ

(dx)

[
∂

∂λ
B(x;λ) +

(
∂

∂λ
Bj(x;λ)

)
ηj(x)

+
1

2

(
∂

∂λ
Bjk(x;λ

)
ηj(x) ηk(x)

]∣∣∣∣0−
〉
. (7.3.13)



196

To find the second term on the right-hand side of the above equation we use

Eq. (7.3.6), and note that

〈
0+

∣∣∣∣
ˆ

(dx)

(
∂

∂λ
Bj(x;λ)

)
ηj(x)

∣∣∣∣0−
〉

=

ˆ
(dx)

〈
0+

∣∣∣∣
(
∂

∂λ
Bj(x;λ) ηj(x)

)

+

∣∣∣∣0−
〉

=

ˆ
(dx)(−i)

δ

δJ j2(x)

∂

∂λ
B
′j(x;λ) 〈0+ |0−〉 , (7.3.14)

and find out that the last term on the right-hand side of the Eq. (7.3.13), by using

Eq. (7.3.8), is

〈
0+

∣∣∣∣
ˆ

(dx)
1

2

(
∂

∂λ
Bjk(x;λ)

)
ηj(x) ηk(x)

∣∣∣∣0−
〉

=
1

2

ˆ
(dx)

〈
0+

∣∣∣∣
(
∂

∂λ
Bjk(x;λ) ηj(x) ηk(x)

)

+

∣∣∣∣0−
〉

=
1

2

ˆ
(dx)

[
(−i)

δ

δJ j2(x)
(−i)

δ

δJk2 (x)

∂

∂λ
B
′jk(x;λ) 〈0+ |0−〉

+ i

〈
0+

∣∣∣∣∣

(
∂

∂λ
Bjk(x;λ)

δ

δJ j2(x)
ηk(x)

)

+

∣∣∣∣∣0−
〉]

. (7.3.15)

From Eq. (7.3.10), we also have

δ

δJ j2(x′′)
ηk(x

′) = −Dkj(x
′, x′′;λ) ,

δ

δJ j2(x)
ηk(x) = −Dkj(x, x;λ) , (7.3.16)
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and we get

〈
0+

∣∣∣∣
ˆ

(dx)
1

2

(
∂

∂λ
Bjk(x;λ)

)
ηj(x) ηk(x)

∣∣∣∣0−
〉

=
1

2

ˆ
(dx)

[
(−i)

δ

δJ j2(x)
(−i)

δ

δJk2 (x)

∂

∂λ
B
′jk(x;λ) 〈0+ |0−〉

− i

〈
0+

∣∣∣∣
∂

∂λ
Bjk(x;λ) Dkj(x, x;λ)

∣∣∣∣0−
〉]

=
1

2

ˆ
(dx)

[
(−i)

δ

δJ j2(x)
(−i)

δ

δJk2 (x)

∂

∂λ
B
′jk(x;λ) 〈0+ |0−〉

− i
∂

∂λ
B
′jk(x;λ) D′jk(x, x;λ) 〈0+ |0−〉

]
. (7.3.17)

Upon substituting Eqs. (7.3.14) and (7.3.17) into Eq. (7.3.13), we obtain the

chain of equalities:

∂

∂λ
〈0+ |0−〉 = i

ˆ
(dx)

{
∂

∂λ
B′(x;λ) + (i)

δ

δJ j2(x)

∂

∂λ
B
′j(x;λ)

+
1

2

[
(−i)

δ

δJ j2(x)
(−i)

δ

δJk2 (x)

∂

∂λ
B
′jk(x;λ)

− i
∂

∂λ
B
′jk(x;λ) D′kj(x, x;λ)

]}
〈0+ |0−〉
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= i

ˆ
(dx)

{
∂

∂λ
B′(x;λ) + ηj(x)

∂

∂λ
B
′j(x;λ)

+
1

2

[
ηj(x) ηk(x)

∂

∂λ
B
′jk(x;λ)

− i
∂

∂λ
B
′jk(x;λ) D′kj(x, x;λ)

]}
〈0+ |0−〉

= i

ˆ
(dx)

{[
∂

∂λ
B′(x;λ) + ηj(x)

∂

∂λ
B
′j(x;λ)

+
1

2
ηj(x) ηk(x)

∂

∂λ
B
′jk(x;λ)

]

− i

2

∂

∂λ
B
′jk(x;λ) D′kj(x, x;λ)

}
〈0+ |0−〉

=

[
i

ˆ
(dx)

∂

∂λ

(
B′(x;λ) + ηj(x) B

′j(x;λ)

+
1

2
ηj(x) ηk(x) B

′jk(x;λ)
)

+
1

2

ˆ
(dx)

(
∂

∂λ
B
′jk(x;λ)

)
D′kj(x, x;λ)

]
〈0+ |0−〉 ,

∂

∂λ
〈0+ |0−〉 =

[
i

ˆ
(dx)

∂

∂λ
L′I(x;λ)

+
1

2

ˆ
(dx)

(
∂

∂λ
B
′jk(x;λ)

)
D′kj(x, x;λ)

]
〈0+ |0−〉 ,

(7.3.18)

where L′I denotes LI(x;λ) with χi(x), ηj(x) replaced in the latter by (−i)δ/δJ i1(x),
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(−i)δ/δJ j2(x), respectively.

Upon integrating Eq. (7.3.18) over λ from 0 to 1, give through the initial equation

∂

∂λ
〈0+ |0−〉 =

[
i

ˆ
(dx)

∂

∂λ
L′I(x;λ)

+
1

2

ˆ
(dx)

(
∂

∂λ
B
′jk(x;λ)

)
D′kj(x, x;λ)

]
〈0+ |0−〉 ,

(7.3.19)

the integral expression

ˆ
δ 〈0+ |0−〉 =

ˆ 1

0

δλ

[
i

ˆ
(dx)

∂

∂λ
L′I(x;λ)

+
1

2

ˆ
(dx)

(
∂

∂λ
B
′jk(x;λ)

)
D′kj(x, x;λ)

]
〈0+ |0−〉 ,

(7.3.20)

or,

〈0+ |0−〉 = exp

{ˆ 1

0

dλ

[
i

ˆ
(dx)

∂

∂λ
L′I(x;λ)

]

+

ˆ 1

0

dλ

[
1

2

ˆ
(dx)

(
∂

∂λ
B
′jk(x;λ)

)
D′kj(x, x;λ)

]}
〈0+ |0−〉0

= exp

[
i

ˆ
(dx) L′I(x)

+
1

2

ˆ
(dx)

ˆ 1

0

dλ

(
∂

∂λ
B
′jk(x;λ)

)
D′kj(x, x;λ)

]
〈0+ |0−〉0 .

(7.3.21)
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That is, we have

〈0+ |0−〉 = exp

[
i

ˆ
(dx) L′I(x)

+
1

2

ˆ
(dx)

ˆ 1

0

dλ

(
∂

∂λ
B
′jk(x;λ)

)
D′kj(x, x;λ)

]
〈0+ |0−〉0 ,

(7.3.22)

where 〈0+ |0−〉0 is governed by the Lagrangian density [L(x; 0) + J i1(x) χi(x) +

J j2(x) ηj(x)] in Eq. (7.2.1), and L′I(x) ≡ L′I(x; 0), with the latter defined below

Eq. (7.3.18).

Equation (7.3.22) provides the solution for the generating functional 〈0+ |0−〉 in

the presence of external sources. We thus see that for interaction Lagrangian densities

such that ∂LI(x;λ)/∂λ are quadratic in dependent fields (∂Bjk(x;λ)/∂λ 6= 0), as

described above, the rules for computations, via the generating functional 〈0+ |0−〉 are

modified by the presence of the multiplicative functional differential operator factor

exp

[
1

2

ˆ
(dx)

ˆ 1

0

dλ

(
∂

∂λ
B
′jk(x;λ)

)
D′kj(x, x;λ)

]
. (7.3.23)

7.4 Applications to Abelian and Non-Abelian Gauge Theories

As special cases of the general Lagrangians described through Eq. (7.2.1) and

developed above, consider non-abelian gauge theories with Lagrangian densities

L = L+ LS , (7.4.1)

L = −1

4
Ga
µνG

µν
a +

1

2i
[∂µψ̄γ

µψ − ψ̄γµ∂µψ]−m0ψ̄ψ + g0ψ̄γµA
µψ , (7.4.2)

LS = ρ̄ψ + ψ̄ρ+ JµaA
a
µ , (7.4.3)
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Aµ = Aaµta, Gµν = ∂µAν − ∂νAµ − ig0[Aµ, Aν ] , (7.4.4)

Gµν = Ga
µνta , (7.4.5)

Ga
µν = ∂µA

a
ν − ∂νAaµ + g0f

abcAbµA
c
ν . (7.4.6)

The ta matrices are generators of the underlying algebra, and the fabc, totally anti-

symmetric, are the structure constants satisfying the Jacobi identity

[ta, tb] = ifabctc . (7.4.7)

LS is the source term with the Jµa classical functions, while ρ, ρ̄ are so-called anti-

commuting Grassmann variables.

Upon setting

∇ab
µ = δab∂µ + g0f

acbAcµ , (7.4.8)

working in the Coulomb gauge ∂iAia = 0, i = 1, 2, 3, and introducing the Green opera-

tor function Dcd(x, x′; g0), satisfying

[δac∂2 + g0f
abcAbk∂k] D

cd(x, x′; g0) = δ4(x, x′) δad , (7.4.9)

k = 1, 2, 3, one may solve for Gk0
a (see, Limboonsong and Manoukian, 2006) as fol-

lows. First we note that in detail

L = L+ LS ,

L = −1

4
Ga
µνG

µν
a +

1

2i
[∂µψ̄γ

µψ − ψ̄γµ∂µψ]−m0ψ̄ψ + g0ψ̄γµA
µψ

+ρ̄ψ + ψ̄ρ+ JµaA
a
µ , (7.4.10)
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and the action is given by

W =

ˆ
(dx) L(x)

=

ˆ
(dx)

{
− 1

4
Ga
µνG

µν
a +

1

2i
[∂µψ̄γ

µψ − ψ̄γµ∂µψ]−m0ψ̄ψ

+g0ψ̄γµA
µψ + ρ̄ψ + ψ̄ρ+ JµaA

a
µ

}
, (7.4.11)

with its variation having the general form:

δW =

ˆ
(dx)

{
− 1

4
δ(Ga

µνG
µν
a ) +

1

2i
δ[∂µψ̄γ

µψ − ψ̄γµ∂µψ]−m0δ(ψ̄ψ)

+g0 δ(ψ̄γµA
µψ) + ρ̄ δψ + δ(ψ̄)ρ+ Jµa δA

a
µ

}
. (7.4.12)

For the first term on the right-hand side of the above equation we have

−1

4
δ(Ga

µνG
µν
a ) = −1

4

(
Ga
µν δG

µν
a +Gµν

a δG
a
µν

)

= −1

4

[
Ga
µν δ

(
∂µAνa − ∂νAµa + g0f

abcAµbA
ν
c

)

+Gµν
a δ
(
∂µA

a
ν − ∂νAaµ + g0f

abcAbµA
c
ν

)]

= −1

4
[Ga

µν∂
µδAνa −Ga

µν∂
νδAµa + g0f

abcGa
µνδ(A

µ
bA

ν
c )

+Ga
µν∂µδA

a
ν −Gµν

a ∂νδA
a
µ + g0f

abcGµν
a δ(A

b
µA

c
ν)]

= −1

4
[Gµν

a ∂µδA
a
ν +Gµν

a ∂µδA
a
ν + g0f

abcGa
µνδ(A

µ
bA

ν
c )

+Gµν
a ∂µδA

a
ν +Gµν

a ∂µδA
a
ν + g0f

abcGµν
a δ(A

b
µA

c
ν)] .
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That is,

−1

4
δ(Ga

µνG
µν
a ) = −1

4

[
4Gµν

a ∂µδA
a
ν + g0f

abcGa
µνδ(A

µ
bA

ν
c )

+g0f
abcGµν

a δ(A
b
µA

c
ν)
]
. (7.4.13)

By using the identity AδB = δ(AB)− (δA)B we have

Gµν
a ∂µδA

a
ν = ∂µ(Gµν

a δA
a
ν)− (∂µG

µν
a )δAaν , (7.4.14)

and

ˆ
(dx) ∂µ(Gµν

a δA
a
ν) =

˛
dΣµ G

µν
a δA

a
ν

= 0 , (7.4.15)

leading to

Gµν
a ∂µδA

a
ν = −(∂µG

µν
a ) δAaν . (7.4.16)

Upon substituting Eq. (7.4.16) into the first term on the right-hand side of

Eq. (7.4.13) gives

−1

4
δ(Ga

µνG
µν
a ) = −1

4

[
−4(∂µG

µν
a ) δAaν + g0f

abc Ga
µν δ(A

µ
bA

ν
c )

+ g0f
abc Ga

µνδ(A
µ
bA

ν
c )
]

= −1

4

[
−4(∂µG

µν
a ) δAaν + 2g0f

abc Ga
µν δ(A

µ
bA

ν
c )
]

= (∂µG
µν
a ) δAaν −

1

2
g0f

abc Ga
µν δ(A

µ
bA

ν
c )

= (∂µG
µν
a ) δAaν −

1

2
g0f

abc Ga
µν [A

µ
b δA

ν
c + (δAµb )Aνc ]
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= (∂µG
µν
a ) δAaν −

1

2
g0f

abc Ga
µνA

µ
b δA

ν
c −

1

2
g0f

abc Ga
µν(δA

µ
b )Aνc

= (∂µG
µν
a ) δAaν −

1

2
g0f

abcAµb G
a
µν δA

ν
c −

1

2
g0f

abc(δAµb ) Ga
µνA

ν
c

= (∂µG
µν
a ) δAaν −

1

2
g0f

bcaAµc G
b
µν δA

ν
a −

1

2
g0f

bac(δAµa) Gb
µνA

ν
c

= (∂µG
µν
a ) δAaν +

1

2
g0f

acbAµc G
b
µν δA

ν
a −

1

2
g0f

acb(δAµa) Gb
µνA

ν
c

= (∂µG
µν
a ) δAaν +

1

2
g0f

acbAµc G
b
µν δA

ν
a +

1

2
g0f

acb(δAνa) G
b
µνA

µ
c ,

or

−1

4
δ(Ga

µνG
µν
a ) = (∂µG

µν
a ) δAaν + g0f

acbAµc G
b
µν δA

ν
a . (7.4.17)

For the second and the third terms on the right-hand side of Eq. (7.4.12), we get

+
1

2i
δ[(∂µψ̄ γ

µψ)− ψ̄ γµ∂µψ]−m0 δ(ψ̄ ψ)

=
1

2i

{
δ[(∂µψ̄) γµψ]− δ(ψ̄ γµ∂µψ)

}
−m0[ψ̄ δψ + (δψ̄)ψ]

=
1

2i

[
(∂µψ̄) γµ δψ + δ(∂µψ̄) γµψ − ψ̄ γµ δ(∂µψ)− δψ̄ γµ(∂µψ)

]

−m0ψ̄ δψ −m0(δψ̄) ψ , (7.4.18)

Finally for the fourth term on the right-hand side of Eq. (7.4.12), we derive

g0 δ(ψ̄ γµA
µψ) = g0[ψ̄ γµA

µδψ + δ(ψ̄ γµA
µ)ψ]

= g0{ψ̄ γµAµδψ + [ψ̄ γµ(δAµ) + (δψ̄) γµA
µ]ψ}
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= g0[ψ̄ γµA
µδψ + ψ̄ γµ(δAµ)ψ + (δψ̄) γµA

µψ] ,

g0 δ(ψ̄ γµA
µψ) = g0ψ̄ γµA

µδψ + g0ψ̄ γµ(δAµ)ψ + g0(δψ̄) γµA
µψ .

