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Abstract

We present here the solution of the problem on li aﬁzation of third-order ordinary differential
equations by means of point and contact transfonnauo iprovide, in explicit forms, the necessary
and sufficient conditions for linearization, the equanons or determining the linearizing point and
contact transformations as well as the coefficients of the resulting linear equations.
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1. Introduction

Sophus Lie showed [7, Chapter 3, §3, p. 85], that the third-order ordinary differential
equations connected by contact transformations with the simplest linear equation 4™ =0
are at most cubic in the secoid-order derivative. Lie himself did not investigate further the
problem of linearization ofithird-order equations neither by contact nor by point transfor-
mations. We owe to Shiinf'g—shen’(f’,‘hern [1,2] the first significant result toward the solution
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of the problem on linearization of third-order equations by means of contact transforma-
tions. Using Cartan’s method, he obtained conditions for the equivalence with the equations
w” =0 and 4" + u = 0. In his work, the conditions for linearization are given in terms
of geometric invariants of contact transformations and do not provide practical methods
for determining linearizing transformations. Likewise, the conditions for equivalence with
an arbitrary linear equation announced in {8] (see also [3]) are not given explicitly. Guy
Grebot [4] studied the linearization of third-order equations by means of arestricted class
of point transformations, namely t = ¢(x), # = ¥(x, y). However, the problem was not
completely solved (see further Remark 2.4). Recently, we have solved! [6] the problem on
linearization by general point transformations.

In the calculations presented here, we used computer algebra packages. The final resuits
were checked by comparing with theoretical results on invariants as well as by applying to
numerous known and new examples of linearization.

2. Point transformations of third-order equations

This section is dedicated to linearization of the third:order equations

UESIERNY | o @2.1)
by means of point transformations
t=x,y), u=1(x,y) 22)

We first investigate the necessary conditions for linearization and find the general form of
Eq. (2.1) that can be obtained from linear equations ‘by any point transformation. In conse-
quence, we arrive at two classes of equations/ providing the candidates for linearization by
point transformations. The first class contaitis-equations that are linear in the second-order
derivative and at most cubic in the first derivative, While the second class is quadratic in the
second derivative with a specific dependence on the first derivative. We write the general
linear third-order equation in Laguerrc s form

" +a(tu=0. L (2.3)
2.1. The candidates for lingarization

Using the common rules for the transformatlons of derivatives under the change of
variables (2.2) and singling out thc terms with ¥ and ()%, we have

D, (Q) A
e s = o el e =30, 0 @4
X x__
the omitted terms being at most linear in y”. The subseripts x and y denote the differenti-
ations in x and v, respectively, and
A=gxPy — @y #0 (2.5)

is the Jacobian of the change of variables (2.2). It is manifest from Eq. (2.4) that the trans-
formations (2.2) with ¢y = 0 and ¢y # 0, respectively, provide two distinctly different
candidates for lincarization (cf. Eq. (5.5)).
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If ¢y = 0, we work out the missing terms in (2.4), substitute the resulting expression
in (2.3) and obtain the following equation:

Y+ (A1y + A0y + B3y? + B2y’ + B1y + By =0,

where

A1 =39, 4y,
B3 = "!'fy_l‘a[’yyy,
fon2ap Nl 2
By = ((Px 1/’)’) (3§Dxx1:[f)’
By = (W;%I/fy)_l(3¢3x‘a[’x -

Ao =3(px¥y)”
By = 3(‘Px1i”y)_l(¢x"1"’xyy

— QuxxPx ¥y —

! (x ";t’xy -

'I'/y‘Pxx)»
- dfyy @rx)hs

If @y # 0, we set r(x, ¥} = ¢x /@y and arrive at the fol]owing_eqqgﬁon:

" 2 /2 ! Y’
o C C1y' +C
y +y’+r[ 30"+ (C2y' s + C1y' + Co)y
where
..3‘p —1 3@98A 3299 ] A
Co=3|=A| (=-——2-=4p
2 | 3y {3y dy ay?
Er dA  9ANde 8 [ B
“=3% {( " ax) ‘_ay"(rﬂy ’
Tae 17 dpaa a 3%, 2 3¢ dr dy or
Co=3|—A A A2 Z A~ 2r —
0= %y "] { 3y dx 3y dy 8x dy 8
AN ETCIRN X
Ds=—A a3 a3 111’
ay ay \dy 8> 092 3y
8% (%p ay  dgd’y 3\’
3_ - )
+ ay2(3y2 9y dy ay? tov dy
3 1! 39031#]33
Di=|22A 4A — 5S¢
= ey ] [[ 3.8y 1 8y3
a5 Lot 5432“’ o)™ 5 ey, 40 }
P28 _saTe (0T 5,000
ay? ay - 3y?\ 9y 3y ay? dy
e\ Py g %4 )’
5 — ——3 Su »
+ ”( y) o ey Ty
—1:

dyp
Dy=|-L
? [ByA

+ 30r

|

{2 [SA Sr —%}—+[6(%+7r%—3d

"....F?.J_bh
3y2 oy

dg

dy

82(;)

—_ 2A .
oy

dy

dp =1
2 3y

3
L9 3%y

By ay?

dy

e

8299

or
ay

)

(2.6)

