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Abstract

Relaxed controls for a class of strongly nonlinear delay evolution equations are investigated.
Existence of solutions of strongly nonlinear delay equations is proved and properties of original
and relaxed trajectories are discussed. The existence of optimal relaxed controls and relaxation
result are also presented. For illustration, two examples are given.
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1. Introduction

1t is well-known that in the study of the existence of optimal controls the convexity
condition (or more precisely Cesari property) is very important. Many authors work-
ing on variational and optimal control problem convexified finite-dimensional control
system for existence of optimal controls. This problem (called relaxation) has already
been studied in literature (see [7,8,5]). For infinite-dimensional systems, some authors
discussed a series of questions on relaxation for semilinear or some nonlinear evolu-
tion systems (see [1,11]). However, to our knowledge, few authors studied the problem
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on relaxed controls of systems governed by delay evolution equations. Particularly for
strongly nonlinear delay evolution equations.

Semilinear delay evolution equations have been studied by many authors including
us (see [9,12,10]). Most results are concerned with semigroup. In this paper, we in-
vestigate relaxed controls for a class of strongly nonlinear delay evolution equations.
Existence of solutions for such a class of strongly nonlinear delay evolution equations is
proved and both result and method are different from others. In addition, the properties
of the set of solutions for corresponding control systems are discussed. By introducing
measure-valued controls, the original control systems are convexified and relaxed con-
trol systems are obtained. Under some reasonable assumptions we prove that the set
of original trajectories is dense in the set of relaxed trajectories in appropriate space
(see Theorem 3.C). The approximation result showing the relation between original
control systems and relaxed control systems is very significant for control theory and
application.

For relaxed system, the existence of optimal controls is obtained under some reg-
ularity hypotheses on cost functional. Finally, we show that the optimal values of
original and relaxed problems are equal, namely relaxation theorem. Two examples are
presented for illustration.

This paper is organized as follows. In Section 2, existence of solutions of strongly
nonlinear delay systems and some properties of set sclutions for corresponding con-
trol systems are presented. We give relaxed systems and prove approximate results
on relaxed trajectories in Section 3. Section 4 contributes to existence of optimal re-
laxed control and relaxation theorem. Two examples concerning delay partial differential
equations are given in last section.

2, Nonlinear delay evolution equations and controlled system

Let ¥V — H < V* be evolution triple and the embedding ¥ < H be compact.
The system model considered here is based on this evolution triple (see Chapter 23 of
[13]).

Let (x, y) denote the pairing of an element x € * and an element ye V. If x, y€ H,
then (x, y) = (x, y), where (,) is the scalar product on H. The norm in any Banach
space X will be denoted by || - ||x. We denote by C=C([ —r,0],H) the Banach space
of all continuous maps from [ — »,0] into A with the usual supremum norm, here
r=0.

Let0 <t < T <+oo, ; =(0,¢), I =(0,T), and let p,q > 1 such that 1/p+1/g=1
and 2 < p < oo. For p, g satisfying the preceding conditions, it follows from reflexivity
of V that both L,(I;, V') and L,(I;, V*) are reflexive Banach Spaces (see Theorem 1.1.17
of [2}). The pairing between L (I, V') and L,(I;, V*) is denoted by((,)),. In particular,
for t =T, we use ((,)) = ({,))r. Clearly, for u,ve Ly(l,H), {{u,v)) = ((u,v)), where
((-,-))is the scalar product in Hilbert space Ly(I, H).

Define

Wpg={x: x€L,(LLV), X€Ly(LV ")},

lxllw,, = lxllz, ) + 1€z s
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where X denotes the derivative of x in the generalized sense. {W,, ||./lw,,} is a Banach
space and the embedding W,, — C(I,H) is continuous. If the embedding ¥V — H is
compact, the embedding W,, — L,(I,H) is also compact (see Problem 23.13b of
[13]).

Consider the following basic initial value problem

@ {*(’ )+ A(t,x(1)) = g(t,x(1), %), 1€(0,T),

x(®)=¢@), —-r<t<0,

where for given t€[0,7] and x€ C([ — r,T1,H), x,: [ — r,0] — H is defined as
x(0) =x(t+0), x,€C, €[ —r0].
We will need the following hypotheses on the data of problem (2.1)

(A) 4:1xV — V* is an operator such that
(1) t — A(t,x) is measurable;
(2) x — A(t,x) is monotone and hemicontinuous; i.e.,

Alt,x) — At x2),x1 —x2) 20 Vx,xp eV, tel;
Alt,x +sy) S A(t,x) in V*VYx,yeV ass — 0;

(3) There exist constants ¢; > 0, ¢; = 0, ¢3 = 0 and a nonnegative function c4(+)
€ L,(I), such that

(A(t,x),x) Z c1||x|| —c, forallxeV, tel,
4t x) 7> < ca(t) +c3|x|27" forallxeV, tel;

(G) g:1 xH x C— H is an operator such that
(1) t — g(t,&,n) is measurable,
(& n) — g(t, &, n) is continuous
(2) There exist constants o, § > 0 and a nonnegative function A(-) € Ly,(I) such
that

g, & mlla < h(e) + )|l + Blln][ 2

where 2 <k < p.