(7.4.19)

Upon substituting the above equalities into Eq. (7.4.12), we obtain

δW =

ˆ
(dx)

{
(∂µG

µν
a ) δAaν + g0f

acbAµcG
b
µν δA

ν
a −m0ψ̄δψ −m0(δψ̄)ψ

+
1

2i

[
(∂µψ̄)γµδψ + δ(∂µψ̄)γµψ − ψ̄γµδ(∂µψ̄)− δψ̄ γµ(∂µψ)

]

+g0ψ̄γµA
µδψ + g0ψ̄γµ(δAµ)ψ + g0(δψ̄)γµA

µψ

+ρ̄ δψ + (δψ̄)ρ+ Jµa δA
a
µ

}
. (7.4.20)

We recall that the canonical momenta conjugate to Aµ defined by

πµ ≡ π[Aµ] =
δW

δȦµ
=

δW

δ(∂0Aµ)
. (7.4.21)

Consider the first term on the right-hand side of Eq. (7.4.20). To this end we have

ˆ
(dx)(∂µG

µν
a ) δAaν =

ˆ
(dx)

[
(∂µG

µ0
a ) δAa0 + (∂µG

µk
a ) δAak

]
, k = 1, 2, 3

=

ˆ
(dx)

[
(∂µG

µ0
a ) δAa0 + (∂µG

µk
a )(δki − δk3 ∂

i

∂3

) δAai

=

ˆ
(dx)

[
(∂µG

µ0
a ) δAa0 + (∂µG

µi
a −

∂i

∂3

∂µG
µ3
a ) δAai ,

ˆ
(dx)(∂µG

µν
a ) δAaν =

ˆ
(dx)

[
−Gµ0

a δ(∂µA
a
0)− (Gµi

a −
∂i

∂3

Gµ3
a ) δ(∂µA

a
i )
]
.

(7.4.22)
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The canonical conjugate momenta, πia are given by the equations

πia =
δW

δ(∂0Aai )

= −G0i
a +

∂i

∂3

G03
a

= Gi0
a −

∂i

∂3

g30
a , (7.4.23)

and, for the dependent fields A0
a, A

3
a:

π0
a = 0 , π3

a = 0 . (7.4.24)

That is, we may write

πµa = Gµ0
a − ∂−1

3 gµk ∂kG
30
a . (7.4.25)

Upon multiplying Eq. (7.4.25) by∇ba
µ gives:

∇ba
µ π

µ
a = ∇ba

µ G
µ0
a −∇ba

µ ∂
−1
3 gµk∂kG

30
a . (7.4.26)

From the field equations,

∇ba
µ G

µν
b = −(δνσδ

ac − gνk∂kDab∇bc
σ )[Jσc + g0ψ̄γ

σtcψ] , (7.4.27)

∇ba
µ G

µ0
a = −(δ0

σδ
bc − g0k

︸︷︷︸ ∂kD
ba∇ac

σ )[Jσc + g0ψ̄γ
σtcψ] , (7.4.28)

= 0

∇ba
µ G

µ0
a = −J0

b − g0ψ̄γ
0tbψ , (7.4.29)

we may rewrite Eq. (7.4.26) as,

∇ba
µ π

µ
a = −J0

b − g0ψ̄γ
0tbψ −∇ba

µ ∂
−1
3 gµk∂kG

30
a , (7.4.30)
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and also

∇ba
µ ∂
−1
3 gµk∂kG

30
a = −J0

b − g0ψ̄γ
0tbψ −∇ba

µ π
µ
a , (7.4.31)

∇ba
k ∂
−1
3 gkk∂kG

30
a = −J0

b − g0ψ̄γ
0tbψ −∇ba

k π
k
a , (7.4.32)

∇ba
k ∂k ∂

−1
3 G30

a = −J0
b − g0ψ̄γ

0tbψ −∇ba
k π

k
a . (7.4.33)

Using Eqs. (7.4.9) and (7.2.16) - (7.2.18), we derive that

∂−1
3 G30

a = −Dab[J
0
b + g0ψ̄γ

0tbψ +∇ba
k π

k
a ] . (7.4.34)

Substituting the above equation into Eq. (7.4.25), gives

πµa = Gµ0
a + gµk∂kDab[J

0
b + g0ψ̄γ

0tbψ +∇ba
k π

k
a ] , (7.4.35)

Gµ0
a = πµa − gµk∂kDab[J

0
b + g0ψ̄γ

0tbψ +∇ba
k π

k
a ] , (7.4.36)

Gk0
a = πka − ∂kDab[J

0
b + g0ψ̄γ

0tbψ +∇ba
k π

k
a ] , (7.4.37)

Gk0
a = −∂kDabJ

0
b + F k

a . (7.4.38)

written in a matrix notation, where F k
a is not an explicit function of the dependent fields

and of the external sources. From the very definition of Gk0
a in Eq. (7.4.6), we also have

Ga
µν = ∂µA

a
ν − ∂νAaµ + g0f

abcAbµA
c
ν ,

Gk0
a = ∂kA0

a − ∂0Aka + g0f
abcAkbA

0
c , (7.4.39)
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∂kG
k0
a = ∂k∂

kA0
a − ∂0∂kA

k
a + g0f

abcAkb∂kA
0
c

= δab∂2A0
b + g0f

acbAkc∂kA
0
b

= [δab∂2 + g0f
acbAck∂k]A

0
b ,

∂kG
k0
a = ∇ab

k ∂kA
0
b . (7.4.40)

Hence we may solve for A0
b to obtain

A0
b =

1

[δab∂2 + g0facbAck∂k]
∂kG

k0
a . (7.4.41)

Now we substitute Eq. (7.4.38) into above equation to obtain

A0
b =

1

[δab∂2 + g0facbAck∂k]
∂k(−∂kDabJ

0
b + F k

a )

=
1

[δab∂2 + g0facbAck∂k]
(−∂2DabJ

0
b + ∂kF

k
a ) ,

A0
b = −Dbc∂

2DcaJ
0
a +Kb , (7.4.42)

where Kb is not an explicit function of the external sources.

Now we show that the time derivative ∂0A
k
b may be solved in terms of A0

c and

the independent fields themselves. To this end, we note that

Gµν
a = ∂µAνa − ∂νAµa + g0f

abcAµbA
ν
c ,

∂νAµa = ∂µAνa + g0f
abcAµbA

ν
c −Gµν

a , (7.4.43)
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∂0Aka = ∂kA0
a + g0f

abcAkbA
0
c −Gk0

a

= δab∂kA
0
b + g0f

acbAkcA
0
b −Gk0

a

= (δab∂k + g0f
acbAkc ) A

0
b −Gk0

a ,

∂0Aka = ∇k
abA

0
b −Gk0

a , (7.4.44)

and from Eq. (7.4.42) we also have

Dbc∂
2DcaJ

0
a = −(A0

b −Kb) , (7.4.45)

1

[δbc∂
2 + g0f cdbAdk∂k]

∂2DcaJ
0
a = −(A0

b −Kb) , (7.4.46)

∂2DcaJ
0
a = −[δbc∂

2 + g0f
cdbAdk∂k](A

0
b −Kb) , (7.4.47)

DcaJ
0
a = −[δbc +

g0

∂2f
cdbAdk∂k](A

0
b −Kb)

= −[δcaδ
ab +

g0

∂2 δ
abf cdbAdk∂k](A

0
b −Kb)

= −[δca +
g0

∂2f
cdbAdk∂k]δ

ab(A0
b −Kb) ,

DcaJ
0
a = −[δca +

g0

∂2f
cdbAdk∂k](A

0
a −Ka) . (7.4.48)

Accordingly, Eqs. (7.4.44), (7.4.48) and (7.4.38) lead to the following expression

for ∂0Aka:

∂0Aka = ∇k
abA

0
b −Gk0

a

= ∇k
abA

0
b − [−∂kDabJ

0
b + F k

a ]
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= ∇k
abA

0
b + ∂kDabJ

0
b − F k

a ]

= ∇k
abA

0
b − ∂k[δab +

1

∂2 g0f
acbAck∂k](A

0
a −Ka)− F k

a

= (δab∂
k + g0f

acbAkc )A
0
b − ∂k[δab +

1

∂2 g0f
acbAck∂k](A

0
a −Ka)− F k

a

= δab∂
kA0

b + g0f
acbAkcA

0
b − ∂kδabA0

a + ∂kδabKa

−∂
k

∂2 g0f
acbAck∂kA

0
a +

∂k

∂2 g0f
acbAck∂kKa − F k

a

= g0f
acbAkcA

0
b −

∂k

∂2 g0f
acbAkc∂kA

0
a + Lka

= g0f
acbAkc

∂l

∂2 A
0
b − g0f

acb ∂
k

∂2 A
l
c∂lA

0
b + Lka ,

∂0Aka = g0f
acb[Akc

∂l

∂2 −
∂k

∂2 A
l
c] ∂lA

0
b + Lka , (7.4.49)

where Lka has no explicit dependence on the external sources and on the dependent fields

A0
b .

Now we substitute Eq. (7.4.6) into Eq. (7.4.2). For the first term of Eq. (7.4.2),

we have

−1

4
Ga
µνG

µν
a = −1

4
(∂µA

a
ν − ∂νAaµ + g0f

abcAbµA
c
ν)(∂

µAνa − ∂νAµa + g0f
abcAµbA

ν
c )

= −1

4
∂µA

a
ν∂

µAνa +
1

4
∂µA

a
ν∂

νAµa −
1

4
(∂µA

a
ν)g0f

abcAµbA
ν
c

+
1

4
∂νA

a
µ∂

µAνa −
1

4
∂νA

a
µ∂

νAµa +
1

4
(∂νA

a
µ)g0f

abcAµbA
ν
c

−1

4
g0f

abcAbµA
c
ν(∂

µAνa) +
1

4
g0f

abcAbµA
c
ν(∂

νAµa)

−1

4
(g0f

abc)2AbµA
c
νA

µ
bA

ν
c
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= −1

4
∂µA

a
ν∂

µAνa −
1

4
∂µA

a
ν∂

µAνa −
1

4
(∂µAνa)g0f

abcAbµA
c
ν

−1

4
∂µA

a
ν∂

µAνa −
1

4
∂µA

a
ν∂

µAνa −
1

4
(∂µAνa)g0f

abcAbµA
c
ν

+
1

4
g0f

abcAbµA
c
ν(∂

νAµa) +
1

4
g0f

abcAbµA
c
ν(∂

νAµa)

−1

4
(g0f

abc)2AbµA
c
νA

µ
bA

ν
c ,

−1

4
Ga
µνG

µν
a = −∂µAaν∂µAνa −

1

2
(∂µAνa)g0f

abcAbµA
c
ν

+
1

2
g0f

abcAbµA
c
ν(∂

νAµa)− 1

4
(g0f

abc)2AbµA
c
νA

µ
bA

ν
c . (7.4.50)

That is, we may write L as

L = −∂µAaν∂µAνa −
1

2
(∂µAνa)g0f

abcAbµA
c
ν +

1

2
g0f

abcAbµA
c
ν(∂

νAµa)

−1

4
(g0f

abc)2AbµA
c
νA

µ
bA

ν
c +

1

2i
[(∂µψ̄)γµψ − ψ̄γµ∂µψ]

−m0ψ̄ψ + g0ψ̄γµA
µψ , (7.4.51)

and

∂

∂g0

L =
∂

∂g0

{
− ∂µAaν∂µAνa −

1

2
(∂µAνa)g0f

abcAbµA
c
ν +

1

2
g0f

abcAbµA
c
ν(∂

νAµa)

−1

4
(g0f

abc)2AbµA
c
νA

µ
bA

ν
c +

1

2i
[(∂µψ̄)γµψ − ψ̄γµ∂µψ]

−m0ψ̄ψ + g0ψ̄γµA
µψ
}
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= −1

2
(∂µAνa)f

abcAbµA
c
ν +

1

2
fabcAbµA

c
ν(∂

νAµa)

−2

4
g0f

abcfabcAbµA
c
νA

µ
bA

ν
c + ψ̄γµA

µψ

= −1

2
fabcAbµA

c
ν(∂

µAνa − ∂νAµa + g0f
abcAµbA

ν
c ) + ψ̄γµA

µψ

= −1

2
fabcAbµA

c
νG

µν
a + ψ̄γµA

µψ

= −1

2

(
fabcAb0A

c
νG

0ν
a + fabcAbkA

c
νG

kν
a

)
+ ψ̄γµA

µψ

= −1

2

(
fabcAb0A

c
0 G

00
a︸︷︷︸+fabcAb0A

c
lG

0l
a + fabcAbkA

c
0G

k0
a

= 0

+fabcAbkA
c
lG

kl
a

)
+ ψ̄γµA

µψ

= −1

2

(
fabcAb0A

c
lG

0l
a + fabcAbkA

c
0G

k0
a + fabcAbkA

c
lG

kl
a

)

+ψ̄γµA
µψ

= −1

2

(
fabcAblA

c
0G

l0
a + fabcAbkA

c
0G

k0
a + fabcAbkA

c
lG

kl
a

)

+ψ̄γµA
µψ

= −1

2

(
2fabcAbkA

c
0G

k0
a + fabcAbkA

c
lG

kl
a

)
+ ψ̄γµA

µψ ,

∂

∂g0

L = −fabcAbkAc0Gk0
a −

1

2
fabcAbkA

c
lG

kl
a + ψ̄γµA

µψ . (7.4.52)
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Finally we record the above expression in the form

∂

∂g0

L = −fabcAbk(Ac0Gk0
a +

1

2
AclG

kl
a ) + ψ̄γµA

µψ . (7.4.53)

From the definition of Gk0
a in Eq. (7.4.6), and the fact that ∂0Aka may be expressed in

terms of the A0
b , as shown in Eq. (7.4.49), and the independent fields themselves, we see

that Eq. (7.4.53) is quadratic in the dependent fields A0
b .