2.7
(2.8)
(2.9)
(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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293 32 arda a4 22A78
! +10r2( 22 —"'+3 281 44l 02 T8 500109 !
2 dy ] 3 dy2  dy dy  Bxdy ay? |ay 2
3 30\ 3
4 +1ompr2(—5f) ] Q17 4
5 dy 5
: D a% 22124 — 5, 229Y 83 £ 107 AR °
T T —_— _—
7 2= By g 8y dy ay /) 9y3 7
8 8
A aA ) azx;f ar arlale -
9 6| 3r=—— +9r2- = 5.3 % —A— —8rA—|—=% o
%0 * l:rf’x T ay oy2  “ox . ay 8y’ 10
11 3 3 32 2 3 "-'5 11
12 +30r2[ ‘»lf 3A( (P) }(—2) + 10m/}r3(£) 12
@ dy dy dy Ay .
14 a ar a2r ar ar:d.A 14
4— 14 A— — 164 B o
15 +|: 3Y( ax )+ § (ay) + 3y, dx 15
18 18
ar 94 32A 32A ,3%A78
7 2o T — S 10f ] ‘P} (2.18) 17
18 dy dy dxdy 9x By ay 18
19 dp 17! g Y ) 19
D A itk 4 Pl
20 = [ay } { [16‘4 7oy oy ay3+ ! 20
. 84 24 4000ty or 0% .
22 3r|6r 22 f 10,222 5328 4A——14A r]— 22
23 + r|: "ox I dy dy 3)’2 ay | ay? 23
24 3 -1 8;& AN ¢ 52 92 24
25 + 1573 r%—4d b ) 4 —= " 128t o5
a dy dy By2 ) 9xay ay? e
2
27 or ar ar ar 94 ar A ar dA 27
19— ) —130——YA+3 = 45 2T 4 (3o
28 r(ay) dx By) + dx ox +or 8x dy + ray dx 28
29 29
ar dA 92A 82A A9
30 +15:22L 82 52 —wl r3—2:|—(£}, (2.19) %0
a1 dy oy dxdy ox ay* |dy .
%2 dp 17! dpdy 1% 500\ 8%y ap\’ a
Dy=|— —pi — | == —
. 0 [By A] [ [44 a5 () 55 TV 5 w
o 04 L0%  ar 52 o
3 +3r |:2r +2r2 Y Al 4 ] i 3
368 33’ 3)’ 9x By 36
a7 ar dg 3lp\? 3 3% , 3% 8%r 7
=54 — 33— 42 i
- I [ 3y (By) :|(3y2) +[( T axay T a2 >
Zi N 2
40 af XN ar or ar ar 84 ar 0A 40
- il — ) —7r—=— 14 I——— pr———
a1 or (ay) L ax) raxa +r dx dx +r8x dy 41
42 ; 2 2 42
JA , 924 3
13 p5porda p20r 24 oAy oo ] 220) a3
» 9y''dx ay ay Bxay ay? /| ay
44
45 45

Here A = @y~ py ¥y is the Jacobian (2.5).
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Definition 2.1. Equations (2.6) and (2.11) provide two different candidates for lineariza-
tion.

Thus, every linearizable third-order equation belongs either to the class of equa-
tions (2.6) with linear dependence on the second dertvative " or to the class of equa-
tions (2.11) that are at most quadratic in y” with a specific dependence on ¥'. In Sec-
tions 2.2 and 2.3, we formulate the main theorems containing necessary and sufficient
conditions for linearization as well as the methods for constructing the,: hnearlzmg point
transformations for each candidate. The proofs and illustrative examples affé provided in
the subsequent sections. ‘

2.2. The linearization test for Eq. (2.6)

Consider the first candidate for linearization, i.e., Eq. (2.6). Tn this case, the linearizing
transformations (2.2) have the form :

P=p(x), u=1(x,vy). 2.21)
Theorem 2.1. Equation (2.6), .

Y4 (Ary' + A0)y" + Bay® + Bay + Biy' + Bo =0, 2.6)
is linearizable if and only if its coefficients obey the following five equations:

Aoy —A1e=0, (3B — A} —3Ag), =0, 2.22)

3Arc + AoA1 —3B; =0,  3A1+ AT —9B;=0, (2.23)

(9B — 640; — 2A3) A1x +9(Bix — A1 Bo)y +3BiyA0 — 2TBoyy =0.  (224)

Provided that the conditions (2.22)-(2. 24) iare satisfied, the linearizing transforma-
tion (2.21) is defined by a third-order ordinary differential equation for the function ¢(x),
namely by the Riccati equation : :

dx b
65-— 3x2 =38 —»A%-3Aqx i (2.25)
for ‘
=¥z (2.26)
Dx
and by the following integrable system of partial differential equations for ¥ (x, y):

3y = A1y, Sny B + A0y, 227)

Yaxx = 3% Yux + Botpy — 6(3A0x + A3 —3B; 4+ 9x)¥x — 29, (2.28)
where y is given by (2.26) at;d §2 is the following expression:

2= _1“(9A0xx + 18AgyAg + 54Bgy — 27B1, + 4A3 — 18A0B; + 1841 By). (2.29)

54
Finally, the coefficient « of the resulting linear equation (2.3) is given by

=g (2.30)

L= I B - S I L
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Remark 2.1. Since the system of Eqs. {2.22)}—(2.24) provides the necessary and sufficient
conditions for linearization, it is invariant with respect to the transformations (2.21), It
means that the left-hand sides of Eqs. (2.22)—(2.24) are relative invariants (of the second-
order) for the equivalence group (2.21).
Remark 2.2, Using (2.22) and (2.23), one can replace Eq. (2.24) by

2y =0 (2.31)
Equation (2.31)} follows from (2.30) since ¢, = 0 and hence (a{t)), = («(p(x)), = 0.
Remark 2.3. Let us assume that £2 # 0. Then one can find the expressxons for ¢y, and
@xxx from Eq. (2.30) and substitute them in (2.25) to obtain

a~ B33 (6aa” — T(a)?) = 682,02 — 122 — 98822, . (2.32)

X : B

where § = (3B ~ A% —3Ap:)/3 and o is the derivative of tH fanction w(t).

Remark 2.4, If £2 =0, the necessary and sufficient conditions for linearization given by
our four equations (2.22), (2.23) together with the fifth equation £2 = 0 are equivalent to
the five equations given by (22), (23), (24) and (21) from [4].