Remark 1. Define A(f,x) = A(t,x — xo) for some xo € V. It is easy to check that 4
satisfies assumption (A).

Consider the following problem
X(1) + A(t,x(1)) = g(t, x(¢),x)) 0<t<T,
W)=¢(t) —r<1<0, (1)

where ¢ € C([—r,0],H), ¢(0) € V. By Remark 1, we can assume ¢(0)=0 and A(¢,0)=
0 without loss of generality. Define

Wo(l—rnTD={x:xeC([—rTLH), x|; € Wy}
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Seek a function x € Wp,([ — 7, T1) such that (1) is satisfied in weak sense (see Chapter
30 of [13]). Since the trajectories of the system belong to W,,([ —r,T]) and W ([ —
rT1) — C([ - T],H) (see Proposition 23.23 of [13]), the initial condition xy = ¢
makes sense.

Furthermore, define

WSy ={x € Wpell = 1, T]), () = $(t), —r <t <0},
where ¢ € C([ - #,0],H) is the initial data.

Theorem 2.A. Under assumptions (A) and (G), problem (1) has a solution x € qu.

Proof. (1) Set
B={y|yeC(0,T],H), (0)=0}.
Obviously, B is a Banach space. For any y € B, we define $:[ —r,T] — H by
) o) forte[—r0],
(t) =
»(t) forte[0,T].

The operator F is defined on B by letting y=Fx be a solution of the following Cauchy
problem:

{ y(t)+A(t7y(t))=g(t’x(t)aft) te[’
$(0)=0.

By assumption (G), G(x)(¢) = g(t,x(¢),X,) is measurable and G(x)(-)€ Ly,(I,H) C
LLV*). F is well defined and ye W,, — C(I,H) (see Theorem 30.A of [13]).
Hence F' maps B into itself.

(2) F : B — B is continuous.

Suppose x, — x in B as n — oo. This means

sup |lx,(t) = x(t)|lu — O,
0T

and
En)e = %illc — 0

uniformly with respect to £ € [0,7] as n — oco. Hence, there exists a constant M > 0
such that

IEnllca—rmey <M and  |Ellcqrrm <M
By virtue of assumption (G),
Gxn)(t) = Gx)(r) in H
for a.e. t&€l as n — oo and there exists a constant M; > 0 such that

1GGR) Dl < h(t)+ My and  |GENO i < h(t) + M.
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It follows from majorized convergence principle that
G(xn) = G(x) in Ly(LH)

as n— 00,
For 0 <t <T, Fx,=y, and Fx = y satisfy the following equations, respectively:

Vu(t) + A4, yu(t)) = G(x, X(2),
W) + AL, y(8)) = G(x)(2).
We have

Yut) = () + At yu(2)) — At p(1)) = G(x,)(t) — G(x)(2). (2)

Integrating by parts and using the assumptions and Cauchy inequality, one can obtain
that

1
§||yn(t) — YO} < 1GGxn) = G|,y e — Yl

1 1 [
< 5166 = G+ 3 [ I3n(s) = >l e
Thanks to Gronwall’s Lemma, it is easy to show that
Yo —y inB asn— oo.

(3) F is a compact operator on B.
Let {x,} be a bounded sequence in B. That is, there is a constant M, > 0 such that

I*nlleqo. iy < M.
Again, by assumption (G), there exist constants M3, M, > 0 such that
GOl < h(t)+Ms and  [|GCen)lacuiry < M.
¥rn =Fx, is a solution of the following equation:
Yu(t) + A2, ya(£)) = G(xa)(2). (3)
Integrating by parts in (3) and using assumption (A)(3), one can obtain
S5Ol + Gl ., < NG 3l + Co
It follows from Cauchy inequality that there exist constants y > 0 and K > 0 such that
%”}M(l‘)”% + V||yn||f,,(1,,V) < K”G(xn)”Z(I,H) + G

Hence {y,} is bounded in C(Z,H)N L,(I, V). Again by assumption (A3), (G3), and
Eq. (3), we get {y,} is bounded in Ly(J, ¥*). Therefore {y,} is bounded in W,,.



708 X. Xiang et al. | Nonlinear Analysis 52 (2003) 703-723

Since Wy, — L,(I,H) is compact, there exists a subsequence, relabelled {y,}, such
that

Yyo—y inL,(LH) asn— oo,

and therefore {y,} is Cauchy sequence in L,(I,H). Hence there exists a constant
Ms > 0 such that

1
Slya(®) — ym(t)”%-l < HG(xn) - G(xm)”LII(I,H)”yn - J/m”Lp(I,H)
2

< MS”yn - J’m“L,,(IH)~

This inequality implies that {y,} is a Cauchy sequence in B. Since B is closed, F is
compact.