The structure Gk0
a in Eq. (7.4.6) may be expressed, from Eq. (7.4.49), as a linear

function of the dependent fields A0
a, and directly from Eq. (7.4.38) we have

Gk0
a = −∂kDabJ

0
b + F k

a

= −δ0
ν ∂kDabJ

ν
b + F k

a , (7.4.54)

δ

δJνb
Gk0
a = −δ0

ν ∂kDab(x, x
′; g0) . (7.4.55)

Hence Eqs. (7.3.1) - (7.3.4), (7.3.6), (7.3.8), (7.4.53) and (7.4.55) give

∂

∂g0

〈0+ |0−〉 = i

〈
0+

∣∣∣∣
ˆ

(dx)
∂

∂g0

L
∣∣∣∣0−
〉

= i

〈
0+

∣∣∣∣
ˆ

(dx)
[
− fabcAbk(Ac0Gk0

a +
1

2
AclG

kl
a )

+ψ̄γµA
µψ
]∣∣∣∣0−

〉
,

∂

∂g0

〈0+ |0−〉 = i

〈
0+

∣∣∣∣
ˆ

(dx)
(
− fabcAbkAc0Gk0

a

−1

2
fabcAbkA

c
lG

kl
a + ψ̄γµA

µψ
)∣∣∣∣0−

〉
. (7.4.56)
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The first term on the right-hand of Eq. (7.4.56) may be rewritten as

i

〈
0+

∣∣∣∣
ˆ

(dx)
(
− fabcAbkAc0Gk0

a

)∣∣∣∣0−
〉

= −i

ˆ
(dx)fabcA

′b
k

〈
0+

∣∣(Ac0 Gk0
a )+

∣∣0−
〉
. (7.4.57)

Using the quantum dynamical principle, we have from Eq. (7.3.4) that

〈
0+

∣∣(Ac0 Gk0
a )+

∣∣0−
〉

= (−i)
δ

δJ0
c

〈
0+

∣∣Gk0
a

∣∣0−
〉

+ i

〈
0+

∣∣∣∣
δ

δJ0
c

Gk0
a

∣∣∣∣0−
〉
. (7.4.58)

On the other hand, from Eq. (7.4.55) we also obtain

δ

δJνb
Gk0
a = −δ0

ν ∂kDab(x, x
′; g0) ,

δ

δJ0
c

Gk0
a = −δ0

0 ∂kDac(x, x
′; g0)

= −∂kDac . (7.4.59)

That is, we have the equality

〈
0+

∣∣(Ac0 Gk0
a )+

∣∣0−
〉

= A
′c
0 G

′k0
a 〈0+ |0−〉 − i ∂kD

′
ac(x, x; g0) 〈0+ |0−〉 . (7.4.60)

We note that

i

〈
0+

∣∣∣∣
ˆ

(dx)(−fabcAbkAc0Gk0
a )

∣∣∣∣0−
〉

= −i

ˆ
(dx)fabcA

′b
k

〈
0+

∣∣Ac0 Gk0
a

∣∣0−
〉

= −i

ˆ
(dx)fabcA

′b
k

[
A
′c
0 G

′k0
a 〈0+ |0−〉 − i∂kD

′
ac(x, x; g0) 〈0+ |0−〉

]
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=

ˆ
(dx)

[
− ifabcA

′b
kA

′c
0 G

′k0
a 〈0+ |0−〉 − f bcaA

′b
k ∂kD

′
ac(x, x; g0) 〈0+ |0−〉

]
.

(7.4.61)

The second term on the right-hand side of Eq. (7.4.56) may be also rewritten in

the form:

i

〈
0+

∣∣∣∣
ˆ

(dx)
(
− 1

2
fabcAbkA

c
lG

kl
a

)∣∣∣∣0−
〉

= − i

2

ˆ
(dx)fabcA

′b
k

〈
0+

∣∣∣∣
(
Acl G

kl
a

)
+

∣∣∣∣0−
〉
. (7.4.62)

From Eq. (7.3.6), we then have

〈
0+

∣∣∣∣
(
Acl G

kl
a

)
+

∣∣∣∣0−
〉

= (−i)
δ

δJ lc
G
′kl
a 〈0+ |0−〉 . (7.4.63)

Upon substituting the above equation into Eq. (7.4.62), gives

i

〈
0+

∣∣∣∣
ˆ

(dx)

(
−1

2
fabcAbkA

c
lG

kl
a

)∣∣∣∣0−
〉

= − i

2

ˆ
(dx)fabcA

′b
k

〈
0+

∣∣∣∣
(
Acl G

kl
a

)
+

∣∣∣∣0−
〉

= − i

2

ˆ
(dx)fabcA

′b
kA

′c
l G

′kl
a 〈0+ |0−〉

=

ˆ
(dx)

[
− i

2
fabcA

′b
kA

′c
l G

′kl
a 〈0+ |0−〉

]
. (7.4.64)

Finally for the third term on the right-hand side of Eq. (7.4.56) we have:

i

〈
0+

∣∣∣∣
ˆ

(dx)ψ̄γµAµψ

∣∣∣∣0−
〉

= i

ˆ
(dx)

〈
0+

∣∣ψ̄γµAµψ
∣∣0−
〉
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= i

ˆ
(dx)

[
(−i)

δ

δJµa

〈
0+

∣∣ψ̄γµtaψ
∣∣0−
〉

+i

〈
0+

∣∣∣∣∣
δ

δJµa
(ψ̄γµtaψ)

︸ ︷︷ ︸

∣∣∣∣∣0−
〉]

,

= 0

or

i

〈
0+

∣∣∣∣
ˆ

(dx)ψ̄γµAµψ

∣∣∣∣0−
〉

=

ˆ
(dx)iψ̄′γµA′µψ

′ 〈0+ |0−〉 . (7.4.65)

Equations (7.4.61), (7.4.64) and (7.4.65), allow us to rewrite Eq. (7.4.56) as

∂

∂g0

〈0+ |0−〉 =

ˆ
(dx)

[
− ifabcA

′b
k

(
A
′c
0 G

′k0
a +

1

2
A
′c
l G

′kl
a

)

+iψ̄′γµA′µψ
′ − f bcaA′bk ∂kD′ac(x, x; g0)

]
〈0+ |0−〉

=

[
i

ˆ
(dx)

∂

∂g0

L′(x; g0)

−
ˆ

(dx)f bcaA
′b
k (x)∂kD

′ac(x, x; g0)

]
〈0+ |0−〉 , (7.4.66)

where A′bk = (−i)δ/δJkb . Upon using the definition of Dac(x, x′; g0) in Eq. (7.4.9), and

integrating Eq. (7.4.66) over g0, and using a matrix notation

Dab(x, x′; g0) =

[〈
0+

∣∣∣∣
(

1

∂2 − ig0Ak∂k

)∣∣∣∣0−
〉]ab

, (7.4.67)

the notation

Tr [f ] =

ˆ
(dx)faa(x, x) , (7.4.68)
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and the fact that f bcaAbk = i(Ak)
ca, we have from Eq. (7.4.66) the important result:

∂

∂g0

〈0+ |0−〉 =

[
i

ˆ
(dx)

∂

∂g0

L′(x; g0)−
ˆ

(dx)
iA′k∂k

∂2 − ig0Al∂l

]
〈0+ |0−〉

=

{
i

ˆ
(dx)

∂

∂g0

L′(x; g0) + Tr
[ −iA′k∂k
∂2 − ig0Al∂l

]}
〈0+ |0−〉 ,

(7.4.69)

ˆ
δ 〈0+ |0−〉 = exp

[ˆ
δg0

{
i

ˆ
(dx)

∂

∂g0

L′(x; g0) + Tr
[ −iA′k∂k
∂2 − ig0Al∂l

]}]

×〈0+ |0−〉0 (7.4.70)

which integrates out to

〈0+ |0−〉 = exp

[
i

ˆ
(dx) L′(x; g0)

]

× exp Tr ln

[
1− i

g0

∂2A
′
k∂k

]
〈0+ |0−〉0 , (7.4.71)

we obtain the modifying Faddeev-Popov multiplicative factor

exp Tr ln

[
1− i

g0

∂2A
′
k∂k

]
. (7.4.72)

The general derivation given above for interaction Lagrangian densities such that

∂LI(x;λ)/∂λ may be expressed as quadratic functions in dependent fields involves no

symmetry arguments. As a matter of fact, we may consider the addition of a gauge-

invariant breaking term g1A
µ
aA

a
µψ̄ψ/2 to the Lagrangian density in Eq. (7.4.2) which

is again quadratic in A0
a and presumably contributes to the generation of masses to

the vector fields through a non-vanishing expectation value of ψ̄ψ. A detailed analysis

shows (see, Limboonsong and Manoukian, 2006) that the modifying extra multiplicative
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factor to exp(i
´

(dx) L′I(x)) 〈0+ |0−〉 |0 occurring in 〈0+ |0−〉 is given by

exp

[
−1

2
Tr ln

(
1 +

g1

∇′l∂l(∂2)−1∇′k∂k
ψ̄′ψ′

)]

× exp Tr ln

(
1− ig0

1

∂2A
′
k∂k

)
, (7.4.73)

where ψ̄′ = (−i)δ/δρ, ψ′ = (−i)δ/δρ̄, and L′I is the new interaction Lagrangian density

functional differential operator expressed in terms of functional derivatives with respect

to the external sources.

We have seen, within the functional differential formalism of quantum field the-

ory in the presence of external sources, that interaction Lagrangian densities LI(x;λ)

such that ∂LI(x;λ)/∂λ may be expressed as quadratic functions of dependent fields

(i.e., ∂Bjk(x;λ)/∂λ 6= 0 in Eq. (7.2.2)) and arbitrary functions of independent fields,

necessarily lead to modifications of the rules for computations, via the generating func-

tional 〈0+ |0−〉 as a functional of the external sources which are coupled to the fields,

and no appeal was made, through the analysis, to path integrals. The general expres-

sion for such a modification is given in Eq. (7.3.22) as a functional differential operator

occurring as a multiplicative factor in 〈0+ |0−〉. Such Lagrangians play central roles in

fundamental physics and present renormalizable gauge theories fall into this category.

It is important, however, to emphasize that such modifications are not tied up to non-

abelian gauge theories, through the emergence of so-called Faddeev-Popov factors, as

one might naively expect, but apply to theories which, in general, are quadratic func-

tions in dependent fields as described above. As a matter of fact the addition of a gauge

term breaking term in the form (g1/2)AµAµψ̄ψ to the interaction Lagrangian density

of QED (abelian gauge theory), which is again quadratic in A0, leads, according to

Eq. (7.4.73), the following extra functional differential multiplicative factor

exp

[
−1

2
Tr ln

(
1 +

g0

∂2 ψ̄
′ψ′
)]

, (7.4.74)
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multiplying exp[i
´

(dx) L′I(x)] 〈0+ |0−〉0, where L′I(x) is the new interaction La-

grangian density functional differential operator including the additional term just men-

tioned as a simplified version of Eq. (7.4.73). That is, a non-trivial modification arises

even for such an abelian gauge theory. The technical question now arises as to what

happens to model Lagrangian densities that one may set up which are cubic or of higher

order in dependent fields in the sense investigated above. The main complication with

such theories becomes obvious by noting that the correspending Green function opera-

tor function to the one in Eq. (7.2.13) will now depend on dependent fields themselves.

Accordingly, when we apply the corresponding rule in Eq. (7.3.8) for finally express-

ing the matrix element 〈0+ |(∂LI/∂λ)|0−〉, as a functional differential operator, with

respect to the external sources, to be eventually applied to 〈0+ |0−〉, the expression

δηk(x
′)/δJ j2(x′′) will again depend, rather non-trivially, on the dependent fields ηj(x).

This makes the procedure of expressing the matrix element just mentioned as a func-

tional differential operation to be applied to 〈0+ |0−〉 quite unmanageable. Such field

theories require very special tools and will not be considered here.



CHAPTER VIII

CONCLUSION

In this final chapter, we summarize the main results developed, proved and ob-

tained in the thesis. We were guided by the structures of all present Lagrangians

in quantum field theory describing the dynamics of elementary particles in High-

Energy Physics to systematically study, prove and establish rules for the construction

of the vacuum-to-vacuum transition amplitude in the functional differential formalism

of quantum via the application of the Quantum Dynamical Principle in the presence

of constraints and in the presence of external sources, where necessarily and a pri-

ori no conservation laws are imposed on these sources so that all of their components

may be varied independently. In particular we note that the entire analysis and all the

general Lagrangians considered in this work are physically relevant. The reason why

constraints are considered here is that all of the Lagrangian describing the dynamics

of elementary particles are gauge theories. In gauge theories, a gauge constraint then

necessarily arises. Throughout, we work in the so-called Coulomb gauge for the mass-

less spin 1 gauge field to ensure the positivity of the underlying Hilbert space and that

only two polarization states consistly exist for the gauge field. Before carrying out sys-

tematically constraints in the differential formalism of quantum field theory, we have

also developed rules for computations in quantum physics with constraints, again in

the differential formalism, and explicit expressions for the transformations were devel-

oped. The rules developed are as follows: [1] In developing the rules to follow, we

were inspired by the situation occurring in quantum electrodynamics in the Coulomb

gauge. Suppose we are given a Hamiltonian H(q,p) as a function of independent pairs

of canonical conjugate variables {qi, pi, i = 1, . . . , n} ≡ {q,p}, that is, it is defined in a

phase space of dimensionality equal to 2n. We are also given a set of pairwise commut-

ing operator functions {Gj(q(t),p(t)), j = 1, . . . , k} of these variables. These allow
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us to describe the dynamics of any Hamiltonian H̃(q,p,Q,P) in, a priori, 2(n + k)

dimensional phase space in which constraints are imposed given by

Qj(τ)−Gj(q, (τ),p(τ)) = 0, j = 1, . . . , k , (8.0.1)

for all τ in an interval [t′, t], with Q = (Q1, . . . , Qk), for which P = 0, such that

H̃(q,p,G(q,p), 0) = H(q,p) . (8.0.2)

The transformation functions 〈q,Q, t |q′,Q′, t′〉 of the constrained dynamics is

given by

〈qQt |q′Q′t′〉 = exp

(
− i

~

ˆ t

t′
dτ H̃ ′(τ)

)
〈qQt |q′Q′t′〉∧0

∣∣∣ , (8.0.3)

where

〈qQt |q′Q′t′〉∧0 = δ(k)

(
−i~

δ

δf(·) −G′(·)
)
δ(k)

(
i~

(2π~)

δ

δs(·)

)
〈q t |q′t′〉0 A,

(8.0.4)

A = δk
(
Q−Q′ −

ˆ t

t′
dτ s(τ)

)
exp

(
i

~
Q ·
ˆ t

t′
dτ f(τ)

)

× exp

(
− i

~

ˆ t

t′
dτ

ˆ τ

t′
dτ ′ s(τ) · f(τ)

)
, (8.0.5)

〈q t |q′ t′〉0 = δn
(
q− q′ −

ˆ t

t′
dτ S(τ)

)
exp

(
i

~
q ·
ˆ t

t′
dτ F(τ)

)

× exp

(
− i

~

ˆ t

t′
dτ

ˆ τ

t′
dτ ′ S(τ) · F(τ ′)

)
, (8.0.6)

and the vertical bar | in Eq. (8.0.3) refers to the fact that all the external sources are

to be set to zero after all the relevant functional differentiations have been carried out.
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δ(k)(−i~δ/δf(·) − G′(·)) and δ(k)(i~δ/(2π~)δs(·)) in Eq. (8.0.4), as arising from the

conditions in Eqs. (3.2.44) and (3.2.45), refer, each, to the product of k-dimensional

deltas with τ running over all points in the interval [t′, t], i.e.,

δ(k)(D(·)) =
∏

t′≤τ≤t
δk(D(τ)). (8.0.7)

The numericals Q, Q′ are defined as follows:

Q = Qc(τ)
∣∣∣
τ→t

,

Q′ = Qc(τ)
∣∣∣
τ→t′

,

where Qc(τ) is the classical function

Qc(τ) =
〈qt |G(q(τ),p(τ))|q′t′〉

〈qt |q′t′〉

∣∣∣∣,

and in detail

Qc(τ) =
1

〈qt |q′t′〉 G
′(τ) exp

(
− i

~

ˆ t

t′
dτ ′ H ′(τ ′)

)
〈qt |q′t′〉0

∣∣∣∣,

where

H ′(τ ′) = H

(
−i~

δ

δF(τ ′)
, i~

δ

δS(τ ′)

)
, (8.0.8)

obtained from H(q,p) by replacing q, p, respectively, by −i~δ/δF(τ ′), i~δ/δS(τ ′),

while

H̃ ′(τ ′) = H̃

(
−i~

δ

δF(τ ′)
, i~

δ

δS(τ ′)
,−i~

δ

δf(τ ′)
, i~

δ

δs(τ ′)

)
,

as similarly obtained from a Hamiltonian H̃(q,p,Q,P). We note that because of the
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equality in Eq. (8.0.2), we may replace H̃ ′(τ) in Eq. (8.0.3) by H ′(τ) as a consequence

of the constraints imposed by the delta functionals:

δ(k)

(
−i~

δ

δf(·) −G′(·)
)
δ(k)

(
i~

(2π~)

δ

δs(·)

)
, (8.0.9)

in Eq. (8.0.4).