If £2 % 0, the conditions (22), (23), (26) and (21) are given in [4] as the necessary and
sufficient conditions for linearization. However, upon examining simple examples (e.g., the
equation ¥ 4 y? = 0, see [6]) this statement appears false. To complete the linearization
test, our Eq. (2.24) or the equivalent Eq. (2.31) shouldsbe added. Note that our Eq. (2.32)
is equivalent to the equation (26} from [4] after substituting the factor 7 which is missing
in [4]. ‘

2.3. The linearization test for Eq. (2.11)

Theorem 2.2, Equation (2.11) is lmeanzable lf and only if its coefficients obey the follow-
ing equations:

ar

Co = 6r5 - 6— +rCi — r2C2, . (2.33)
3r  3C, 3 adh - '
6o =222 22 002 L 2.34
2o ax  ay '8y+28y (2.34)
8¢, HCE  3Cy . L0 3% ar\>
18Dy =3 Y Pttt B P B R — 54 —
0 r[ o Y Tty axdy ax
a2 9r 9 ar\?2 3
+6r 3—+15—r—r—6r Y 160 —repy—
dox 8y dy dx

+72 [9(rC2 - 2c1)5— —2C 4-2rC1Cy + 4r2C3 + 1872Dy — 72r3D5j| ,
: y

(2.35)

aC 32
+333 22 _36r—

28C aCy 77 2@
ay oxdy

18Dy =9r —7 = 12r— -2

o m ~N Ot B W N =
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2
+ 18— +6(3C; +4rC2)—— -~ 3r({6C +7rC2)— + 18~ (Br)

dy
1sarar 4rC2 — 272C1Cy + 2003 3 4
185 g~ Cl -t CC 0r3C3 +72r Dy — 270r* D5, (2.36)
aCi aC aCs 50C,
9Dy = 3r— —3—L —21r—= 42122 -
2= T e e Ty +15C28x |
9 _
- 15r02£ — €} —5rC1Cy + 14r2C3 + 54r2 Dy — 180r%Ds, (2.37)
aC, _aC o
305 = 3r—y2 - 33—2 ~ C1C3 +2rC2 + 127Dy — 30,2Ds, (2.38)
aD a2C 3 C -
54—4— 18~ L Tt g —72—8——%--39(:2@
ox dy dxdy ax
32C2 aC, 8C, ar
18 —3rCa— = + (7257 +33CF )z 4 108Dy
18 28y+( 5y 2)3+ “By
a 3Ds aD
127000 4 378,205 _ 08,2305 s,
ox ox ayl, I dy
+36rCy Ds — 8rC3 — 36rC3 Dy + 108-°C5Ds + 54r H, (2.39)
and
aH ar aH .
SALIEY ! BN ' 2.40
o 3 % +r 3 ( : (2.40)
where
aDs _d 9 Ds 3
g=9Ps_,80s o -SDsi—zrchg
ay dx dy
32C, aC, ' 4
20, —= ~2 C;D C 2.41
+3[82+ 2%y C1D5+224:|+272 (241}

Provided that the conditions (2.33)~(2.40) are satisfied, the transformation (2.2) mapping
Eq. (2.11) to a linear equation (2.3) =i.i*gm’;vzfr’uln,e_d by solving the following compatible system
of equations for the functions p(x, v) e (x, y):

gy (2.42)

dy
2 2
379
) +[15r1)5—3u4—c2-3—2](—°°) , (2.43)
‘ dy I\ 9y
aCy | ayr
Dy —3—=
— 3Dy 3a j|8y

e 3 Ay -2
(Hy) 2(8y ) By(3y) ’ (249

where the function W i deﬁned by the equations

W
3—=|Cy —-rC2+6—— , 3— =W, (2.45)
dx ay dy

w o N R W N =

o B B B W W W oW W [ G L O M R R N RN RN RN DN e e e a2
aamm-c:mmqmmgmgg-to«:m-qmmAwm—xotomumc:bmm-‘c
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The coefficient « of the resulting linear equation (2.3) is given by (cf. (2.30))
_H
~ 20g)?

where H is the function defined in (2.41).

(2.46)

Remark 2.5. Equations (2.33)—(2.40) define eight relative invariants of the second-order
for the general point transformation group (2.2) (cf. Remark 2.5).

3. Proof of the linearization theorems

The proof of the linearization theorems formulated above relquires thvestigation of inte-
grability conditions for the equations given in Section 2.1. We will consider the problem for
the candidates (2.6) and (2.11) separately. The problem is formiglated as follows. Given the
coefficients A; (x, ¥), B; (x, y) and C;(x, ¥), D;(x, ¥) of Egs. 2.6) and (2.11), respectively,
find the integrability conditions of the respective equationsfor the functions ¢ and ¥

3.1. Proof of Theorem 2.1

Let us turn to the proof of Theorem 2.1 on linearizdtion of Eq. (2.6). Namely, given
the coefficients A; (x, y), B (x, ¥) of Eq. (2.6), we have to find the necessary and sufficient
conditions for integrability of the over—detcrm;ned system (2.7y-(2.10) for the unknown
functions ¢{x) and ¥ (x, ¥).

We first rewrite the expressions (2.7) for A] and Ao in the following integrable form
(cf. (3.14)):

Apg= 3%, A= 3%,
where W = v, /¢, and

H =1, (3.1)
Equation (3.1) and the definition of W yield:

@ =HW!, . (3.2)

Wy, =H,WH™L. (3.3)
Now Eqs. (2.8) and (2.9) dre written in the form

Bs=H7'H,y,, By=3W 'H *(HyHW — H:H,W + H,W. H)
and

Bl =(HW) 22H HW? —3HZW2 L 2H, W HW + W H>W + W2H?),

respectively. Furthigrinore, Eq. (2.10) for By becomes

© @ N g s WD -
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S=(H*WW,, — HW2 H,x +3W*H? — 4HWH, W, + H*W2) Wy,
+3(HW, — WHOHW oy + H*W i, — H3W3By +aH>y =0.  (3.4)

One can determine o from Eq. (3.4). Namely, the reckoning shows that it is convenient
to use, instead of S = 0, the equation

Sy —5H,S=0.
It follows:
W o o

56 — [H3W2Boy — Hyox H*W? + 4H,  H.HW? — 3HxxWxH W
—3HIW? + 4H2W HW — H W, H*W — HyW;H® + sHyBonwz]. (3.5)
Since ¢ = @(x}, we have oy = 0 and Eq. (3.5) yields:
H®Buyy + HHy Boy + H(H™' Hy) By — [3Hxy H] — H Hyy Hyx
+ H*Hyxxy — HHexx Hy — 3H Hyxy Hy + 4Hy He Hy — 3H - H2H, |
— W 4HZH, W, — HH Hy Wy, — 4H Hyy Hy Wy ~3H Hy Hy W,

o=

+ H*HeyWix + 3H*Hery Wi ] — Hw-2W2fHny ~ HyH,]=0. (3.6)
Rewriting Eq. (3.2) in the form
H=Wg, B X))

and invoking that ¢ = @(x), the rcpresentatlons for and B3 can be written as

By =3W Wy,  Bi=W'lw,,.