(4) A priori estimate on fixed points.

Suppose x € B and x=06Fx where ¢ € [0, 1]. This implies that x satisfies the following
Cauchy problem:

{ *(t) + A(t,x(2)) = g(t, 0x(1),0%,) t€I,

4
x(0)=0. @

We will show that there exists a Q > 0 such that

%Nl o, 71,0y < Q-

Using the same arguments and assumption (A) and (G), we have

1 ' ,
3 XDl + Ci ||x||£p(1,,V) < /0 {9(z, 0x(1), 0%, ), x(1)) dT + C,

t 1/q
< ( / l9(t, 0x(2), 62215 dr)
0

t 1/p
><(/0 nx(r)n';dr) e

1 t _ t )
SO+ 181, <+ b1 [Tl g ay [ e e
0

hence

where y,a1,b1,d; are positive constants. Further, we have the following inequality:
1 k—1 te
SO+ L 0y < + bl o [

where b, > 0 is a constant.
Consider the real function

(&) =7EP — (a1 + b2
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with (k — 1)g < p. There exists a constant &, > 0 such that
WE) =0 for all & = &,

Hence there exists a; > 0 such that
a + b &% < g, forall 0 <E<E.

It implies that

1 L
SOl <o+ [ il

We denote

f
k(t)=2<a2+d1/ |1;e,||gd7.-).
0

It is obvious that £(¢) is continuous increasing function in R. Hence

&)z = sup [I£C¢ + )|

—r<s<0

/AN

sup Jl¢(0II% + suptHx(r)qu

—rgr<0 0<tg

sup |l ¢(o)ll3; + sup k(r)

—r<1<0 0t

sup 0||¢(T)||§1 + k(1)

—r<ts

VAN

VAN

t
<atds [ Pl
0
where a3 and d, are positive constants. That is,
t
152 < a5 + da / I3 de for all £ € [0, T].
0

Gronwall’s Lemma (see [10]) implies that

xllco,my < ©-

By the Leray—Schauder’s fixed point theorem, F has a fixed point x* in B. x* is just
a solution of (1). O

Remark 2. We can assume g maps bounded set to bounded set instead of assumption

G)2).

Remark 3. It follows from the proof of Theorem 2.A, we also obtain that if x is a
solution of (1) then

Ixllw,, < Q.
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Remark 4 (Uniqueness). The Leray—Schauder’s Theorem guarantees the existence but
not uniqueness. In order to obtain uniqueness, we have to impose some more strong
assumption on g.

(G)(3) g is locally Lipschitz continuous with respect to ¢ and #, i.e., for any p >0,
there exists a constant L(p) such that

Ng(t, &, m) ~ g(t, Ex )l < L(pXIE1 — &llw + lm —mallc), Vel
provided for ¢1,& € H, mi,n2 € C, and ||&ilja, 12]a I llcs m2llc < p

In fact, if problem (1) has two solutions xi,x2, then

]
5||x1(t) —x2O)F < |GGx1) = G Lum ¥t — %2l Ly

1 1
< EHG(xl) ~ G(xZ)“%z(I,,H) + Ellxl - x2“%2(1,,H)-
By assumption (G)(3), there exist constants C; > 0 and C; > 0 such that
! t

@ =50l < [ (@) - (@l de+ G [ 60): — Garlipa
Thanks to Gronwall’s Lemma (see [12]), it implies

x1(t) =x2(¢) forall t€[0,T].
That is,

X1 = X3.

Now let us consider the corresponding control system. For any topological space
%, 2%\ () will denote the space of nonempty subset of 2 and P.(Z') denotes the class
of nonempty closed convex subset of &. Let (£, 2) be an arbitrary measurable space
and & be a metric space. A multifunction F : Q — P.(Z) is said to be measurable
if for all z* € Z, w — d(z*,®) = inf{d(z*,z): z€ F(w)} is measurable (see Theorem
2.11 of Chapter 3 of [6]). We will use Sy to denote the set of measurable selectors
of F.

Assume:

(U) Z is a Polish space.
U:I — P.(Z) is a measurable multifunction satisfying U(¢) C M, a.e., t€[0,T],
where M is a fixed weakly compact convex subset of Z. For the admissible
controls, we choose the set Uy = Sy
(G1) g:[0,T]xHxCxZ—H
(1) t v+ g(t, & n,{) is measurable,
(& n,0) — g(t,&n,0) is continuous on H x C X Z.
(2) There exist constants a,b, d > 0 such that

l9Ct, &0, Ol < @+ BIENS + dljn)2e
for all £€H, neC, t€[0,T), and { € Z, where 2 < k < p.
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By famous selection theorem and assumption (U), Sy # @ (see Theorem 2.23, Chap-
ter 3 of [6]).