The procedure for describing the dynamics of a Hamiltonian H̃(q,p,Q,P) with

constraints may be summarized through the following:

H(q,p)︸ ︷︷ ︸ −→ H̃(q,p,Q,P)︸ ︷︷ ︸ −→ H̃(q,p,Q,P)
∣∣∣
constraints

, (8.0.10)

Phase Space of Phase Space of

dim(2n) dim(2n+ 2k)

with the transformations functions of the constrained dynamics with Hamiltonian

H̃(q,p,Q,P) given in Eq. (8.0.3). [2] On the other hand, suppose, we are given a

Hamiltonian H̃(q,p) as a function of independent variables q = (q1, . . . , qn) and their

canonical conjugate momenta p = (p1, . . . , pn), we consider a new system by defining

constraint operator functions

G(q(τ),p(τ)) =
{
G1(q(τ),p(τ), . . . , Gk(q(τ),p(τ))

}
, (8.0.11)

as of pairwise commuting operator functions Gj(q(τ),p(τ)), which together we intro-

duce canonical conjugate momenta for them

Ĝ(q(τ),p(τ)) =
{
Ĝ1(q(τ),p(τ)), . . . , Ĝk(q(τ),p(τ))

}
, (8.0.12)

such that

G(q(τ),p(τ)) = 0 , (8.0.13)
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Ĝ(q(τ),p(τ)) = 0 , (8.0.14)

for all τ in the interval [t′, t].

The new Hamiltonian of the constrained dynamics is then defined by

H(q∗,p∗) = H̃(q,p)
∣∣∣
G=0,Ĝ=0

, (8.0.15)

and Eqs. (8.0.13) and (8.0.14) define the constraints, and with (q,p)→ (q∗,p∗,G, Ĝ)

defining a canonical transformation, i.e., the Jacobian of the transformation is unity:

J =

∣∣∣∣
∂(q,p)

∂(q∗,p∗,G, Ĝ)

∣∣∣∣ = 1 , (8.0.16)

as obtained within a classical context.

The procedure for describing the dynamics of the new constrained dynamics

with Hamiltonian H(q∗,p∗) may be then summarized through the following:

H̃(q,p)︸ ︷︷ ︸ −→ H̃(q,p)
∣∣∣
G=0,Ĝ=0

≡ H(q∗,p∗)
︸ ︷︷ ︸

. (8.0.17)

Phase Space of Phase Space of

dim (2n) dim (2(n− k))

Given the Hamiltonian H̃(q,p) with the constraints Eqs. (8.0.13) and (8.0.14)

now imposed, the transformation function 〈qt |q′t′〉C, with the q (and similarly the q′)

not necessarily independent variables is then given by

〈qt |q′t′〉C = δ(k)

(
−i~

δ

δf(·) −G′(·)
)
δ(k)

(
−i~

δ

δf(·)

)

×δ(k)

(
1

(2π~)

(
i~

δ

δs(·) − Ĝ
′
(·)
))

δ(k)

(
i~

(2π~)

δ

δs(·)

)

× exp

(
− i

~

ˆ t

t′
dτ H̃ ′(τ)

)
〈qt |q′t′〉 〈Qt |Q′t′〉 , (8.0.18)
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where

H̃ ′(τ) = H̃

(
−i~

δ

δF(τ)
, i~

δ

δS

)
, (8.0.19)

〈qt |q′t′〉 = δk
(
q− q′ −

ˆ t

t′
dτ S(τ)

)
exp

(
i

~
q ·
ˆ t

t′
dτ F(τ)

)

× exp

(
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ S(τ) ·Θ(τ − τ ′)F(τ ′)

)
, (8.0.20)

〈Qt |Q′t′〉 = δk
(
Q−Q′ −

ˆ t

t′
dτ s(τ)

)
exp

(
i

~
Q ·
ˆ t

t′
dτ f(τ)

)

× exp

(
− i

~

ˆ t

t′
dτ

ˆ t

t′
dτ ′ s(τ) ·Θ(τ − τ ′)f(τ ′)

)
, (8.0.21)

and the numericals Q, Q′ are defined as follows:

Q = Qc(τ)
∣∣∣
τ→t

= 0 , (8.0.22)

Q′ = Qc(τ)
∣∣∣
τ→t′

= 0 , (8.0.23)

where Qc(τ) is the classical function having the expression

Qc(τ) =
〈qt |G(q(τ),p(τ))|q′t′〉

〈qt |q′t′〉 = 0 . (8.0.24)

The analysis carried out in quantum field theory, is in the functional differential formal-

ism as well. We have first investigated the origin of the classic Faddeev-Popov factor.

To this end, we consider first the generic Lagrangian density:
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LT = L + LS (8.0.25)

L = −1

4
Ga
µνG

µν
a +

1

2i
[(∂µψ̄)γµψ − ψ̄γµ∂µψ]−m0ψ̄ψ

+ g0ψ̄γµA
µψ , (8.0.26)

LS = η̄ψ + ψ̄η + JµaA
a
µ , (8.0.27)

Aµ = Aaµta , Gµν = ∂µAν − ∂νAµ − ig0[Aµ, Aν ] , (8.0.28)

Gµν = Ga
µνta , (8.0.29)

Ga
µν = ∂µA

a
ν − ∂νAaµ + g0f

abcAbµA
c
ν . (8.0.30)

The ta are generators of the underlying algebra, and the fabc, totally antisymmetric, are

the structure constants satisfying the Jacobi identity, [ta, tb] = ifabctc. Note that Aµ

is a matrix. LS is the source term with the Jaµ classical functions, while η, η̄ are so-

called anti-commuting Grassmann variables. We have worked in the Coulomb gauge

∂kA
a
k = 0, k = 1, 2, 3. The multiplicative factor in the exact vacuum-to-vacuum

transition amplitude was then derived in the functional differential formalism to be

det

[
1− ig0

1

∂2 A
′
k∂

k

]
, where A′ak (x) = −iδ/δJak (x), and A′k = A′ak t

a. We have then

considered a generalization of the Lagrangian density in Eq. (8.0.26) which is still gauge

invariant and requires a modification of the Faddeev-Popov factor just given. The La-

grangian density is given through the following: We consider the modification of the

Lagrangian density L in Eq. (8.0.26):

L→ L + λψ̄ψGa
µνG

µν
a ≡ L1 , (8.0.31)

which is obviously gauge invariant under the simultaneous local gauge transformations

in Eqs. (6.1.7) - (6.1.9).
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The Lagrangian density L1T = L1 + LS , where LS is defined in Eq. (8.0.27) ,

are given by

L1T = L1 + LS

= −1

4
Ga
µνG

µν
a +

1

2i

[
(∂µψ̄)γµψ − ψ̄γµ∂µψ

]
−m0ψ̄ψ + g0ψ̄γµA

µψ

+λψ̄ψGa
µνG

µν
a + η̄ψ + ψ̄η + JµaA

a
µ . (8.0.32)

The corresponding vacuum-to-vacuum transition amplitude 〈0+ |0−〉 was then derived

to be

〈0+ |0−〉 = eiM ′ exp

[
iλ

ˆ
(dx)ψ̄′(x)ψ′(x)G′aµν(x)G′µνa (x)

]
〈0+ |0−〉λ=0 , (8.0.33)

where

M ′ = −
ˆ

(dx)(dz) δ4(x− z) ln
[
1− 4λψ̄′(x)ψ′(x)

]
K ′(x, z) , (8.0.34)

and 〈0+ |0−〉λ=0 is the vacuum-to-vacuum amplitude corresponding to the Lagrangian

density LT in Eq. (8.0.25) involving the FP factor det

[
1− ig0

1

∂2 A
′
k∂

k

]
. That is,

the familiar FP factor gets modified by a multiplicative factor exp[iM ′] for the gauge

invariant Lagrangian density L1 in Eq. (8.0.31).

On the other hand for an interaction with a gauge breaking term:

L2T = LT +
λ

2
AaµA

µ
aψ̄ψ , (8.0.35)

where from Eq. (8.0.25),
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L2T = −1

4
Ga
µνG

µν
a +

1

2i

[(
∂µψ̄

)
γµψ − ψ̄γµ∂µψ

]
−m0ψ̄ψ

+g0ψ̄γµA
µψ + η̄ψ + ψ̄η + JµaA

a
µ +

λ

2
AaµA

µ
aψ̄ψ . (8.0.36)

we derive for 〈0+ |0−〉, the expression

〈0+ |0−〉λ = exp

[
−1

2
Tr ln

(
1 +

λ

∇′l∂l(∂2)−1∇′k∂k
ψ̄′ψ′

)]

× exp

[
iλ

2

ˆ
(dx)A′aµA

′µ
a ψ̄
′ψ′
]
〈0+ |0−〉λ=0 , (8.0.37)

showing an obvious modification of the FP factor with latter occurring in 〈0+ |0−〉λ=0. It

is most interesting to note that even in abelian gauge theory, that is of QED, the addition

of a gauge breaking term λAµA
µψ̄ψ/2 to LQED generates a modifying factor. From

Eq. (8.0.37) this may be read to lead to

〈0+ |0−〉 = exp

[
−1

2
Tr ln

(
1 +

λ

∂2 ψ̄
′ψ′
)]

× exp

(
i

ˆ
(dx)

[
L ′

QED(x) +
λ

2
A′µA

′µψ̄′ψ′
])

×〈0+ |0−〉0 (8.0.38)

where 〈0+ |0−〉0 is the vacuum-to-vacuum transition amplitude of electron free electrons

and photons.

Finally, we have realized that all the Lagrangians density in quantum field theory

of elementary particles are at most quadratic in the dependent fields. This is true even

for the generalizations of such interactions as we have discussed above and accordingly

we have established and proved the following theorem: Consider Lagrangian densities

which may depend on one or more coupling constants. We scale these couplings by a

parameter λ which is eventually set equal to one. The resulting Lagrangian densities
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will be denoted by L(x;λ). The class of Lagrangian densities considered are of the

following types

L(x;λ) = L(x; 0) + LI(x;λ) + J i1(x) χi(x) + J j2(x) ηj(x) , (8.0.39)

where χi(x) and ηj(x) are independent and dependent fields, respectively. J i1(x), J j2(x)

are external sources coupled to these respective fields. The interaction Lagrangian den-

sities sought are of the following forms

LI(x;λ) = B(x;λ) +Bj(x;λ) ηj(x) +
1

2
Bjk(x;λ) ηj(x) ηk(x) , (8.0.40)

with LI(x; 0) = 0, where

∂B(x;λ)

∂λ
,
∂Bj(x;λ)

∂λ
,
∂Bjk(x;λ)

∂λ
=

∂Bkj(x;λ)

∂λ
, (8.0.41)

may be expressed in terms of the independent fields, and the latter two may involve

space derivatives applied to the dependent fields ηj(x). By definition, the canonical

conjugate momenta of the fields ηj(x) vanish. That is, formally,

∂L(x;λ)

∂(∂0ηj(x))
= 0 . (8.0.42)

Then we have the explicit solution:

〈0+ |0−〉 = exp

[
i

ˆ
(dx) L′I(x)

+
1

2

ˆ
(dx)

ˆ 1

0

dλ

(
∂

∂λ
B
′jk(x;λ)

)
D′kj(x, x;λ)

]
〈0+ |0−〉0 ,

(8.0.43)

where 〈0+ |0−〉0 is governed by the Lagrangian density [L(x; 0) + J i1(x) χi(x) +
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J j2(x) ηj(x)] in Eq. (8.0.39), and L′I(x) ≡ L′I(x; 0).

Equation (8.0.43) provides the solution for the generating functional 〈0+ |0−〉 in

the presence of external sources. We thus see that for interaction Lagrangian densities

such that ∂LI(x;λ)/∂λ are quadratic in dependent fields (∂Bjk(x;λ)/∂λ 6= 0), as

described above, the rules for computations, via the generating functional 〈0+ |0−〉 are

modified by the presence of the multiplicative functional differential operator factor

exp

[
1

2

ˆ
(dx)

ˆ 1

0

dλ

(
∂

∂λ
B
′jk(x;λ)

)
D′kj(x, x;λ)

]
. (8.0.44)

All the present Lagrangians in gauge theories of elementary particles are special cases

of this theorem including the more generalized theories we have developed in the bulk

of the thesis. Special applications of Eq. (8.0.44) were given in Sect. 7.4. We close this

chapter by pointing out that one of the greatest challenge is to handle rigorously, at the

level of the present work, quantum theory of gravitation where the Lagrangian density

in the dependent field (in a Coulomb-like gauge) is not quadratic not even cubic but of

infinite order!
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Explicit functional expressions are derived for the number of eigenvalues of a given poten-
tial as well as of their sum. These functional forms involve direct functional differentiations
of a given functional written in closed form. The expressions are obtained from trace func-
tionals which allow, in the process, of a direct Fourier analysis.