The representation for By, upon denoting x : qox x, leads to Eq. (2.25):

DA SRS
3(2x' — x%) =3B - 379 - AL, (3.8)
Using Eq. (3.3) and the expressions for Ag and A1, one determines the first-order deriv-
atives of W: L
W, = §WA0, Wy = %WAHJ (3.9
Hence, Eqs. (2.23):
A A
3B, =321 4 AgA;,  9B3=3214 a2
dx dy
Equating the mixed derivatives. W,y and Wy » obtained from Egs. (3.9), one arrives at the
first equation (2.22):
dAp 944
dy ~ ax
Since ¢, and hence x does not depend on y, differentiation of Eq. (3.8) with respect to y
yields the second equatlon @ 122):
9241 1. .08

3— %) +2Ao '—35—0. (3.11)

(3.10)

© o N v s DN -
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Furthermore, invoking Eqs. (3.1), (3.9), we eliminate H and W, together with their deriv-
atives, from Eq. (3.6) and arrive at Eq. (2.24).

Equations (2.27) are provided by (3.9) whereas Eq. (2.28) is obtained from Eq. (3.4).
Thus, we can obtain ali third-order derivatives of ¥. Namely Eq. (2.28) gives Yry1x, and the
remaining derivatives ¥xxy, ¥xyy and ¥y, are obtained from Egs. (2.27) by differentiat-
ing. The reckoning shows that all mixed fourth-order derivatives found from these different
expressions for the third-order derivatives are equal. It means that Egs. (2:27)(2.28) for
¥ (x, ¥} are in involution. Finally, we obtain Eqs. (2.29)—(2.30} from (8! 5) and complete
the proof of Theorem 2.1.

3.2. Proof of Theorem 2.2

The problem is formulated as follows. Given the coefficients Citx, ¥), D;(x,y) of
Eg. (2.11), find the necessary and sufficient conditions for integrability of the over-
determined system (2.12)—(2.20) for the unknown functions @(x, y) and ¥(x, y). Recall
that, according to our notation, the following equations hold:

—A
Px =Ty, ¥y = —‘lfy(ax (3.12)
Py
and
oy = oy, , (3.13)
Py :

Let us simplify the expressions (2.12)—(2.14) for thé coefficients C;. We rewrite the
right-hand side of Eq. (2.12) in the form

3 Jq A W d [ A
A 2A@y) = —— - @3 3L,
Aey —(Aypy — 2A0y,) Aoy TPy Py (9’2) 23y ( )

and, setting

Cy= Wy S (3.14)

rewrite Eq. (2.12) as follows:

Wy iPy d /A
W A 9y pz)
The integration yields

A
Wx, y) = h(x)—.
¥y
Since the coefficient A(x) will not appear in the expression (3.14) for Co, we willlet h = 1
without loss of generality and get

A=Wl (3.15)
Then Eqs. (3.14), (2,13) and (2.14) yield:

W W W, —-2W
Wiy 6y, cp=3tx 2T (3.16)

14
Cr=3-2,+ € '=3 W

W w
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Substituting the expression (3.15) for A in (2.15) and (2.16), one arrives at the following
equations:

G5 ¥ysy = (PryPyyy ¥y — 305y ¥y + 30503y ¥y, — g + Wy Ds), (3.17)
2Woyeyyy = (3Woy, — 3] Wyy — W2 Dy + S¢ZrWDs). (3.18)
Furthermore, the expressions (2.17)~(2.20) for D3, ..., Dy become:
-1 |: 6 ar oW 32w 2w

Dy=W

ay dy 8x8y+33 z

a%r ar oW 83 or ar dW
Dy =w! Wtd—— —2—rW—4
2 |: dxdy + dx By ay2 ! ( y) Wk & ay ax

r+4DyW ~ 10D5r2fW{|, (3.19)

dr aW 32W 2w 82w
10 ——r — -
* Oa)’ ay 4 73x8yr ax2 +8 3y2 +§D4f’ W 20Dsr W]
L (3.20)
2 2
D= _1|:2 o°r r 3_1‘
dxdy y
ar oW 32y 2 or BW
+ S5 zr =3z W - W A5 —p - § e e ?
ax 3y " ay? (ay)r + 35 9 o
2 2 - ‘g‘
3x8y ax y '
[ 2 ar or o S r oW
Do=W [rrw 3( ) W_é.__,,w 3oV,
ar W , 92 ar W 5 or aWw
2 Ll BAW g 2, 97 oW 3

dx 8y 8y2r t 5 8y Bx Tax . 8y By

2w o, W W
L 2 b2 +D4r4W 4D5r5W:| (3.22)

axdy | ax2 | Tay2
Let us turn now to the integrability problem. One can find all third-order derivatives of

the functions ¢ and ¥ by using Eqs.:(3.12), (3.17) and (3.18). Then, calculating the cross
derivatives, one obtains from th ation (@xyy)y = (@yyydx:

D5 ar ar 3r ar
2

P 4+ 5Ds[ — —3 2 2D
e T D55 -3 ) -2+ 204
ara_ a3W P’w LW aW LW
3WH 28— W™

" [a 0y axay2+ray3]+ e [ ]

0Dy
ax

ax ay
(3.23)

Furthermore, we consider the equation (¥rxyy)y = (¥ryyy ) and write it in the form
S=2ap}—H=0, (3.24)
where (cf. (2.41)).