We consider the following control systems
X(1) + A4, x(2)) = g8, x(2), %1, u(2))

x()=¢@), —r<t<0, u(-)eUy. )
By Theorem 2.A, we immediately obtain the following existence theorem.

Theorem 2.B. Suppose the assumptions (A), (U), and (G1) hold. For every uc Uy
Eq. (5) has a solution x(u) € Wp,.

Remark 5. Imposing the local Lipschitz condition, one can prove the uniqueness of
solutions for (5).

Define
Xo={xe qu | x is a solution of (5) corresponding to u,u € Uyqg}.
Xy is called the set of original trajectories. Set
Ay = {(x(u),u) € Wy, x Sy | x(u) is a solution of (5) corresponding to u}.

Ay is called the set of admissible state control pairs.
It can be seen from the proof of Theorem 2.A, the following conclusions are true.

Theorem 2.C. Under assumptions of Theorem 2.B, Xy is weakly precompact in W,
and precompact in Lp([ —r,T1,H) and C([ —r,T],H).

Proof. Using assumptions (A), (G), and the same arguments as in the step (4) of the
proof of Theorem 2.A, one can verify that there exists a constant Q such that

xllw, <@ for all x€X,.

This implies that Xy is weakly precompact in Wp,. It is easy to assert from compact-
ness of embedding V — H that X; is precompact in L,(J,H). Hence every sequence
{x,} of X, has a subsequence {x,, } which is Cauchy sequence in L,(/,H). By the
arguments similar to the step (3) of the proof of Theorem 2.A, one can show that
{xn,} is also a Cauchy sequence in C(I, H). This means X; is precompact in C(I,H).

([l

3. Relaxed systems

We consider the following optimal control problem:

T
(P) inf{J(x,u):/ L(t,x(t),x,,u(t))dt}
0

subject to Eq. (5).
It is well known that the convexity conditions or more precisely the Cesari property
play a central role in the study of existence of optimal controls. If the convexity
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hypothesis is no longer satisfied, to have optimal control solution, we need to pass to
a larger systems, in which the orientor field have been convexified. For the purpose
here we introduce the relaxed controls and the corresponding relaxed systems.

Let Z be a Polish space (i.e., a separable complete metric space) and B(Z) be its
Borel o-field. We will denote the space of probability measures on Z by M1 (Z). Let
(£, %) be a measurable space. Transition probability is a function 4 : Qx B(Z) — [0, 1]
such that for every ¢ € B(Z), A(-,&) is > -measurable and for every we€ Q, X{(w, )€
MLI(Z). We use R(2,Z) to denote the set of all transition probabilities from (2,, i)
into (Z, B(Z)). Following Balder [3] (see also Warga [8]), we can define a topology on
R(Q,Z) as follows. Let f:Q2xZ — R be a Caratheodory function (i.e. w — f(w,x) is
measurable, x — f(w,x) is continuous and |f(w,x)| < a(w) is p-almost everywhere
with a(-) € L1(Q)) and I;(A) = [, [, f(w,2)A(w)(dz)dpu(w). The weakest topology on
R(Q,Z) that makes the above functional continuous is called the weak topology on
R(Q,7).

Suppose Q=I=[0,T] and Z is a compact Polish space, then Caratheodory integrands
on / x Z can be identified with the Lebesgue Bochner space L(C(Z)). We know
[C(Z)* = M(Z) is the space of all bounded Borel measures on B(Z). M(Z) is a
separable Banach space and hence has the Radon—Nikodym property which tell us that

L(C(Z))) = Loo(M(2)).

So the weak topology on R(I,Z) coincides with the relative w*(Lo(M(Z)),
Li(C(Z))) topology (see [8,4]).
Now we introduce some assumptions imposed on Uy.

(Ul) Z is a compact Polish space. U : I — P.(Z) is a measurable multifunction.

Define Y (1) = {AGM;(Z ), MU(2)) =1} and Sy is the set of transition probabili-
ties that are measurable selectors of X(-). Since o(U(¢)) C Z(¢), then u € Sy implies
5(u) €Sy ie., Sy CSs.

The following lemma are crucial in discussing relaxation problem (for proofs one
can see [8,3]).

Lemma 3.1. Suppose Z is a compact Polish space. Then Sy is convex and sequentially
compact.

Lemma 3.2. Sy is dense in Sx.
Lemma 3.3. Suppose h: I x H x C x Z — R satisfying

1.t h(t,&,y,0) is measurable, (,y,0) — h(t,&,n,0) is continuous.
2. |1, En,0) < yr(t) € Li(I) provided with ||&||lu <R, |nllc <R, and 6 €Z.
If
xp—x wC({—nTHLH)
then
ha(-+) = k(5 -) in Li(C(2))
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as n — oo, where
hn(t, 0') = h(t’xn(t)a (xn )ta G),
h(ta O') = h(t9x(t)’xt’ O').