Over the years, upper bounds have been derived for the number of eigenval-
ues, falling within specific ranges, for given potentials. The first bound was due to
Bargmann1) who worked with spherically symmetric potentials and, in the process,
obtained a bound depending on the orbital angular momentum. This was then ex-
tended by Schwinger2) for more general potentials, not necessarily spherically sym-
metric, and a similar result was obtained by Birman.3) Related upper bounds have
been also derived by others, cf. Ghirardi and Rimini.4) The most significant appli-
cation of the Schwinger bound for the number of eigenvalues of a given potential,
or more precisely of the negative of the sum of the negative eigenvalues, was carried
out in the problem of the stability of matter,5), 6) and, in particular, in deriving a
lower bound to the expectation value of the kinetic energy operator. The purpose of
this communication is to derive an explicit functional expression for the number of
eigenvalues as well as for their sum. Our strategy of attack is the following. We first
obtain expressions for the quantities we are seeking in terms of the spectral measure
of the underlying Hamiltonian H in the problem. We relate these expressions to cor-
responding integrals involving Green functions. We then recast the derived results,
by using in the process the quantum dynamical (action) principle7)−9) in terms of
trace functionals of the transformation function

〈
x T

∣∣x 0
〉

and we finally carry out
a Fourier decomposition7) of the latter.

For a given Hamiltonian H, its spectral decomposition may be written as

H =
∫ ∞

−∞
λ dPH(λ). (1)

The number of eigenvalues < ξ, counting degeneracy, may be simply written in the
form

N(ξ) =
∫

dνx

∫ ∞

−∞
Θ(ξ − λ) d

〈
x
∣∣PH(λ)

∣∣x
〉
, (2)

∗) Corresponding author. E-mail: edouard@sut.ac.th or manoukian eb@hotmail.com
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where ν denotes the dimensionality of space, and Θ is the step function. ξ may be
taken to fall between eigenvalues. We may introduce an integral representation for
Θ, to rewrite (ε → +0)

N(ξ) =
1

2πi

∫
dνx

∫ ∞

−∞

dT

T − iε
eiξT/~

∫ ∞

−∞
e−iλT/~ d

〈
x
∣∣PH(λ)

∣∣x
〉
. (3)

On the other hand, the Green (transformation) function 〈x T |x′ 0〉 is given by

〈
x T

∣∣x′ 0
〉

=
∫ ∞

−∞
e−iλT/~ d

〈
x
∣∣PH(λ)

∣∣x′
〉

(4)

from the time evolution of the problem. Accordingly, (3) becomes

N(ξ) =
1

2πi

∫
dνx

∫ ∞

−∞

dT

T − iε
eiξT/~

〈
x T

∣∣x 0
〉
. (5)

For the sum of eigenvalues N [ξ] having values < ξ, we have to multiply the
integrand in (2) by λ. From (4), (5), we then have

N [ξ] =
1

2πi

∫
dνx

∫ ∞

−∞

dT

T − iε
eiξT/~ i�

d

dT

〈
x T

∣∣x 0
〉
. (6)

Given a Hamiltonian H(x,p), we may couple x and p linearly to external c-
number sources F (τ), S(τ) and define the new Hamiltonian:

H ′(τ) = H − x · F (τ) + p · S(τ). (7)

We may now use the quantum dynamical (action) principle,7)−9) expression

〈
x T

∣∣x 0
〉

= exp
[
− i

�

∫ T

0
dτ H

(
−i�

δ

δF (τ)
, i�

δ

δS(τ)

)] 〈
x T

∣∣x 0
〉
0
, (8)

where

〈
x T

∣∣x 0
〉
0

= δν

(∫ T

0
dτ S(τ)

)
exp

[
i

�
x ·
∫ T

0
dτ F (τ)

]

× exp
[
− i

�

∫ T

0
dτ

∫ T

0
dτ ′ S(τ) · Θ(τ − τ ′)F (τ ′)

]
, (9)

to obtain, upon integration over x, the explicit functional expressions for N(ξ), N [ξ]:

N(ξ) =
1

2πi

∫ ∞

−∞

dT

T − iε
eiξT/~ K(T ), (10)

N [ξ] =
1

2πi

∫ ∞

−∞

dT

T − iε
eiξT/~ i�

d

dT
K(T ), (11)
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where

K(T ) = exp
[
− i

�

∫ T

0
dτ H

(
−i�

δ

δF (τ)
, i�

δ

δS(τ)

)]

× (2π�)νδν

(∫ T

0
dτ S(τ)

)
δν

(∫ T

0
dτ F (τ)

)

× exp
[
− i

�

∫ T

0
dτ

∫ T

0
dτ ′ S(τ) · Θ(τ − τ ′) F (τ ′)

] ∣∣∣∣∣ (12)

and the bar | corresponds to taking the limits S, F → 0, after the functional differ-
entiations are carried out.

Since in (5) and (6), we are considering the trace operation, we may carry out
Fourier decompositions8) as follows:

F (τ) =
1
T

∞∑

n=−∞
F n e−i2πnτ/T , (13)

S(τ) =
1
T

∞∑

n=−∞
Sn ei2πnτ/T , (14)

δ

δF (τ)
=

∞∑

n=−∞
ei2πnτ/T ∂

∂F n
, (15)

δ

δS(τ)
=

∞∑

n=−∞
e−i2πnτ/T ∂

∂Sn
, (16)

where ∂F i
n/∂F j

m = δijδnm and so on. These spectral decompositions of the auxiliary
c-fields correspond to projections on subspaces, labeled by n, with which eigenvectors
of the Hamiltonian in question will be associated.

K(T ) in (12) then simplifies to

K(T ) = exp
[
− i

�

∫ T

0
dτ H

(
−i�

δ

δF (τ)
, i�

δ

δS(τ)

)]

× (2π�)νδν(S0) δν(F 0) exp


1

�
∑

n�=0

Sn · F n

2πn



∣∣∣∣∣. (17)

In evaluating the latter, we may use (15), (16) in H. The expressions in (10), (11)
together with (17) are the main results of the paper. The expression for K(T ) in (17)
is directly related to the spectral resolution of the time evolution operator expressed
in terms of c-functional methods involving no quantum operators.

To verify the consistency of the formulation, consider the harmonic oscillator
problem with ν = 1, H = p2/2m + mω2x2/2. Then from (15) and (16), we have

∫ T

0
dτ H

(
−i�

δ

δF (τ)
, i�

δ

δS(τ)

)
= −�2T

∞∑

n=−∞

[
1

2m

∂

∂Sn

∂

∂S−n
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+
mω2

2
∂

∂Fn

∂

∂F−n

]
. (18)

Carrying out the differentiations in (17) with respect to Fn, we obtain

K(T ) =
∞∏

n=1

exp
(

i�T

m

∂

∂Sn

∂

∂S−n

)
exp

(
− iTmω2

�(2πn)2
Sn S−n

) ∣∣∣∣∣. (19)

To carry out the differentiations with respect to Sn, we may use the convenient
representation

e−iβSnS−n =
∫ ∞

−∞
dλ2

∫ ∞

−∞

dλ1

2π
eiλ1λ2 e−iλ2S−n e−iβλ1Sn , (20)

which gives for K(T ) the final result

K(T ) =
∞∑

n=0

exp
[
− iT

�
�ω

(
n +

1
2

)]
(21)

upon recognizing the infinite product representation of (Tω/2)/ sin(Tω/2). All told,
(10) and (11) lead to

N(ξ) =
∞∑

n=0

Θ

(
ξ − �ω

(
n +

1
2

))
, (22)

N [ξ] =
∞∑

n=0

�ω

(
n +

1
2

)
Θ

(
ξ − �ω

(
n +

1
2

))
, (23)

as expected, where we have used the integral representation of the step function after
carrying out the differentiation with respect to T in (11) to obtain (23).

The explicit expressions for N(ξ) and N [ξ] in (5), (10) and (6),(11) are exact
ones in contrast to earlier ones1)−4) which are formulated in terms of bounds. Our
expressions are expressed in terms of c-functional methods thus avoiding quantum
operator techniques. There are some advantages using our formalism. For example,
(17) may be efficient in carrying out a perturbation expansion. For example for the
anharmonic oscillator Hamiltonian H = p2/2m + mω2x2/2 + λx3, we readily obtain

∫ T

0
dτ H

(
−i�

δ

δF (τ)
, i�

δ

δS(τ)

)

= −�2T
∞∑

n=−∞

[
1

2m

∂

∂Sn

∂

∂S−n
+

mω2

2
∂

∂Fn

∂

∂F−n

]

+ iλ�3T
∑

n1+n2+n3 �=0

∂

∂Fn1

∂

∂Fn2

∂

∂Fn3

(24)
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and from (17) to

K(T ) =

√
2π�m

iT
exp

(
i�Tmω2

2

∞∑

n=−∞

∂

∂Fn

∂

∂F−n

)

× exp


�2Tλ

∑

n1+n2+n3 �=0

∂

∂Fn1

∂

∂Fn2

∂

∂Fn3




× δ(F0)

[ ∞∏

n=1

exp
(
− iT

(2πn)2
Fn F−n

m�

)]
. (25)

A similar calculation as worked out through (19) and (20) gives

K(T ) =
∞∑

n=0

exp

{
− iT

�

[
�ω

(
n +

1
2

)

−λ2

(
�

2mω

)3 (30n2 + 30n + 11)
�ω

+ . . .

]}
(26)

up to second order in λ in the exponential from which N(ξ) and N [ξ] are directly
determined.

Our expressions given in (5) and (6) are also useful in obtaining the so-called
first quantum correction [cf. Ref. 10)] to the semi-classical one with 〈xT |x 0〉 given
by

〈
x T

∣∣x 0
〉

=
( m

2πi�2τ

)ν/2
e−iτV (x)

× exp
[

�2τ2

12m
∇2V (x)− i�2τ3

24m

(∇V (x)
)2
]

(27)

written in terms of the parameter τ ≡ T/� for a given potential V (x).
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The quantum action (dynamical) principle is exploited to investigate the nature and
origin of the Faddeev–Popov (FP) factor in gauge theories without recourse to path
integrals. Gauge invariant as well as gauge non-invariant interactions are considered to
show that the FP factor needs to be modified in more general cases and expressions
for these modifications are derived. In particular we show that a gauge invariant theory
does not necessarily imply the familiar FP factor for proper quantization.

KEY WORDS: action principle; gauge theories; Faddeev–Popov factor; quantization
rules.
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1. INTRODUCTION

In earlier communications (Manoukian, 1986, 1987; Manoukian and Siranan,
2005), we have seen that the quantum action (dynamical) principle (Schwinger,
1951a,b, 1953a,b, 1954, 1972, 1973; Lam, 1965; Manoukian, 1985) may be used
to quantize gauge theories in constructing the vacuum-to-vacuum transition ampli-
tude and the Faddeev–Popov (FP) factor (Faddeev and Popov, 1967), encountered
in non-abelian gauge theories (e.g., (Abers and Lee, 1973; Rivers, 1987; ’t Hooft,
2000; Veltman, 2000; Gross, 2005; Politzer, 2005; Wilczek, 2005)), may be ob-
tained directly from the action principle without much effort. No appeal was made
to path integrals, and there was not even the need to go into the well-known com-
plicated structure of the Hamiltonian (Fradkin and Tyutin, 1970) in non-abelian
gauge theories. For extensive references on the gauge problem in gauge theories

1 School of Physics, Institute of Science, Suranaree University of Technology, Nakhon Ratchasima,
30000, Thailand.

2 To whom correspondence should addressed be at School of Physics, Institute of Science, Surana-
ree University of Technology, Nakhon Ratchasima, 30000, Thailand; e-mail: manoukian eb@
hotmail.com.

1831
0020-7748/06/1000-1831/0 C© 2006 Springer Science+Business Media, Inc.
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see Manoukian and Siranan (2005). The latter reference traces its historical devel-
opment from early papers to most recent ones.

In the present investigation, we consider the generic non-abelian gauge theory
Lagrangian density

L T = L + L S (1)

and modifications thereof, where

L = −1

4
Ga

µνG
µν
a + 1

2i
[(∂µψ)γ µψ − ψγ µ∂µψ] − m0ψψ + g0ψγµAµψ (2)

L S = ηψ + ψη + Jµ
a Aa

µ (3)

Aµ = Aa
µta, Gµν = ∂µAν − ∂νAµ − ig0[AµAν] (4)

Gµν = Ga
µνta (5)

Ga
µν = ∂µAa

ν − ∂νA
a
µ + g0f

abcAb
µAc

ν. (6)

The ta are generators of the underlying algebra, and the f abc, totally antisymmetric,
are the structure constants satisfying the Jacobi identity, [ta, tb] = if abctc. Note
that Aµ is a matrix. L S is the source term with the J a

µ classical functions, while η,
η are so-called anti-commuting Grassmann variables.

The Lagrangian density L in (2) is invariant under simultaneous local gauge
transformations:

ψ −→ Uψ, ψ −→ ψU−1, (7)

Aµ −→ UAµU−1 + i

g0
U∂µU−1 (8)

Gµν −→ UGµνU
−1 (9)

where U = U (θ ) = exp [ig0θ
ata], θ = θata , θ = θ (x).

Upon setting

∇µ = ∂µ − ig0Aµ (10)

with

∇ab
µ = δab∂µ + g0f

acbAc
µ (11)

we have the basic commutator

[∇µ,∇ν] = −ig0Gµν (12)



252

Action Principle and Modification of the Faddeev–Popov 1833

and the identity

∇ab
µ ∇bc

ν Gµν
c = 0. (13)

[The latter generalizes the elementary identity ∂µ∂νF
µν = 0, in abelian gauge

theory, to non-abelian ones, where Fµν = ∂µAν − ∂νAµ.]
We consider gauge invariant (Section 3.) as well as gauge non-invariant

(Section 4.) modifications of the Lagrangian density and show by a systematic use
of the quantum action principle that the familiar FP factor needs to be modified in
more general cases and explicit expressions for these modifications are derived.
In particular, we show that a gauge invariant theory does not necessarily imply
the familiar FP factor for proper quantization, as may be perhaps expected (cf.
Rivers (1987, p. 204), and modifications thereof may be necessary. Before doing
so, however, we use the action principle to derive, in Section 2., the FP factor and
investigate its origin for the classic Lagrangian density L , without recourse to path
integrals, as an anticipation of what to expect in more general cases. Throughout,
we work in the celebrated Coulomb gauge ∂kA

k
a = 0, k = 1, 2, 3.

2. ACTION PRINCIPLE AND THE ORIGIN OF THE FP FACTOR

To obtain the expression for the vacuum-to-vacuum transition amplitude
〈0+ |0−〉, in the presence of external sources J a

µ , ηa , ηa , as the generator of all
the Green functions of the theory, no restrictions may be set, in particular, on the
external current J a

µ , coupled to the gauge fields A
µ
a , such as ∂µJ a

µ = 0, so that
variations of the components of J a

µ may be carried out independently, until the
entire analysis is completed, and all functional differentiations are carried out to
generate Green functions. This point cannot be overemphasized. As we will see,
the generality condition that must be adopted on the external current J a

µ together
with the presence of dependent gauge field components in (Aµ

a ), as a result of
the structure of the Lagrangian density L in (2) and the gauge constraint, are
responsible for the origin and the presence of the FP factor in the theory for a
proper quantization in the realm of the quantum action principle.