L - R . I R

oL W W W W o W W o R RN D ONNN NN e e e e e ek -



© o ~ ¢t B N =

- 4 L o .
L+ I T B =

17

S0022-247K(05)00037-5/FLA AID:9935 Vol.ewe(

[DTDS] P.12 (1-24)
YJMAA:ml v 1.32 Prn:28/01/2005; 14:13

by:CG p. 12

12 NI Ibragimoy, S.V. Meleshko /J. Math. Anal. Appl. ess (sses) sss—ses
oD aD oD 3
H=12 5005 5,085 p ot
dy dx a ay
3 aW W\ ow
+w | 20 apes— 4 (204 —&rDs+3WTI S ) ]
ay? ay
Since ¢y # 0, Eq. (3.24) yields (2.46):
H
o = ——
2(0),

Now the equation o; — rary = 0 leads to Eq. (2.40):

The reckoning shows that the above equations for the functions ¥(x, y) and ¢(x, y) are in
involution. Namely, all mixed fourth-order derivatives found from different equations are
equal. Eliminating W from the above relations, one arrives.atthe linearization conditions
summarized in Section 2.3. For example, using the expressions for €y and €2 given in
(3.16) one can find the first derivatives of W:

1 1 '
W, = §WC2, W, = §W(C‘ —rCy +6ry). (3.25)
Equating the mixed derivatives Wy, and Wy, ong obtain_si(Z.BS):

(C2)x = (C1)y + Cary + r(C2)y — bryy = 0

Other equations from Section 2.3 are obtained by anOklng Egs. (3.25) in the expressions
for the functions Do, Dy, D2, D3, (Da)x, and (D4)y This completes the proof of Theo-
rem 2.2.

4. Illustration of the linearization theorems

4.1, Examples on Theorem 2.1

Example 4.1, The equation

6
ymL_ (Ey;+ E)y’ " 62yf3+ 6 yr2+ Zy +6— ={ (4.1)
Yy x xy
is an equation of the formf(ﬁf(i)’ with the coefficients
6 1.3 6 6 6 6y
S =%y By = — =—, Bi=—, By=-—. 4.2
Al 5 Ag x. B3_y2, B2 el =13 0="3 (4.2)

One can readily verify that the coefficients (4.2) obey the conditions (2.22)—(2.24). We
have

3B) — A} - 340, =0, (4.3)

L o ~N o AR W N~
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and Eq. (2.25) is written
dy 2
2= —y<=0.
dx X

Let us take its simplest solution x = §. Then, invoking (2.26), we let ¢ = x. Now
Eqgs. (2.27) are written

dlnlyy| 2 dlnlyyi 1

[

ay ¥ dx x
and yield
K
=—, K =const.
‘/fy xy2
Hence
K
V=@,
Since one can use any particular solution, we set K = — 1,§ f (x 7= 0 and take
1
w —_—
X y

Invoking (4.3) and noting that (2.29) yields £2 = 0, one can readlly verify that the function
¥ = 1/(xy) solves Eq. (2.28) as well. Since £2 = =0, Eq 1(2.30) gives & = 0. Hence, the
transformation -

1
t=x, u=— (4.4)
xy
maps Eq. (4.1) to the linear equation
uﬂ.’ = 0.
Example 4.2. Consider the following equation.of the form (2.6):
3 3
Y'Y =3y = Sy Ry -y =0, (4.5)

Its coefﬁcwnts

A1=;, Ag=-3, B3=0, B2=‘”‘”}‘;'; Bi=2, By=-vy

obey the linearization conditions (2.22)—(2.24). Furthermore,
3By — A3~ 3Aq; =3
and Eq. (2.25) is written

'y = 1 and obtain from (2.26) the equation ¢” = ¢’, whence

@ e N R G Rk WD =
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Equations (2.27) have the form

dlnlyy| 1 _
dy y’ Ve =0

and can be readily solved. We take the simplest solution ¥ = y? and obtain the following
change of variables (2.21):

t=¢, u=y (4.6)
Substituting £2 = —2 and ¢, = e* =1t in (2.30), we obtain a(#) == —2¢73, Thus, Eq. (4.5)
is mapped by the transformation (4.6} to the linear equation

— Su=0. (4.7)

Remark 4.1. In the previous examples, the calculations for: determining the linearizing
transformations were confined to particular solutions of Eqs,:(2:25)—(2.28). The reason
was that, by considering the general solutions to Eqgs. (2.25)%(2.28), we would add only
the symmetry and equivalence transformations for the original and linearized equations,
respectively.

4.2. An example on Theorem 2.2

Consider the nonlinear equation
ym + 3]"7[___3yﬂ'2 . xy-’s] = 0. (4.8)
It has the form (2.11) with the following coefficients:
r=0, Co=C1=Cr=0, _
Do=D =Dy=D3=Ds4=0,  Ds=—x. (4.9)

Let us test Eq. (4.8) for linearization by using Theorem 2.2. It is manifest that the coef-
ficients (4.9) satisfy Eqs. (2.33)~(2! Fyrthermore, Eq. (2.40) also holds since (2.41)
yields -

H=2. _ (4.10)
Thus, Eq. (4.8) is lingarizabl nd g:can proceed further. Equations (2.45) are written
W aw
—— =0 — =0
and vield W = const. Therefore, Eqs. {2.42) have the form
9 0, W_ .y
dox dx dy
and hence: '

v =g(y), ¥ =-Wx¢'(y) + o(y). (4.11)

L-T- B - I R L
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Now the third-order equations (2.43) and (2.44) yield the ordinary differential equation

3 "2
"_ 5%’_ 4.12)
for ¢(v) and the partial differential equation
33 " 32 3 "2 g
LAY A L Aok d AT (4.13)

3y3 = qo’ 3)72 2(0!2 3'y

for yr(x, y), respectively. Using the expression for y given in (4.11) nqu (4.12) for ¢,
we reduce Eq. (4.13) to :

Hence, one can satisfy Eq. (4.13) by letting w(y) = 0. Then thé construction of the lin-
earizing transformation requires integration of Eq. (4.12) known:in the literature as the
Schwarzian equation. Its general solution is provided by the sttaight lines

e=ky+1I, k,I=const, : {4.14)
and the hyperbolas
p=a+ , «,b,c=const, (4.15)
b—cy

,,,,,,

Let us take the simplest solution ¢ = y of the f§

Now we set W = -1, w = 0in (4.11) and arrivg at e.thange of variables
t=y, u=x, : 4.16)
reducing (4.8) to the following linear equation:
" +u=0. . (4.17)
Taking the solution to Eq. (4.12) in'the fofm (4.15), one obtains from (2.46}):
p : ;
P . 3cy) _

Thus, eliminating & — cy by using Eq. E(4.15) written as ¢ = a + (b — cy) ™!, one obtains
a(t) = [c(t — a)*]™3. Hence, the change of variables

1

ey 4.18
b—cy’ u=e (4.18)

t=a+

maps Eq. (4.8) to the following .ﬁ‘lternative linear equation:

u e
——=0. 4.19
3 —a)b 0 (@.19)