Proof. It is obvious that

hu, b€ Ly(C(Z)).
The convergence

x,—x inC([-rTLH)
implies

(xp) —x, inC

uniformly with respect to t €1, as n — oo.
For fixed t €I, we show that 4,(¢,-) — A(¢,-) in C(Z) as n — oc.
In fact, for fixed t €1, n €N, there exists g, € Z such that

sup Ihn(t, o)~ h(t, G)I = lh,,(t, on) — (2, O'n)|'
oeZ
Since Z is compact, we assume ¢, — ¢*. By continuity of 4, one can verify that

Suplhn(t9 0') - h(ta O')|
ocEZ

=|hn(t,00) — h(t,02)]
< |a(t, 64) — ha(t,0™)| + |ha(t,0™) — h(t,6™)| + |h(t,6,) — h(t,6™)]
— 0 asn— oo,
ie.,
ha(t,) — B(t, )lczy — 0 as n— oo
By assumption (2) and Majorized convergent principle, we have

hu(es-) = k() in Li(C(Z)) asn— oo. [
We consider the relaxed system
H0)+ A0) = [ gexOx)du(e) 0<<T,
z

x(t)=¢(t) —r<t<0, uess. (6)
Similar to the arguments of Theorem 2.B, one can verify the following existence the-
orem.

Theorem 3.A. Suppose the assumptions (A), (Gl), (U1) hold. For each p<Ss, the
relaxed system (6) has a solution.
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Define
X, ={xe qu | x is a solution of (6) corresponding to y, u € Sx}.

Ay ={(x, u) € Wpy x Sz | x is a solution of (6) corresponding to u, u e Sx}.

X, is called set of relaxed trajectories and A, is called set of admissible relaxed pairs.
Theorem 3.A shows that

X #0
and combining with Sy C Sy we have
X C X,
Similar to Theorem 2.C, we have the following conclusion.

Theorem 3.B. Under assumptions of Theorem 3.A, X, is weakly precompact in W,
and precompact in L([ —r,T],H) and C([ — r,T1, H).

This then raises the fundamental question of how much we enlarged the set of
trajectories of original system. The next theorem answers this question by stating that
this process does not essentially alter the original solution set.

Theorem 3.C. If assumption (A), (G1), (U1) hold, then X, =Xy (the closure is taken
in C(I,H)) provided that the solution of (6) is unique.

Proof. Suppose € X,, i.e., (7,4) € 4, for some A€ S5.
By virtue of density result Lemma 3.2, there exists a sequence {u,} C Sy such that

Oy, = A in R(LZ).

We have sequence {(y,us)} C Ao. Since Xo is bounded in Wy, and C([ — r, T}, H),
there exists a constant M > 0 such that

[ yalleq—rmm <M,

| vallw, ) < M.
It follows from Theorem 2.C that there exist y € W, and w € L,(1,V*) such that
oy in Ly(LV),  p, =y in Lo, V*),

AC,y())=w in L(L V™),
yn—>yian(I,H), yn—>yin C([—V,T]’H)a

(Fn) — y¢ in C uniformly for all 1€ 1,

as n — oo (if necessary passing to subsequence). Consider the following equations:

3(8) + At yalt)) = /Z 9t (D), () N0 (£)(d0), 0 <1< T,

() =t), -r<t<0 (7
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Set
G(yn(t)7 G) = g(t> J’n(f)» (yn)ta O-)a G(y(t)9 0) = g(t’ y(t)a Yt 0):

G,(t)= / G(yn(t), 0)0u,(t)(do), G*(1)= / G(y(t), 0)Ut)(do).
z z
For each yy € C°°(]) and ve ¥V, define
G(t,6) = ((Gya(t), 0), (1)), G(t,0) = ((G¥(1),0), Y(t)v).
For fixed ¢ €1, it follows from assumption (G1) that
C-;n(ta ')a G(t9 ) € C(Z)9
furthermore
c-;n(', ): G(’ ) ELI(C’(Z))
Since Z is compact Polish space, and
Yon—y inC(LH) asn— oo,
by assumption (G1) and Lemma 3.3, we have
G, — G inLi(C(Z)) asn— oo
In the topology of R(I,Z), we assert
/ / Gu(t,0)6,,(t)(do)dt — / / G(t,)A(t)(do)dt as n — oo.
1Jz 1z
That is,
J@opona— [Go,pn e
I 1
ie.,
(G, yv)) — ((G*,yv)).
It implies that
G:LG* inLLV*).
We conclude that y satisfies the following equation
{ 5O+ w6) = [ gty D00 ) 0<i<T
y@)=¢(t) —-r<t<0.
Observe that
(G Oma) = [ [ (GOnter o) me)sutexaodt
1Jz
and
(G(yn(2),0), yu(£)) = (G(yu(t), ) — G(¥(2),0), yu(t))
+(G(¥(1),0), yu(t) — ¥(1)) + (G()(2), ), ¥(1)).