We define the Green operator Dab(x, x ′) satisfying the differential equation
[
δac�∂2 + g0f

abcAb
k∂k

]
Dcd (x, x ′) = δ4(x, x ′)δad . (14)

Since the differential operator on the left-hand side of Dcd (x, x ′) is independent
of the time derivative, Dcd (x, x ′) involves a δ(x0 − x ′0) factor. Using the gauge
constraint, one may, for example, eliminate A3

a in favor of A1
a , A2

a . That is, we
may treat the A3

a as dependent fields.
The field equations are given by

∇ab
µ G

µν

b = − (
δν

σ δac − gνk∂kD
ab∇bc

σ

) [
J σ

c + g0ψγ σ tcψ
]

(15)
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with µ, ν = 0, 1, 2, 3, k = 1, 2, 3, and
[
γ µ ∇µ

i
+ m0

]
ψ = η (16)

ψ

[
γ µ

←
∇∗

µ

i
− m0

]
= −η (17)

where ∇µ is defined in (10).
The canonical conjugate variables to A1

a , A2
a , are given by

πi
a = Gi0

a − ∂−1
3 ∂iG30

a , i = 1, 2. (18)

With π0
a = 0, π3

a = 0, we may rewrite (18) as

πµ
a = Gµ0

a − ∂−1
3 gνk∂kG

30
a (19)

k = 1, 2, 3. One may then readily express G
µ0
a as follows:

Gµ0
a = πµ

a − gµk∂kDab

[
J 0

b + g0ψγ 0tbψ + ∇bc
ν πν

c

]
. (20)

We note that the right-hand side of (20) is expressed in terms of the independent
fields A1

a , A2
a , their canonical conjugate momenta and involves no time derivatives.

Here we recall that A3
a is expressed in terms of A1

a , A2
a with no time derivative.

Accordingly, with the (independent) fields and their canonical conjugate momenta
kept fixed, we obtain the following functional derivative

δ

δJ ν
b (x ′)

Gµ0
a (x) = −gµkδ0

ν ∂kDab(x, x ′) (21)

µ, ν = 0, 1, 2, 3, k = 1, 2, 3. On the other hand, Gkl
a = ∂kAl

a − ∂lAk
a , k, l =

1, 2, 3, may be expressed in terms of the independent fields A1
a , A2

a and involves no
time derivatives. Accordingly with A1

a , A2
a and their canonical conjugate variables

kept fixed, we also have

δ

δJ ν
b (x ′)

Gkl
a (x) = 0. (22)

Similarly, with ψ and ψ kept fixed, we have the obvious functional derivative
expression

δ

δJ ν
b (x ′)

[ψ(x)γ µtaψ(x)] = 0. (23)

The action principle gives

∂

∂g0
〈0+ |0−〉 = i

〈
0+

∣∣
∣∣

∫
(dx) L̂ I

∣∣
∣∣0−

〉
(24)
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where

L̂ I = ∂

∂g0
L = −1

2
f abcAb

µAc
νG

µν
a + ψγ µAµψ. (25)

We may also write

f abcAb
µAc

νG
µν
a = 2f abcAb

kA
c
0G

k0
a + f abcAb

kA
c
l G

kl
a (26)

and set (−i)δ/δJµ
a = A′a

µ , (−i)δ/δη = ψ ′, (−i)δ/δη = ψ
′
. [Here we note that

G′a
µν on the right-hand side of (5.30) of Manoukian (1986) should be replaced by

F ′a
µν = ∂µA′a

ν − ∂νA
′a
µ .]

Now we use the rule of functional differentiations (cf. Manoukian (2006),
Ch. 11) that for an operator O(x)

(−i)
δ

δJ
µ
a (x ′)

〈0+ |O(x)|0−〉 =
〈
0+

∣∣
∣
(
Aa

µ(x ′)O(x)
)
+

∣∣
∣0−

〉

− i
〈
0+

∣∣∣ δ

δJ
µ
a (x ′)O(x)

∣∣∣0−
〉

(27)

where (. . .)+ denotes the time-ordered product, and the functional derivative of
O(x) in the second term on the right-hand of (27) is taken as in (21)–(23) with
the (independent) fields and their canonical conjugate momenta kept fixed. Here
we recall that A3

a may be expressed in terms of A1
a , A2

a and involves no time
derivatives.

From (24)–(27), together with (21)–(23), we obtain

∂

∂g0
〈0+ |0−〉 =

∫
(dx)

[
iL̂

′
I(x) − f bcaA′b

k ∂kD′ac(x, x)
]
〈0+ |0−〉 . (28)

Using a matrix notation

Dab(x, x ′) =
[〈

x

∣∣
∣∣

(
1

�∂2 − ig0Ak∂k

)∣∣∣∣x
′
〉]ab

, (29)

the notation

T r[f ] =
∫

(dx) f aa(x, x), (30)

and the fact that f bcaAb
k = i(Ak)ca , we may rewrite the second factor within the

square brackets in (28) as

T r

{
−iA′

k ∂k 1

[�∂2 − ig0A′
l ∂ l]

}
. (31)
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An elementary integration over g0 from 0 to some g0 value then gives the familiar
FP factor for 〈0+ |0−〉 in (28)

det

[
1 − ig0

1
�∂2

A′
k ∂k

]
. (32)

3. GAUGE INVARIANCE AND MODIFICATION OF THE FP FACTOR

Now consider the modification of the Lagrangian density L in (2):

L −→ L + λψψGa
µνG

µν
a ≡ L 1 (33)

which is obviously gauge invariant under the simultaneous local gauge transfor-
mations in (7)–(9).

The field equations corresponding to the Lagrangian density L 1T = L 1 + L S,
where L S is defined in (3), are given by

∇ab
µ

([
1 − 4λψψ

]
G

µν

b

)
= − (

δν
σ δac − gνk∂kD

ab∇bc
σ

)

× [
J σ

c + g0ψγ σ tcψ
]

(34)

[
γ µ ∇µ

i
− λGa

µνG
µν
a + m0

]
ψ = η (35)

ψ

[
γ µ

←
∇∗

µ

i
+ λGa

µνG
µν
a − m0

]
= −η. (36)

The canonical conjugate momenta to A1
a , A2

a are given by

πi
a = [1 − 4λψψ]Gi0

a − ∂−1
3 ∂i[1 − 4λψψ]G30

a (37)

i = 1, 2. One may then express Gk0
a as follows:

[
1 − 4λψ(x)ψ(x)

]
Gk0

a (x) = πk
a (x) − ∂k

∫
(dx ′) Dab(x, x ′)

[
J 0

b (x ′)

+ g0ψ(x ′)γ 0tbψ(x ′) + ∇′bc

j πj
c (x ′)

]
(38)

k = 1, 2, 3, with π3
a set equal to zero.

With the (independent) fields and their canonical conjugate momenta kept
fixed, we then have

[
1 − 4λψ(x)ψ(x)

] δ

δJ ν
b (x ′)

Gk0
a (x) = −∂kDab(x, x ′) δ0

ν . (39)
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The equal time commutation relations of the independent fields A1
a(x), A2

a(x)
are given by

δ(x0 − x ′0)
[
Ai

a(x), πj

b (x ′)
] = iδabδ

ij δ4(x − x ′) (40)

with i, j = 1, 2. From the gauge constraint, we may then write

δ(x0 − x ′0)
[
Ak

a(x) , π l
b(x ′)

] = iδab

[
δkl − δk3∂−1

3 ∂l
]
δ4(x − x ′) (41)

with now k, l = 1, 2, 3.
From (38), (41), we then obtain the commutation relation

[
1 − 4λψ(x)ψ(x)

] [
Aka(x ′) ,Gk0

a (x)
]
δ(x0 − x ′0)

= 2iδaaδ
4(x − x ′) − ∂k

∫
(dx ′′) Dab(x, x ′′)∇′′bc

j

× [
Aka(x ′), πj

c (x ′′)
]
δ(x0 − x ′0), (42)

where we recall that Dab(x, x ′′) involves the factor δ(x0 − x ′′0). The latter then
implies that the last term in (42) is given by

−i∂k

∫
(dx ′′) Dab(x, x ′′)∇′′ba

j [δkj − δk3∂ ′
3
−1

∂ ′j ]δ3(x′ − x′′) δ(x0 − x ′0). (43)

Now we take the limit x′ → x in the latter and integrate over d3x to obtain

−i

∫
(dx ′′)

∫
d3x

[
∂j − ∂j

]
Dab(x, x ′′)∇′′ba

j δ3(x − x′′) δ(x0 − x ′0) = 0. (44)

This result will be used later in deriving the modification of the FP factor.
The action principle gives

∂

∂λ
〈0+ |0−〉 = i

∫
(dx)

〈
0+

∣∣ψ(x)ψ(x)Ga
µν(x)Gµν

a (x)
∣∣0−

〉
. (45)

Consider the matrix element
〈
0+

∣∣(Ga
µν(x)Gµν

a (x ′)
)
+
∣∣0−

〉 = 2
〈
0+

∣∣(Ga
k0(x)Gk0

a (x ′)
)
+
∣∣0−

〉

+ 〈
0+

∣∣(Ga
kl(x)Gkl

a (x ′)
)
+
∣∣0−

〉
. (46)

The second term is simply equal to

G′a
kl (x)G′kl

a (x ′) 〈0+ |0−〉 (47)

expressed in terms of functional derivatives using our notation below Eq. (26).
While to determine the first term, we rewrite

Ga
k0(x) =

∫
(dz) δ4(x − z)∇ac

k (z)Ac
0(z) −

∫
(dz) δ4(x − z) ∂z

0A
a
k (z). (48)
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We then have
〈
0+

∣∣
∣
(
Ga

k0(x)Gk0
a (x ′)

)
+

∣∣
∣0−

〉
= G′a

k0(x)G′k0
a (x ′) 〈0+ |0−〉

+
∫

(dz) δ4(x − z) δ(z0 − x ′0)
〈
0+

∣∣[Aa
k (z) ,Gk0

a (x ′)
]∣∣0−

〉

−i

∫
(dz) δ4(x − z)∇′ac

k (z)

〈
0+

∣
∣
∣
∣

δ

δJ 0
c (z)

Gk0
a (x ′)

∣∣
∣
∣0−

〉
(49)

where the second term comes from the non-commutativity of the time derivative
and the time ordering operation as resulting from the last term in (48), and the
third term follows from the rule of functional differentiation in (27) as resulting
from the first integral in (48).

From (38), (42), (44), the right-hand side of (49) simplifies for x ′ → x to
[
G′a

k0(x)G′k0
a (x) + �′(x)

]〈0+|0−〉 (50)

where

�′(x) = 2
∫

(dz)
δ4(z − x)

[1 − 4λψ
′
(x)ψ ′(x)]

K ′(x, z) (51)

K ′(x, z) = i
[
δaaδ

4(0) + 1

2
∂x
k ∇′ac

k (z)D′
ac(x, z)

]
(52)

involving a familiar δ4(0) term.
All told, the expression (45) becomes

∂

∂λ
〈0+ |0−〉 = i

∫
(dx) ψ

′
(x)ψ ′(x)G′a

µν(x)G′µν

a (x) 〈0+ |0−〉

+ 2i

∫
(dx) ψ

′
(x)ψ ′(x)�′(x) 〈0+ |0−〉 (53)

which upon an elementary integration over λ leads to

〈0+ |0−〉 = eiM ′
exp

[
iλ

∫
(dx) ψ

′
(x)ψ ′(x)G′a

µν(x)G′µν

a (x)

]
〈0+ |0−〉λ=0 (54)

where

M ′ = −
∫

(dx)(dz) δ4(x − z) ln[1 − 4λψ
′
(x)ψ ′(x)]K ′(x, z) (55)

and 〈0+ |0−〉λ=0 is the vacuum-to-vacuum amplitude corresponding to the
Lagrangian density L T in (1) involving the FP factor in (32). That is, the fa-
miliar FP factor gets modified by a multiplicative factor exp[iM ′] for the gauge
invariant Lagrangian density L 1 in (33).
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4. GAUGE BREAKING INTERACTIONS

In the present section we consider the addition of a gauge breaking term to
the Lagrangian density L in (2). It is well known that even the addition of the
simple source term L S in (3) to L causes difficulties (cf. Rivers (1987), p. 204) in
the quantization problem in the path integral formalism as the action

∫
(dx)L T(x),

with L T(x) defined in (1), is not gauge invariant. We will see how easy it is to
handle the addition of a gauge breaking term to L T.

Consider the Lagrangian density

L 2T = L T + λ

2
Aa

µAµ
a ψψ. (56)

Then an analysis similar to the one in Section 3. shows that

Gk0
a = πk

a − ∂kDab

[
J 0

b + λA0
bψψ + g0ψγ 0tbψ + ∇bc

ν πν
c

]
. (57)

Using the fact that

∂kG
k0
a = ∇ab

k ∂kA
0
b (58)

we obtain upon multiplying (57) by

∇ca
l ∂l 1

�∂2
∂k

and using (14), we obtain
(

∇ca
l ∂l 1

�∂2
∇ab

k ∂k

)
A0

b = −J 0
c − λA0

cψψ + . . . (59)

where the dots correspond to terms independent of J 0
b and A0

b. We introduce the
Green operator Nbe(x, x ′) satisfying

[
∇ca

l ∂l 1
�∂2

∇ab
k ∂k + λδcbψ(x)ψ(x)

]
Nbe(x, x ′) = δceδ4(x − x ′) (60)

to obtain from (59)

δ

δJ 0
b (x)

A0
b(x) = −Nbb(x, x). (61)

Hence the action principle and (61) give

∂

∂λ
〈0+ |0−〉 = i

2

∫
(dx) A′a

µ (x)A′µ
a (x)ψ

′
(x)ψ ′(x) 〈0+ |0−〉

− 1
2

∫
(dx) ψ

′
(x)ψ ′(x)N ′bb(x, x) 〈0+ |0−〉 . (62)
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Upon integrating the latter over λ, by using in the process (60), we obtain

〈0+ |0−〉 = exp

[

−1

2
T r ln

(

1 + λ

∇′
l ∂ l(�∂2)−1 ∇′

k ∂k

ψ
′
ψ ′

)]

× exp

[
i
λ

2

∫
(dx) A′a

µ (x)A′µ
a (x)ψ

′
(x)ψ ′(x)

]
〈0+ |0−〉λ=0 (63)

showing an obvious modification of the FP factor with the latter occurring in
〈0+ |0−〉λ=0.