It is known, howeve;{,' that tﬁé two equations (4.17) and (4.19) are equivalent. Therefore,
Eq. (4.17) and the cﬁﬁﬁgg—: of variables (4.16) can be regarded as a standard linearization
of Eq. (4.8). e
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5. Linearization by contact transformations

A transformation

t=e(x,y, P u=y{x,¥,p) g=g(x,»p) {5.1)

of the variables x, y and p = y' = dy/dx is called a contact transformatmn if it obeys the
contact condition g =4’ =du/dt, ie.,if

Dyye(x,y, p)

X, y,pl=——\ 5.2
86 D)= Dotr . ) 62
Equation (5.2) implies that the functions @, ¥ and g are related by

VYp=80p,  Yx+p¥y=(p:+ Poy)g. (5.3)

Furthermore, the functions ¢, ¥ and g should be functionally independent, i.e., should
have the nonvanishing Jacobian. The latter condition, invoking (5._3_), is written as follows:
(0yg — ¥y)[(8x + Pgy)ep — (0x + Pey)Ep] #0. '

It follows, in particular, that if ¢, = O then ¥, = 0, and Hence (5.1) is a point transfor-
mation considered in the previous sections. Thereforg; we assume in what follows that

¢p # 0.
One can verify that if one applies the contact transformation (5.1) to the general linear
equation, e.g., taken in Laguerre,’s form

w” L o(f)u = ; (5.4)

one arrives at nonlinear cquations that are at most gubic in the second-order derivative, i.e.,
at the following equations indicated by Lie (see Iritroduction):

¥ 4 a(x, v, 302 b(x, v, Y)Y F 4 ey, Y)Y +d(x, y,¥) =0. (5.5)

5.1. Second-order relative invariants of contact transformations

It was mentioned in the previous sections, (Remarks 2.1 and 2.5) that the second-order
relative invariants of point transformations play a central part in the linearization problem.
Therefore, let us investigate relative:invariants for the equations (5.5) with respect to the
contact transformations. The search for second-order invariants of the equivalence group
leads to the following result.

Lemma 35.1. The contact trdnsfé’rmdtions (5.1} have swo distincily different systems of
invariant equations. The first system has the form
J1=0, J2 =0 J3=0, Ja=0, (5.6)
where J|, Ja, J3, Jy are the se'cand—order relative invariants defined by
J1= 27apx —i—Z?a p = ISa_,,c — 18a;b — 18a,bp + 81ay + 18b,b — 9b,
18byap — 36c,a — 54a’d + 18abe — 4b°,
J2 = —18apd’= 'Is;;xc +9ayy — 18aycp + 18ays p -+ 9ayy p* + 6b,c + 3bpy

w o ~N o e W N =
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+ 3byyp ++ Gbyb + 6bybp + 24by — 6¢,p — 36dpa — 18abd + 12ac* — 2b%c,
J3 =36axd + 36aydp — Gbyy — 12by,p — 6byy p? — 6¢pC + 3¢px + 3cpyp — 6xb
—6cybp —2lcy + 18dpb + 9d,, + 18da + 18dyap — 18acd
+ 12b%d — 2bc?,
Js = —36byd — 36bydp + 18¢pd + 18cxc -+ Yexx + 18¢ycp + 18¢y, p + 9oy p*
— 18dpc — 27dpy —27dpyp — 18dxb — 18dybp + 54a'y +54 d*
— 18bcd + 4¢>.

The second invariant system has the form

J5=0, J= (5.7

where Js, Jg are the following second-order relative invariants:

1 .fz J1 Jsdh J;
Js=-{Hn-3 Jo=—( 432 3
5 3(2 14) 6 (9+ Ts +9gg)_

Proof. The gcnerator of the group of contact transforrﬁéu:idﬁs has the form

3 IR
X = ;-—+n—+;—+§ —+z: s+ g+ 805

where Py
§=—Wp  n=W—pW,), =Wt prW)
and g
{4 = —3Wyypa ~3Wpra — Wppp + Wppb—2Wya,
tb = —Wyypb — 3Wpy — Wy — 3Wppyp — 3Wppr +2Wppc — 6Wye pa
—3Wyyp a—Wyb— 3Wxxaf
£ = —6Wpyrp — 3Wpyyp? + Wpypc 3prx o+ Wy + 3Wppd — 4W,y, pb
— 3Wyy — 2Wyy p2b — 3Wyyp ~ 2W, b,
£% =3Woypd 4 3Wped — 3Wysup— 2Wyx pe — Wyyy p° — 3Wyy, p?
yypzc-i- Wyd — Wiy - Wixc.

Here W(x, y, p) is an arbitrary function known as the characteristic function of the con-
tact transformation group. The reckonmg shows that the invariant test yields the following
equations:

Fin BF aF
Si(Fy= -3/ +.J4 2J3-— =0,
1{F)y= 231 BJ3+ 3;”:2
oF BF aF
= J— J Jr— =
52(F)=3J) + 38] +22812 0,
F aF oF
S3(F) =304 23—+ Jo— =10,

BJ 33 S,

[« T -- S O - L= " T\
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aF aF aF
S4(F)=3/3—4+2h—~J— =0,
4(F) 3BJ4+ %5 3%

where J1, J2, J5 and J4 are the quantities used in (5.6). The above equations have only the
trivial solution F = const., and hence there are no absolute invariants. Therefore, we look
for relative invariants defined by equations

Fi(J1, b, J3,d5) =0, i=1,...,k, . (P)
such that
Sﬂﬂmm=a i=1,2,3,4i=1,... k.