716 X. Xiang et al. | Nonlinear Analysis 52 (2003) 703723

Similar to the above procedures, one can verify that
(G(yn(-), ) = G(¥()s -1 yu(:)) = 0 in Li(C(Z)).
By growth condition, we have,
(G((1), @), yalt) = )] < (@ + bV + 7l ED | ya) = ¥
Hence,
(G(Y(-) ) yn(-) = ¥()) = 0 in Li(C(Z)).
We conclude that

(G () yn)) = ((G*(¥), ))-
By integration by parts, it follows from (7) that

Tim (A, yn)) < 5UYOIE = IXDIE) + (G (), )
= ((w, ).
Since A satisfies condition (M) (see p. 474 of [13]), we have
A(y)=w.
Now we can say that y is the solution of following equation:
{ 5+ = [ o050, 50000 01T,
y)=¢@) —r<t<0.
Uniqueness implies
y=73.
This means that
yp— ¥ in C(I,H).
As {y,} C X and j€X,, we proved that
Xo 2 X, in C(ILH).

Since R(1,Z) is sequentially compact, by the same procedure one can show that

7(_0_ CX = )Tr
Hence
Xr = )TO

where closure is taken in C([,H). O
The following corollaries can be obtained from the proof of Theorem 3.B.

Corollary 3.C. Under assumptions of Theorem 3B, X, is sequentially compact in
C(,H).
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Corollary 3.D. Under assumptions of Theorem 3.B, A — x(1) € X, is continuous from
Sy CR(,Z) inte C(I,H).

Proof. Let 4, — A in R(,Z). For corresponding sequence {x,} of solutions, we have
a subsequence {x,,} C {x,} such that

Xy, —x in C(LH),

where x is the unique solution of (6) corresponding to A. By convergence principle,
we assert that

x, —x in C(I,H).
The proof is completed. O

4. Relaxation theorem

As we have already mentioned the introduction of the larger relaxed system guaran-
tees the existence of an optimal solution. This is illustrated by the following general
result.

Consider the following problem (P,):
10 = [ [ 26.50).3.0)340)d0)di = min
1Jz

subject to system (6).
We make the following hypotheses concerning the integrand Z(.,-,-,-).

(LY £:1 xH xC xZ— R=RU{+00}
(1) (t,&,n,0) — £(¢,&,n,0) is measurable,
) (&,n,0) — £(t,&,n,0) is lower semicontinuous,
(3) Y(t) < £(¢, & n,0) almost everywhere with (.)€ Ll

Let m,=inf{J(»,4), (y,4) € 4,}. We have the following existence of relaxed optimal
control:

Theorem 4.A. Suppose assumptions (A), (G1), (U), (L) hold and Z is compact Polish
space, then there exists (x, 1) € A, such that J(x, 1) = m,.

Proof, Let {(x,,4,)} be a minimizing sequence in A4,. Recall that S5 is w*-compact,
by passing to a subsequence if necessary, we may assume 4, — A in R(I,Z).
Invoking Theorem 3.B, we may assume
X, —x in C(,H),
(x,A)€A4,.
Recalling that every lower semicontinuous measurable integrand is the limit of an

increasing sequence of Caratheodory integrands, there exists increasing sequence of
Caratheodory integrands {/;} such that

lk(t,é,f],ﬂ') T l(ta 6,1’[,0') V(t,é,ﬂ,o')EI XHXCXZ.
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Invoking the definition of the weak topology and Lemma 3.3, we have

J(x,l)=/I/Zl(t,x(t),x,,a)/l(t)(do)dt
:kgngo//lk(t,x(t),x,,a)/l(t)(do)dt

11m lim // (8, x0(2), (X)), 0) A, (£ )(do) dt

k—oon—oo

< Jim [ [ 1500, a0t a1
n—oo fr Jz
= m,.
However, by definition of m,, it is obvious that J(x, 1) > m,. Hence
J(x,A)=m,.
This implies that (x,4) is an optimal pair. [
If Jo(x,u)= f1 £(4,x(¢),x, u(t))dt is the cost functional for the original problem and
m = inf{Jo(x,u), (x,u) €A4o}. In general we have m, < m. It is desirable that m, = m,

i.e., our relaxation is reasonable. We have the following relaxation theorem. For this,
we need stronger hypotheses on ¢ than (L):

(L1) £:1 x H x C x Z — R is an integrality such that
(1) (1) — £(t,&,n,0) is measurable,
2) (& n,0) — £(8,&,n,0) is continuous,
(3) |£(t,&,n,0)| < Op(t) for all almost t€l provided ||&||m, |lnllc <R, c€Z,
and OpcL!.