5. CONCLUSION

The quantum action (dynamical) principle leads systematically to the FP of
non-abelian gauge theories with no much effort. It is emphasized, in the process
of the analysis, that no restrictions may be set on the external current J a

µ , coupled
to the gauge field A

µ
a (such as ∂µJ a

µ = 0), until all functional differentiations with
respect to it are taken so that all of its components may be varied independently.
We have considered gauge invariant as well as gauge non-invariant interactions
and have shown that the FP factor needs to be modified in more general cases
and expressions for these modifications were derived. [It is well known that even
the simple gauge breaking source term L S in (3) causes complications in the
path integral formalism. The path integral may, of course, be readily derived
from the action principle.] The presence of the source term L S in the Lagrangian
density is essential in order to generate the Green functions of the theory from the
vacuum-to-vacuum transition amplitude, as a generating functional, by functional
differentiations. We have also shown, in particular, that a gauge invariant theory
does not necessarily imply the familiar FP factor for proper quantization. Finally
we note that even for abelian gauge theories, as obtained from the bulk of the
paper by taking the limit of f abc to zero and replacing ta by the identity, may
lead to modifications, as multiplicative factors in 〈0+ |0−〉, as clearly seen from
the expressions in (55) and (63).
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Abstract General field theories are considered, within the functional differential formalism
of quantum field theory, with interaction Lagrangian densities LI (x;λ), with λ a generic
coupling constant, such that the following expression ∂LI (x;λ)/∂λ may be expressed as
quadratic functions in dependent fields but may, in general, be arbitrary functions of inde-
pendent fields. These necessarily include, as special cases, present renormalizable gauge
theories. It is shown, in a unified manner, that the vacuum-to-vacuum transition amplitude
(the generating functional) may be explicitly derived in functional differential form which, in
general, leads to modifications to computational rules by including such factors as Faddeev–
Popov ones and modifications thereof which are explicitly obtained. The derivation is given
in the presence of external sources and does not rely on any symmetry and invariance argu-
ments as is often done in gauge theories and no appeal is made to path integrals.

Keywords Functional differential formalism of quantum field theory · Dependent fields ·
Action principle · Quantization rules · Gauge theories

1 Introduction

The purpose of this communication is to investigate systematically, in a unified manner,
within the functional differential formalism of quantum field theory [1–13], field theories
with interaction Lagrangian densities LI (x;λ), with λ a generic coupling constant, such
that ∂LI (x;λ)/∂λ may be expressed as quadratic functions in dependent fields and, in gen-
eral, as arbitrary functions of independent fields. These include, as special cases, present
renormalizable gauge field theories. For example, the non-abelian ones, such as QCD, are
quadratic, while QED is linear in dependent fields. The functional differential treatment ne-
cessitates the introduction of external sources in order to generate the vacuum-to-vacuum
transition amplitude, as a generating functional, from which amplitudes for basic processes

E.B. Manoukian (�) · K. Limboonsong
School of Physics, Institute of Science, Suranaree University of Technology, Nakhon Ratchasima,
30000, Thailand
e-mail: manoukian_eb@hotmail.com
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may be extracted. The novelty of this work is that we show that for all the general La-
grangians, mentioned above, the vacuum-to-vacuum transition amplitude may be explicitly
derived in functional differential form, in a unified manner, leading to modifications of com-
putational rules by including such factors as Faddeev–Popov ones [14, 15] and modifications
thereof. The derivation is given in the presence of external sources, without recourse to path
integrals, and without relying on any symmetry and invariance arguments. There has also
been a renewed interest in Schwinger’s action principle recently (see, e.g., [16–18]) empha-
sizing, in general, however, operator aspects of a theory, as deriving, for example, commu-
tation relations, rather than dealing with computational ones related directly to generating
functionals as done here.

2 General Class of Lagrangians

Consider Lagrangian densities which may depend on one or more coupling constants. We
scale these couplings by a parameter λ which is eventually set equal to one. The resulting
Lagrangian densities will be denoted by L(x;λ). The class of Lagrangian densities consid-
ered are of the following types

L(x;λ) = L(x;0) + LI (x;λ) + J i
1(x)χi(x) + J

j

2 (x)ηj (x) (1)

where χi(x) and ηj (x) are independent and dependent fields, respectively. J i
1(x), J

j

2 (x)

are external sources coupled to these respective fields. The interaction Lagrangian densities
sought are of the following forms

LI (x;λ) = B(x;λ) + Bj(x;λ)ηj (x) + 1

2
Bjk(x;λ)ηj (x)ηk(x) (2)

with LI (x;0) = 0, where ∂B(x;λ)/∂λ, ∂Bj (x;λ)/∂λ, ∂Bjk(x;λ)/∂λ = ∂Bkj (x;λ)/∂λ

may be expressed in terms of the independent fields, and the latter two may involve
space derivatives applied to the dependent fields ηj (x). By definition, the canonical con-
jugate momenta of the fields ηj (x) vanish. That is, formally, ∂L(x;λ)/∂(∂0ηj (x)) = 0. Let
∂L(x;0)/∂ηj (x) = Ajk(x)ηk(x). The constraint equation of the dependent fields ηk(x) fol-
low from (1, 2) to be

Mjk(x;λ)ηk(x) = −[Bj(x;λ) + J
j

2 (x)] (3)

where

Mjk(x;λ) = Ajk(x) + Bjk(x;λ) (4)

Let Djk(x, x ′;λ) denote the Green operator function satisfying

Mij (x;λ)Djk(x, x ′;λ) = δi
kδ

4(x, x ′) (5)

From (3), this leads to

ηj (x) = −
∫

(dx ′)Djk(x, x ′;λ)[Bk(x ′;λ) + J k
2 (x ′)] (6)

giving a constraint which is explicit source J k
2 -dependent, and is also a function of the inde-

pendent fields.
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Let |0∓〉 denote the vacuum states of a theory before/after the external are switched
on/off, respectively. We are interested in the variation of the vacuum-to-vacuum transition
amplitude 〈0+|0−〉, governed by the Lagrangian density L(x;λ) in (1), with respect to the
parameter λ as well as the external sources J i

1(x), J j

2 (x). To this end, we invoke the quantum
dynamical principle which states (see, e.g., [7–10, 12, 13])

∂

∂λ
〈0+|0−〉 = i 〈0+|

∫
(dx)

∂

∂λ
LI (x;λ) |0−〉 (7)

(−i)
δ

δJ i
1(x)

〈0+|0−〉 = 〈0+|χi(x) |0−〉 (8)

(−i)
δ

δJ
j

2 (x)
〈0+|0−〉 = 〈0+|ηj (x) |0−〉 (9)

Consider the matrix element 〈0+|F(x;λ,J1, J2) |0−〉 of an operator which is not only a
function of the independent fields but which may also have an explicit dependence on λ and
the external sources J i

1 , J
j

2 . An explicit λ, J
j

2 dependence may occur, for example, when
the dependent fields ηj (x) are expressed in terms of the independent fields and J

j

2 as given
in (6).

The quantum dynamical principle, in particular, then states (see [11–13]) that

(−i)
δ

δJ
j

2 (x ′)
〈0+|F(x;λ,J1, J2) |0−〉

= 〈0+| (F (x;λ,J1, J2)ηj (x
′))+ |0−〉 − i 〈0+| δ

δJ
j

2 (x ′)
F (x;λ,J1, J2) |0−〉 (10)

where (. . .)+ denotes the time-ordered product, and the functional derivative, with respect
to J

j

2 (x ′), in the second term on the right-hand side of (10), is applied to the explicit
J2-dependent term (if any) that occurs in F .

Let ∂B ′j (x;λ)/∂λ denote ∂Bj (x;λ)/∂λ with the fields χi(x) in the latter replaced by
the functional derivatives (−i)δ/δJ i(x). From (8–10), we then have

(−i)
δ

δJ k
2 (x ′)

∂

∂λ
B ′j (x;λ) 〈0+|0−〉 = 〈0+|

(
∂

∂λ
Bj (x;λ)ηk(x

′)
)

+
|0−〉 (11)

where we have used the fact that ∂Bj (x;λ)/∂λ is expressed in terms of the independent
fields and has no explicit J k

2 -dependence, and hence the second term on the right-hand side
of (10) is zero for this corresponding case.

On the other hand, (10) also gives

(−i)
δ

δJ
j

2 (x ′′)
(−i)

δ

δJ k
2 (x ′)

∂

∂λ
B ′jk(x;λ) 〈0+|0−〉

= 〈0+|
(

∂

∂λ
Bjk(x;λ)ηj (x

′′)ηk(x
′)
)

+
|0−〉 − i 〈0+|

(
∂

∂λ
Bjk(x;λ)

δ

δJ
j

2 (x ′′)
ηk(x

′)
)

+
|0−〉
(12)

where from (6),

δ

δJ
j

2 (x ′′)
ηk(x

′) = −Dkj (x
′, x ′′;λ) (13)
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Hence the second term on the right-hand side of (12) is simply

+i
∂

∂λ
B ′jk(x;λ) D′

kj (x
′, x ′′;λ) 〈0+|0−〉 (14)

with D′
kj (x

′, x ′′;λ) denoting Dkj (x
′, x ′′;λ) with the fields χi(x) replaced by (−i)δ/δJ i

1(x).
All told, we may solve for 〈0+| ∂LI (x;λ)/∂λ |0−〉 in terms of functional derivatives, with

respect to the external sources, as applied to 〈0+|0−〉 directly from (2, 7, 11–14) to obtain

∂

∂λ
〈0+|0−〉 =

[
i
∫

(dx)
∂

∂λ
L′(x;λ)

+ 1

2

∫
(dx)

(
∂

∂λ
B ′jk(x;λ)

)
D′

kj (x, x;λ)

]
〈0+|0−〉 (15)

where L′
I (x;λ) denotes LI (x;λ) with χi(x), ηj (x) replaced in the latter by (−i)δ/δJ i

1(x),
(−i)δ/δJ

j

2 (x), respectively.
Upon integrating (15) over λ from 0 to 1, gives

〈0+|0−〉 = exp

(
i
∫

(dx)L′
I (x)

)

× exp

[
1

2

∫
(dx)

∫ 1

0
dλ

(
∂

∂λ
B ′jk(x;λ)

)
D′

kj (x, x;λ)

]
〈0+|0−〉0 (16)

where 〈0+|0−〉0 is governed by the Lagrangian density [L(x;0)+J i
1(x)χi(x)+J

j

2 (x)ηj (x)]
in (1), and L′

I (x) ≡ L′
I (x;0), with the latter defined below (15).

Equation (16) provides the solution for the generating functional 〈0+|0−〉 in the pres-
ence of external sources. We thus see that for interaction Lagrangian densities such that
∂LI (x;λ)/∂λ are quadratic in dependent fields (∂Bjk(x;λ)/∂λ �= 0), as described above,
the rules for computations, via the generating functional 〈0+|0−〉 are modified by the pres-
ence of the multiplicative functional differential operator factor

exp

[
1

2

∫
(dx)

∫ 1

0
dλ

(
∂

∂λ
B ′jk(x;λ)

)
D′

kj (x, x;λ)

]
(17)

As special cases of the general Lagrangians described through (1) and developed above,
consider non-abelian gauge theories with Lagrangian densities

L = L + LS (18)

L = −1

4
Ga

μνG
μν
a + 1

2i

[
∂μψ̄γ μψ − ψ̄γ μ∂μψ

] − moψ̄ψ + goψ̄γμAμψ (19)

LS = ρ̄ψ + ψ̄ρ + Jμ
a Aa

μ (20)

Aμ = Aa
μta, Gμν = ∂μAν − ∂νAμ − igo[Aμ,Aν] (21)

Gμν = Ga
μνta (22)

Ga
μν = ∂μAa

ν − ∂νA
a
μ + gof

abcAb
μAc

ν (23)
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The ta matrices are generators of the underlying algebra, and the f abc , totally anti-
symmetric, are the structure constants satisfying the Jacobi identity [ta, tb] = if abctc . LS is
the source term with the Jμ

a classical functions, while ρ, ρ̄ are so-called anti-commuting
Grassmann variables.

Upon setting

∇ab
μ = δab∂μ + gof

acbAc
μ (24)

working in the Coulomb gauge ∂iA
i
a = 0, i = 1,2,3, and introducing the Green operator

function Dcd(x, x ′;go), satisfying

[δac∂2 + gof
abcAb

k∂k]Dcd(x, x ′;go) = δ4(x, x ′)δad (25)

k = 1,2,3, one may solve for Gk0
a (see [11]) as follows

Gk0
a = −∂kDabJ

0
b + Fk

a (26)

in a matrix notation, where Fk
a is not an explicit function of the dependent fields and of the

external sources. From the very definition of Gk0
a in (23), we also have

∂kG
k0
a = ∇ab

k ∂kA
0
b

= [δab∂2 + gof
acbAc

k∂k]A0
b (27)

Hence we may solve for A0
b to obtain

A0
b = −Dbc∂

2DcaJ
0
a + Kb (28)

where Kb is not an explicit function of the external sources.
Now we show that the time derivative ∂0A

k
b may be solved in terms of A0

c and the inde-
pendent fields themselves. To this end, we note that

∂0Ak
a = ∇k

abA
0
b − Gk0

a (29)

and from (28)

DcaJ
0
a = −

[
δca + 1

∂2 f cdaAd
k ∂k

]
(A0

a − Ka) (30)

Accordingly, (29, 30) and (26) lead to

∂0Ak
a = gof

acb

[
Ak

c

∂l

∂2 − ∂k

∂2 Al
c

]
∂lA

0
b + Lk

a (31)

where Lk
a has no explicit dependence on the external sources and on the dependent fields A0

b .
Finally we note that

∂

∂go

LI = −f abcAb
k

(
Ac

0G
k0
a + 1

2
Ac

l G
kl
a

)
+ ψ̄γ μAμψ (32)

From the definition of Gk0
a in (23), and the fact that ∂0Ak

a may be expressed in terms of the
A0

b , as shown in (31), and the independent fields themselves, we see that (32) is quadratic in
the dependent fields A0

b .
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The structure Gk0
a in (23) may be expressed, from (31), as a linear function of the depen-

dent fields A0
a , and directly from (26) we have

δ

δJ ν
b

Gk0
a (x) = −δ0

ν ∂kDab(x, x ′;go) (33)

Hence (7–12, 32, 33) give

∂

∂go

〈0+|0−〉 =
[

i
∫

(dx)
∂

∂go

L′
I (x;go)

−
∫

(dx)f bcaAb
k(x)D′ac(x, x;go)

]
〈0+|0−〉 (34)

where A′b
k (x) = (−i)δ/δJ k

b (x). Upon using the definition of Dac(x, x ′, go) in (25), and in-
tegrating (34) over go, we obtain the modifying Faddeev–Popov multiplicative factor

exp Tr ln

[
1 − igo

1

∂2 A′
k∂

k

]
(35)

as a special case of (17), where

Tr[f ] ≡
∫

(dx)f aa(x, x) (36)

The general derivation given above for interaction Lagrangian densities such that
∂LI (x;λ)/∂λ may be expressed as quadratic functions in dependent fields involves no sym-
metry arguments. As a matter of fact, we may consider the addition of a gauge-invariant
breaking term (g1/2)Aμ

a Aa
μψ̄ψ to the Lagrangian density in (19) which is again quadratic

in A0
a and presumably contributes to the generation of masses to the vector fields through a

non-vanishing expectation value of ψ̄ψ . A detailed analysis shows (see [11]) that the mod-
ifying extra multiplicative factor to exp(i

∫
(dx)L′

I (x)) 〈0+|0−〉 |0 occurring in 〈0+|0−〉 is
given by

exp

[
−1

2
Tr ln

(
1 + g1

∇′
l ∂l(∂

2)−1∇′
k∂k

ψ̄ ′ψ ′
)]

× exp Tr ln

(
1 − igo

1

∂2 A′
k∂k

)
(37)

where ψ̄ ′ = (−i)δ/δρ, ψ ′ = (−i)δ/δρ̄, and L′
I is the new interaction Lagrangian density

functional differential operator expressed in terms of functional derivatives with respect to
the external sources.