Let J4| @) = 0. Then, setting 1 = J4 and considering the equatien S4(F y=20, one
obtains J3 = 0. This implies S;(J3) = 2J = 0, whence S3(J3) = =J; = 0. Hence, the
equation J4 =0 implies J| =0, J; =0, J3 = 0. Likewise, J3 = 0 imglies J; =0, J, =0,
J4 = 0. Thus, we arrive at the invariant system (5.6). e -

Now we let Ja|(py # 0. In this case, the general solutio;'iito the équation S1 = 0 has the
form

F=F(Jy,Js5,J5)

with J5 and Js used in (5.7). The remaining equations becomc

aF ar aE aF
SHFy=3—Js+2—J5=0, Sz(Fy= —dJs +3—J =0,
2 F) 37c 6+ YA 3(F) 3J.55+ 87,
WF g, 8F
J4Ss(FYy+ BSoF) — BS:y(F)=3{ 1l — - 2Ji—— | =0.
LE aJs
The equation S3(F} = 0 yields
F=F(J,Je),
where J; =9J, ! 153' The remaining twoé’équatigns become:
L aF
27 —FR =0
+ 37 7)

If J5 % 0, then J;7 # 0 and there are ﬁb“?imfariant equations, On the other hand, if Js =0
the invariance conditions reduce to one equation, namely:

3J
Jo— =0,
887

Thus, we arrive at the invariantsystem (5.7) thus completing the proof. O

5.2. Equations equivalent to " =0

In Sections 5.2 and 5.3, we use the following operator of semi-total differentiation:

" g 3
D= — . .8
8x+p3‘y 5-8)

In the case o =0, after running the program, we obtain the following result.

D 0 N A R W N
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Theorem 5.1. Equation (5.5) is linearizable to the equation u™ = 0 if and only if its coef-
ficients obey Egs. (5.6):

J1 =0, Jo =0, J3=0, I =0. 5.6

Provided that the four conditions (5.0) are satisfied, the transformation (5.1) linearizing
Eq. (5.5) to u" = 0 is obtained by solving the following compatible system of equations
@(x, ¥, p), ¥(x, ¥, p), gx, ¥, p), k(x,y, p) and H(x, y, p): =

Dy = Hg, vy =@y8 t+k, Vp=0¢p8, :
¢pDg=Hgp—k,  3gy0% =3k +3aHk + 0, (3eyity — bk),
$p8pp = ($pp8p +ak), o
3¢5 Dk =3¢, Hk + 3aH% ~ Hopbk + 3,0k,
9<ppky = 18¢py0pk — 0ppeyk + 3a Hk(2ppe — 3§9y
—9DaHke, + 3Dbke? + Hepk(3b, — 2&2)
+ 0pk(=3cppp +@pbe + 3pyb),
3gpkp = 3@ppk +3aHk — @ubk,
54(plz,goyy = 108¢py0p0y — 54rppp40$ + 6aH(3 2bd - g(%ﬁiwzcz + 3;02 De
+ 6¢ppyC — 9(oy) + 18aqap(2§opcd 3(0de 3pyd)
|- 18DquJp(2¢:pc - 3¢y) -;10813&@ i 18DbH(p2b
+ 6quop (¢ +3¢y) + Hop(~ 6bpgopc + 18bpey — 27bypp
+6cp0pb + 9(DB) 0y +Bppb7c = 270, D%a — 12¢,b7)
+ 20, (9,92 ~ 9,0ty Jr'?:%y(pf, —9(De) pl — 9dpo2b
— 12¢2b%d + 2¢%bc? » 6y PEDC +9¢; 2D% 4 3pppybe + 992b),
54950 ppy = 10805y 0pp0p + 5499py“H <"1; 18¢py @b ~ 2745,y
— S4gppaHeoy +18¢pp0peyb +9a 2H*(—2ppc — 3¢,) + 54a’Hold
+ 27aDaH2gap - ISanHtpp +3aH%p,(—3bp + 2b%)
wpbe +3pyb) + 9ap,(~ 3dpe} — d@lbd +2¢c
—g2Dc— 2¢P¢yc —3¢2) +9Dagk(—4ppc + 3¢,y + 18Dbb
— S4Hayp? + @2 (6bpwpc — 9bpey + 45byp, — 60,00 — HDb) o0,
— 2¢pb%c + 279, D% + 3p,b%),
6@ p@ppp = 990?,p —9a%H% + baHopph — 12ap,p, — 3l§a(p§
—6Happ, + 92 (3bp — b,
3p2DH = 3@1?,,,112 4 3aH? — H*p,b + Hop(—ppe +30,) + 303d,
18¢,Hy = (18¢pyH +6aH% — 18aH¢pd —9DaH?

© o N’ kW N =

I Y T - T T~ R 1] W W W L W R RN R R M NN N R S 2 A
m.pmm-nomm-qoaaaww—-owmﬂmm-h@m—totom-qcnmc-mm—to



kg

rﬁzs %

JE

S0022-247X(05)00037-5/FLA AID;9935 Vol.ooo(-yj)rna 39935 [DTD5] P.20 (1-24)

YIMAA:m1 v 1.32 Prn:28/01/2005; 14:13 by:CG p. 20
20 N.H. lbragimov, 5.V. Meleshko /J. Math. Anal. Appl. eee (esss) sse—ess
1 +6DbHo, + H2(3b ~2b%) + 2Hp(—3cp + be) + 9d,p02 1
2 2 5 & 2
3 + 6p5bd — 290 c?— 3¢pDc+ 9;0),) s
4 3ga,,HP=399WH+3aH2—2Hgopb+gop(gopc—i—3goy), 4
5 5
. where 6
7 H = ¢ + pyy, k=q@pgx+@p8yP — ¢x8p —¥y&pP #0. . 7
s .
9 5.3 Equations equivalent to u™ +a()u =0 9
10 10
" The test for linearization by contact transformation by reducing toequations of the form 11
12w + a(t)u =0 with a(£) # 0 is given by the following theorem. 12
13 : 13
14 Theorem 5.2. Equation (5.5) is reducible to a linear equationw” + a(tyu =0 with 1
15 o(t) # 0 if and ondy if J1 # 0 and the following eight equations hold: 15
16 N 18
17 Ja=—J3/0y, Ja=BIE, - 17
18 I DI = Jipds +3ad} — 2601 5 + Tic, _ 18
19 R 19
20 J sz—fzp.fl.fz-l-Zafz——leJz —I—J d, 20
21 9T Fapp = Sapd1 I} — 6bpd 2Ty + 91 ppJi = 150%, Jo + 1501 1ap Ty o
2
- + Jip(—15aJ3 + 4bJ1 Ty -+ Jlc) + 3J1, 0} =
24 +6.:’2PJ1(3aJ2—bJ1)+3CP=£]13,_. : 04
2 1873 Jax = —3bp JE TG p — OJL I3 p +18Wip S Tap 2
26 28
27 +6J1pap(—3al} +2b 0 5 — i) — 18J1,J ap — 993, J7p v
28 + 642, J1(3ad5p — 2bd112p+ JEep +3J102) - 9d, dip 28
20 29
% 6,3 hap —9a2TE pk 12ab Ty I3 p + 1803 Ipdp — 120 J2I2 cp %
at +36a 103 — 262 I I3 p - 6bJidp + 260} hacp — 18bIEIZ + Jftp m
e +3J}Dep +18J 51, Dbp +9J272 Dap, %2
33 : 33
o 1810 oy = 3bp I I3 + 9J L I3+ 8015 Jap 1 o 4+ 6J1p02(3a 05 — 20011y + TTe) 4,
35 + 1801y I P ok QT E + 602 1 (—3aJ + 2001 J — Jic) 35
36 i : 36
- 16c I+ 9421} — 12ab 1 J3 — 18aJ3 )ad o
38 + 12020 2et 2pR IR I + 6bJtd — 2b I} o — JP? =301 De 38
39 37 A 2 12 A 39
" SdaydypJy I3 — Sbap iy dE 0y + 18ap T B (3adF — 2601 0y + Jic) a1
:z — 36bpJipJ T + 36bpdapJE + 36, J2(—9aJE 4 8bJ Iy — 6J3c) :z
ua + 181 ppdipidi J2 — 181 ppdap JE + 601 pp 1 (3003 — 2001 J2 + JEc) u