Theorem 4.B. If assumptions (A), (G1), (U), (L1) hold and Z is compact, then m=m,
provided that the solution of (6) is unique.

Proof. Theorem 4.A shows that there exists (x, A1) €4, such that
J(x, 1) =m,.

By Lemma 3.2, there exists a sequence {u,} C Sy such that §,, — 4 in R(J,Z).
Let x, be the solution of (6) corresponding to u,. Passing to a subsequence if
necessary, we may assume that

Xy —=x inC([—rTLH)

(see Theorem 2.C).
Similarly, by using Lemma 3.3, one can verify that

/(-,xn('), (xn)~a ) - /(',X('),X., ) in LI(C(Z))
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By definition of weak topology on R(J,Z), we have
Jo@xn, ttn) = J (x4, 0,,) = // £(t,x5(1), (X1, 6)0,,(t)(do) dt
1Jz

—»///(t,x(t),xt,o-)/l(t)(da)dt=J(x,/l)=m,.
1Jz
This implies

m=m,. 0O

5. Examples

In this section we present two examples of delay evolution equations to which our
general theory applies.

Let Q be an bounded domain in R" with smooth boundary 092, Or = (0,T) x £,
0<T <oo. Let @ =(os,0,...,%) be a multi-index with {a;} nonnegative integers
and |a| = Y_7_, o. Suppose p =2 and ¢ = p/(p — 1), W™P(Q) denotes the standard
Sobolev space with the usual norm:

1p

“(p”W""P = Z “Da(Pllfp(g) » m:0,1,2,... .

e[ <m

Let W"P(Q)={¢ € W™? |DP¢p|aa=0, |B| < m—1}. It is well known that C§°(2) —
wWiP(Q) — LH(Q) — W~™P(Q)and the embedding W;*7(Q) — L*(8) is compact.
Denote V = W, P(Q), H = Ly (Q), then V* = W~"4(Q).

Example 1. We consider the following initial-boundary value problem of 2m-order
quasi-linear delay parabolic control system:

0
—¥6x)+ Y (~DFD (65, ()(E3) = 645, Y(63), 10 = 7,2, w) on O,

o] <m

DPy(t,x)=0 on[0,7]x0Q forall B |Bl<m—1,

y(s,x) = ¢(s,x), on 2 —r<s5<0. (8)
where n(y) = {(D"y), |y| < m}, d(t,x) is given function, ¢ € C([ - r,0],L>(£2)) and
M = (n+ m)!/nim!.

Suppose that Bi;(+), Bx(-) (1 <i < M) are continuous functions from [0, T] to R
and satisfy

Bui(t) < Ba(t) forall £€[0,T], 1 <i <M.

There exists a constant ¢ > 0 such that

—a < Pu(t) < Pu(t) <a forall te[0,T],1 <i <M.
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Set Z=[—a,al™ CR™ Then Z is a compact Polish space. Set
U(t) = {(wi(0)) €RM, Br(t) < wilt) < Pailt), 1 <i <M}
It is clearly that U : I — P.(Z). The set of admissible controls U,q is chosen as
U =8u
={u:1 — R™ is measurable u(¢) € U(t) a.e. t € [0, T]}.
Assume that the function /o : Or X R x Rx RM — R=RU{+o0} is continuous and
|lo(t,x, &, m,0)| < dr|E]” + da|nf? + 0(2,x)
with constants dy,d,, and the function 8 € L'(Qr) for a.e. (t,x)€Qr and ueZ. For
EneLy(Q), ueZ, we define
1,8 = [ hoeon €6 n ©)
The cost functional is given by
Ju) = /Il(t, y(), y(t — r),u())ds.
The optimal control problem (P*) is to find uy € Uyq s.t.
J(ug) <J(u) for all ue Uy

subject to system (8).
For y1,y, € Wy"P(Q), t€1, we set

)= [ 3 Adtx 6Dz dx
Q
fel <m

and assume that for all o with |a| < m, the function 4,:Qr x RM — R satisfies the
following properties.

(A) (1) (4,x) — Aq(t,x,n) is measurable on Qr for n€RM, n — A,(t,x,1) is contin-
uous on R for a.e. (¢,x) € QOr;
(2) For n=(n,) € RM, 7j=(j,) € RM, there exist positive constants ¢, ¢;, ¢z, c3,
and ¢4 such that

D (altx, 1) — Au(t,%, )10 — ) > 0,

la| <m

DAtz Yy Inl? - e

|| €m Iyl <m

Mot x,m) Scates Y |myl?7

[y|<m

It is not difficult to verify that under the above assumption, for each y; € ¥ and
t€[0,T], y2 — a(t,y1,y2) is a continuous linear form on V. Hence there exists an
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operator A : I x V — V* such that

(At 1), 2= v = alt, y1, y2).