3 Conclusion

We have seen, within the functional differential formalism of quantum field theory in
the presence of external sources, that interaction Lagrangian densities LI (x;λ) such
that ∂LI (x;λ)/∂λ may be expressed as quadratic functions of dependent fields (i.e.,
∂Bjk(x;λ)/∂λ �= 0 in (2)) and arbitrary functions of independent fields, necessarily lead
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to modifications of the rules for computations, via the generating functional 〈0+|0−〉 as a
functional of the external sources which are coupled to the fields, and no appeal was made,
through the analysis, to path integrals. The general expression for such a modification is
given in (17) as a functional differential operator occurring as a multiplicative factor in
〈0+|0−〉. Such Lagrangians play central roles in fundamental physics and present renormal-
izable gauge theories fall into this category. It is important, however, to emphasize that such
modifications are not tied up to non-abelian gauge theories, through the emergence of so-
called Faddeev–Popov factors, as one might naively expect, but apply to theories which, in
general, are quadratic functions in dependent fields as described above. As a matter of fact
the addition of a gauge term breaking term in the form (g1/2)AμAμψ̄ψ to the interaction
Lagrangian density of QED (abelian gauge theory), which is again quadratic in A0, leads,
according to (37), the following extra functional differential multiplicative factor

exp

[
−1

2
Tr ln

(
1 + g1

∂2 ψ̄ ′ψ ′
)]

(38)

multiplying exp[i ∫ (dx)L′
I (x)] 〈0+|0−〉0, where L′

I (x) is the new interaction Lagrangian
density functional differential operator including the additional term just mentioned as a
simplified version of (37). That is, a non-trivial modification arises even for such an abelian
gauge theory. The technical question now arises as to what happens to model Lagrangian
densities that one may set up which are cubic or of higher order in dependent fields in the
sense investigated above. The main complication with such theories becomes obvious by
noting that the corresponding Green function operator function to the one in (5) will now
depend on dependent fields themselves. Accordingly, when we apply the corresponding rule
in (12) for finally expressing the matrix element 〈0+| (∂LI /∂λ) |0−〉, as a functional differ-
ential operator, with respect to the external sources, to be eventually applied to 〈0+|0−〉,
the expression δηk(x

′)/δJ
j

2 (x ′′) will again depend, rather non-trivially, on the dependent
fields ηj (x). This makes the procedure of expressing the matrix element just mentioned as
a functional differential operation to be applied to 〈0+|0−〉 quite unmanageable. Such field
theories require very special tools and will be investigated, within the functional differential
formalism, in a subsequent report.
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Abstract
Within the functional differential formalism of quantum systems, referred to as the quantum
dynamical principle, given independent pairs of canonical conjugate variables
{qi (t), pi (t), i = 1, . . . , n}≡ {q(t), p(t)}, and a set of pairwise commuting operator
functions {G j (q(t), p(t)), j = 1, . . . , k} of these variables defined, transformation
functions are explicitly given, for constrained dynamical systems, expressed as functional
differential operations applied to a given functional written in closed form. In the functional
differential treatment external sources are, a priori, necessarily introduced in the theory.
The connection of this work to the so-called Faddeev–Popov technique in path integrals is
pointed out.

PACS numbers: 03.65.ca, 03.65.Db, 11.10.Ef

1. Introduction

The purpose of this paper is to show within the functional
differential treatment of quantum systems (e.g. [1–9]),
also known as the quantum dynamical principle (QDP),
given independent pairs of canonical conjugate variables
{qi (t), pi (t), i = 1, . . . , n} ≡ {q(t), p(t)} and a set of
pairwise commuting operator functions {G j (q(t), p(t)),
j = 1, . . . , k} of these variables defined, transformation
functions may be then explicitly given for constrained
dynamical systems. These transformation functions are
expressed as functional differential operations, involving
functional differentiations with respect to external sources,
applied to a given functional of these sources written
in closed form. The very elegant QDP has been indis-
putably recognized as a powerful tool over the years. There
has been a renewed interest recently in Schwinger’s action
principle (see, e.g. [10–15]) emphasizing generally, however,
operator aspects, as deriving, for example, commutation
relations, rather than dealing with computational
ones related directly to transformation functions as
done here. We note that in the functional differential
formalism external sources are, a priori, necessarily
introduced to generate transformation functions and matrix
elements of various operators. It will be understood
throughout the bulk of this paper that all these sources will

eventually be set equal to zero after all the relevant functional
differentiations with respect to them have been carried out.
The connection of this work to the so-called Faddeev–Popov
technique in path integrals will be pointed out.

2. Functional differentiations and constraints

Consider a Hamiltonian H(q, p) as a function of independent
pairs of canonical conjugate variables {qi , pi , i = 1, . . . n}
≡ {q, p}. We introduce external sources {Fi (τ ), Si (τ ),

i = 1, . . . , n} ≡ {F(τ ), S(τ )} and define the extended
Hamiltonian H(τ ), in the presence of these sources, by

H(τ ) = H(q, p) − q · F(τ ) + p · S(τ ) (1)

with F(τ ), S(τ ) vanishing outside an interval [t ′, t], with
t ′ < t . Of physical interest are the transformation functions
〈qt |q′t ′

〉, in particular, in the limit of vanishing external
sources. The explicit functional expression for the latter is
well known (see, e.g. [4, section 11.2]) and is given by〈

qt | q′t ′
〉∣∣∣ = exp

(
−

i

h̄

∫ t

t ′

dτ H ′(τ )

) 〈
qt | q′t ′

〉
0

∣∣∣, (2)

where H ′(τ ) is the functional differential operator

H ′(τ ) = H

(
−ih̄

δ

δF(τ )
, ih̄

δ

δS(τ )

)
(3)

0031-8949/08/065010+03$30.00 1 © 2008 The Royal Swedish Academy of Sciences Printed in the UK
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obtained from H(q, p) in (1), by replacing q,p, respectively,
by −ih̄δ/δF(τ ), ih̄δ/δS(τ ). Here 〈qt |q′t ′

〉0 is given by

〈
qt | q′t ′

〉
0 = δn

(
q − q′

−

∫ t

t ′

dτ S(τ )

)
× exp

(
i

h̄
q ·

∫ t

t ′

dτ F(τ )

)
× exp

(
−

i

h̄

∫ t

t ′

dτ

∫ τ

t ′

dτ ′ S(τ ) · F(τ ′)

)
(4)

defining a functional of F(τ ), S(τ ). The vertical bar | in (2)
means to set these external sources equal to zero after the
functional differentiations with respect to them, as defined in
the exponential expression in (2), are carried out.

Given a set of operator functions {G j (q(τ ), p(τ )), j =

1, . . . , k}, as mentioned above, with time development given
by the Hamiltonian H(q, p), we may introduce the following
c-functions:

Qc
j (τ ) =

〈
qt

∣∣G j (q(τ ), p(τ ))
∣∣q′t ′

〉∣∣〈
qt

∣∣ q′t ′
〉∣∣ (5)

for τ in the interval [t ′, t]. We may promote the Qc
j (τ )

to quantum variables Q j (τ ) by noting: (A) The canonical
conjugate momenta Pj (τ ) of dependent fields Q j (τ ) must
vanish, by definition. (B) We may introduce external sources
f(τ ), s(τ ) to generate functionals of the latter fields as done for
the q j (τ ), p j (τ ) fields and, in the process, make use of (4).
(C) H(q, p) in (1) is a function of independent pairs of the
canonical conjugate variables in {qi , pi , i = 1, . . . , n}, and
hence no explicit functional differentiation operations with
respect to the sources f(τ ), s(τ ) appear in H ′(τ ).

To the above end, we note that (5) may be rewritten as[
Qc

j (τ )
〈
qt | q′t ′

〉
−

〈
qt

∣∣G j (q(τ ), p(τ ))
∣∣q′t ′

〉] ∣∣ = 0 (6)

or from which we have[
Qc

j (τ ) − G ′

j (τ )
] 〈

qt | q′t ′
〉∣∣ = 0 (7)

with

G ′

j (τ ) = G j

(
−ih̄

δ

δF(τ )
, ih̄

δ

δS(τ )

)
(8)

by an immediate application of the QDP. By promoting
the Qc

j (τ ) to quantum variables, with 〈qt |q′t ′
〉 generalized

to 〈qQt |q′Q′t ′
〉
∧, we must have from (A), (B), (C), above

and (7)[
−ih̄

δ

δ f j (τ )
− G ′

j (τ )

] 〈
qQt

∣∣ q′Q′t ′
〉∧∣∣

=
〈
qQt

∣∣[Q j (τ ) − G j (q(τ ), p(τ ))
]∣∣q′Q′t ′

〉∧∣∣
= 0, (9)

ih̄
δ

δs j (τ )

〈
qQt | q′Q′t ′

〉∧∣∣ =
〈
qQt

∣∣Pj (τ )
∣∣q′Q′t ′

〉∧∣∣
= 0 (10)

for all t ′ 6 τ 6 t . Since a relation xg(x) = 0, implies that g(x)

involves the factor δ(x), we note from (9), (10), (4) and finally

from (2) that

〈
qQt | q′Q′t ′

〉∧∣∣ = exp
(

−
i

h̄

∫ t

t ′

dτ H ′(τ )

) 〈
qQt | q′Q′t ′

〉∧
0

∣∣,
(11)

where〈
qQt | q′Q′t ′

〉∧
0 = δ(k)

(
−ih̄

δ

δF(·)
− G ′(·)

)
× δ(k)

(
ih̄

δ

δS(·)

) 〈
qt | q′t ′

〉
0 A, (12)

A = δk

(
Q − Q′

−

∫ t

t ′

dτ s(τ )

)
exp

(
i

h̄
Q ·

∫ t

t ′

dτ f(τ )

)
× exp

(
−

i

h̄

∫ t

t ′

dτ

∫ τ

t ′

dτ ′ s(τ ) · f(τ ′)

)
(13)

and the vertical bar | in (11) refers to the fact that all
the external sources are to be set to zero after all the
relevant functional differentiations have been carried out.
δ(k)(−ih̄δ/δf(·) − G ′(·)) and δ(k)(ih̄δ/δs(·) ) in (12), as arising
from the conditions in (9) and (10), refer, each, to the product
of k-dimensional deltas with τ running over all points in
the interval [t ′, t], i.e. δ(k)(D(·)) = 5t ′6τ6tδ

k(D(τ )). We also
note that functional differentiation operations with respect
to external sources commute, unlike quantum operators,
showing the power of the underlying formalism.

3. Conclusion

Equation (11) for 〈qQt |q′Q′t ′
〉
∧
| gives the expression for the

transformation functions with the constraints given in (9) for
all τ in [t ′, t]. They involve functional differential operations,
with respect to external sources, to be applied to the functional
[〈qt |q′t ′

〉0 A] with the latter given in closed form in (4) and
(13).

Finally, we may make contact with the Faddeev–Popov
technique, in the path integral formalism, by noting that the
path integral representation for [〈qt |q′t ′

〉0 A] (see, [4, section
11.4]) on the extreme right-hand side of (12) is given by

[〈
qt | q′t ′

〉
0 A

]
=

∫ q(t)=q,Q(t)=Q

q(t ′)=q′,Q(t ′)=Q′

D(q(·), p(·))D(Q(·), P(·))

× exp
(

i

h̄

∫ t

t ′

dτv(τ )

)
, (14)

where

v(τ) = [p(τ ) · q̇(τ ) + P(τ ) · Q̇(τ ) + q(τ ) · F(τ )

− p(τ ) · S(τ ) + Q(τ ) · f(τ ) − P(τ ) · s(τ )] (15)

and by carrying out the explicit functional differentiations
with respect to the external sources in (11) and (12) and by
finally setting the sources equal to zero. Here, we note that
the Hamiltonian of the system describing its time evolution
appears in the first factor on the right-hand side of (11)
as a functional differential operator with respect to external
sources as defined in (3).

2
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As an explicit illustration following the procedure
developed through (5)–(13), consider a Hamiltonian

H(q, p) =
p2

2m
+ V (q2) (16)

in three-dimensional (3D) which is obviously rotationally
invariant with the dynamics occurring in the 3D space, where
V is arbitrary. Now suppose one is interested in developing
the dynamics to be constrained to a fixed 2D plane making a
given angle α with the (q1, q3)-plane. To do this, we introduce
canonical conjugate operators

G1 = q1 sin α − q2 cos α, (17)

Ĝ1 = p1 sin α − p2 cos α. (18)

The Hamiltonian of the dynamical system restricted to the 2D
plane described above is then given by

H(q∗, p∗) =
p∗

2

2m
+ V (q∗

2), (19)

where p∗ = (p∗1, p∗2), q∗ = (q∗1, q∗2) with

p∗1 = p1 cos α + p2 sin α, p∗2 = p3, (20)

q∗1 = q1 cos α + q2 sin α, q∗2 = q3, (21)

and hence with the (q∗1, q∗2)-plane making an angle α

with the (q1, q3)-plane corresponding to a rotation about
the q3-axis by the angle α. By carrying out the functional
differential operations in (11) and (12) and using the
expression in (14), it is readily seen that one obtains
the Faddeev–Popov form in (11), upon including an extra
multiplicative factor appearing in (12) given by δ(ih̄δ/δs1 ·

−Ĝ ′

1(·))δ(−ih̄δ/δ f1(·)), for the dynamical system described
by the Hamiltonian in (16) to satisfy both constraints G1 = 0,
Ĝ1 = 0 by noting, in the process, that under such constraints
the Hamiltonian in (16) reduces to the one in (19), and finally
setting the external sources equal to zero.

The power and simplicity of the functional differential
formalism via the QDP are evident. The constraints are

implemented by functional differentiations, with respect
to additional external sources, of transformation functions
generalized to dynamical systems, in the presence of
dependent degrees of freedom, which are readily spelled out
from the corresponding systems with no constraints. Contact
with the path integral formalism is also directly made from
the explicit expression one has of transformation functions for
simplified ‘Hamiltonians’ involving only dynamical variables
coupled to external sources as given in (14) and (15). We
emphasize that in the functional differential treatment, via
the action principle, external sources must, a priori, be
introduced.
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