Under the given assumption (A), it is easy to see that 4 satisfies our assumption
(A) of Section 2.
Assume the function g : Or X R x R x RM' — R satisfies the following properties.

(G) (1)(t,x) — g(t,x,& n,u) is measurable on Qr for all (£, ,u) ER x R x RM;
(2) (&,n,u) — g(t,x, &, n,u) is continuous on R x R x RM! for almost all (£,x) € Or;
(3) There exist constants b, > 0, by >0 and b3 € L,(Qr) s.t.

lg(tax, 55 ”9u)| < blléIZ/q + b2|7’|2/q + b3(tax)a

for almost all (¢,x) € Oy uniformly in u € U(¢).

For ¢, €H, veZ, t€], set
bv(t,¢1,¢2,¢):/g(t,X,¢1,¢2,U)de-
Q

Then  — b°(¢, ¢, ¢2) is a continuous linear form on H. Hence there exists an operator
G:[0,T]xHxHxXxZ— H st

b(t, b1, d2,¥) = (G(2, §1, 2, 0), ¥).

Noting that y,(8) = y:(r) for all —» < 6 <0 and (G), one can verify that G satisfies
assumption (G1) of Section 2.

Using the operators 4 and G as defined above, Eq. (8) can be written as the abstract
evolution equation

W)+ A, (1) = G(t, y(2), y(t —r)yu), 0 <t <T,

x(t)=¢(1), te(-r0).

In addition, for the cost functional / which is defined in (9), we get that [ : [0, T] x
H x H x Z — R satisfies assumption (L1) of Section 4.
Hence our result can be used to this model.

Example 2. Consider the system of reaction diffusion equations with delay:

W DAY+ S Y6 P on Or,

Y(t,x)=0 on [0,T] x 02,
Y(tx)=o(tx) onQ, —r<t<0, (10)

where  is an k-vector-valued function on QOr, ¢(#,x) is a given k-vector-valued
function, ¢ € C([ —r,0], Lo(Q,R*)). D = diag(d,,d>,...,d)) is the diffusion matrix and
di>0,i=1,2,....k.
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For the mathematical setting, we take p =g =2, H = Ly(,R¥), V = W, *(Q,R¥)
with V* = W—12(Q, R*) being the dual of V.

For the nonlinear term, we assume that f(¢,x,& n,u) is a k-vector-valued function
defined on Qr x R¥ x R* x Z — R* which satisfies the following properties:

(1) f is continuous in all the variables,
(2) There exist a function b; € L,(22) and constants b, > 0, b3 > 0 such that

| f(@x, Emu)|pe < bi(t,x) + ba|E|ge + b3|nlp  a.e. in Or uniformly in u € Z.

For ¢, €L (Q),ucZ, tel, set
fu(taﬁbl,d)z,!ﬁ):/f(t,x,¢1,d)2,u)l//dx.
Q

Then ¥ — f(t,¢1,¢2) is a continuous linear form on H. Hence there exists an
operator F : [0, T x H xH xZ — H s.t.

fu(t’ ¢15 4)2: l//) = (F(ta ¢1,¢2a u)’ W)

and F satisfies assumption (G1) of Section 2.

Let 4 = —DA, it is obvious that the operator A € L(V,V*) and it is coercive and
hence monotone. A4 satisfies the assumption (A) of Section 2.

The same as example 1, we choose that Z =[ —q, al C RMi Then Z is a compact
Polish space.

Set

U@) = {oeRM™: Bu(t) < vi(t) < Bu(t), i=1,2,...,.M}
The admissible controls are given by
Uw = {u: I — RM is measurable, u(¢t) € U(t) a.e.}.

For the cost integrand /, one may choose the quadratic function / : IXHxHXZ — R
with

I, lp(t), lp(t —r)u)= /Q(Cl(trx)(‘//(t’x) - yl(t,x))>(l//(t’x) — y1(t,x)))pe dx

+ /Q (Cot XYt — ro%) — a6,
Wt —rx) — y2(t,x)))ge dz
+/(C3(t,x)u(t,x),u(t,x))RM, dx
Q

with C;, i = 1,2,3 are positive semidefinite matrix-valued functions on QOr, yi(i =
1,2) € R* are target states. Then / satisfies assumption (L1) of Section 4. Our problem
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takes the following abstract form:
T
i(rjlf{J(u) = / W (O, Pt = 7),u())dt} = m,
ad 0

{ st () + AP() = F(t, (), (t — r),u(t)),
Y(s)=o(s), —-r<s<0,

u€ Uy.

Since all the assumptions of our abstract result are satisfied in this particular case,
our result can be applied in this model.
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