45 — 24070 I ¥ 24TE, Bpdy + IE, (123003 4 22b T I - 8T ) a5
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— 240101y JE + 6015 J2p 11 (300 Jy — bJ) + 2015 (—63a2J3 + 45ab 1 I3
—39aJ{Jac +4b2IE D + bide + 27721 Da) + 641y JH(=3ady + bJy)

— 81J3,ad} + 612, J1(18a2 T} — 12abJy )y + 12aJfc — 2b°JE — 972 Da)
+27dpal} + Sday I} Jy — 45by I} + 1801 py I} — 18c,a J3 Ty + 6c,b T}
+9(Db), I} — 2703 13 + 36a%b 01 I3 — 5423 Dd — 36a?§l§zj%c
— 6ab*JL I} + 36abJid + 42abJ3 hae — 33ad}c? + 9ad}De
+18aJ3 1 Db + 270012 Da — 863 I3 15 + 6620 c — 1867} Db
—36bJ3 L Da+ Iy + 5404 cDa — 210 D20 =0,

810a,J1,J1J3d — 810ayJ2, 7 Jod + 2700, 01 hd(3a 3 — 261y Jo + J )

— 5400 J1 p I Fad + 5406y Jap T3 d + 9b, JH(~43605d -+ 4061 Jad

—307%¢d — 672 Dd) + 27011 5y J1 ]y Jod — 270159 T2 I3

+90J1pp 11d(3a 3 — 2b 11Ty + JPc) — 360J3 Jod + 36007, Jop J1d

+1572 d(—123aJ3 + 22bJ1 13 — 8J7¢) — 360Yi1, I3

+90J1 pJap J1d(30a 2 — b1 + 31, (— 630a /3d +450abJy JZd
—390aJ2J2cd + 406> T} Jod ++ 10bJ; S 4«%79,!1 JDad — 1y J2)
+90J1,J2d(=3aly + bJy) — 121503 ad3d + 912,71 (1804213

— 120abJy Jod + 120ad3cd — 20b2112d 90J¢Dad + 1 J3)

+9d, JHd5ad — 2bc + 6Db) + 810d5U3 Jad — 486b,Jid + 270, 5y J2d

— 270c,a 3 T2d + 108c,bT{d — 00cyJic + 54(Db) I + 18(De) e
—243(De)y IE + 54(D20) p JH B 81diy TH + 162dybT¢ — 40543 I3d
+540a%bJ) J3d — 810a I} 1rd?® — 540a* I} T} cd — 90ab? I J5d 4 594abJid?
+630abJ} hed — 4950 J4¢ dalteDd —27alfDed 4 162a0 D%
+270a 77 J, Dbd 4 405a J2 T} Dad + 9a J1 33 ~ 1200° 77 Jod + 1202 Fed
+ 366274 Dl + AbJ4ES — 144b. 14 Dbd — 18614 D%c — 540673 1 Dad

— 4bJ}I3 + 240} had — 187} 2 Db + 7027 ¢ Dad — 367} ¢ Db

+486J DaDd ~ 541{ DbDc — 541} Db - 377 JFc = 0.

Note that the first two equations of this system, J3 = —.122 JJ, Ja = 123 /J?, are equivalent
to the invariant system (5.7). The other equations define relative invariants up to the fourth-

The coefficient a(t) of the resultmg linear equation is given by

o = Ji/(54¢3) #0.
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Furthermore, the linearizing contact transformation is obtained by solving the following
compatible system of 11 equations for four functions ¢(x, y, p), ¥(x,y, p), g(x, ¥, p) and
k(x,y,p):

IDo=g,h, 310y =p(-3J1p02+3D2pJy — 3aJF + 2001 - JEe),
6T 0pppp = 992,07 + @2{1201 pads — 120ypady — 6apJ1 J2 +3b, JE + 30207
—2abJ1Jp +4adic — b*JE — 301 Da),
vp1Dg = ppgp T2 — Jik,
32 Jtey =3¢tk + ¢pik(3ady — bh1)
+ 928, (=301pda + 3d2pd1 — 3aF + 2b 185 He),
S4gpgpp = S40ppgp + Sdak — 1y,
Vp=9p8, DY =pphs, ,
308y = —3J1p0p 128 + 32p0p 18 + 3Tk + gpi(=Bad] + 2112 — Jic),
3pp i Dk = =311 p0pJok + 31250, d1k + 30pp i Jak 4 @p Jik(b T2 — Ji0),
108¢, T Hky = 54k 129 pp Tt ~ ap@p o p)(J2py — Tipt2)
+ 360 pp Ik (—3ad} + 2bJ1 Iy =id{c)
opk[18a,J1 Jap(3a? — 2601 J2 + j}c) —36b,J1pJ T2 p
+36b,l2p S p + 3bp I (+9a 3 p + 8bJ1 Jap — 6] Lcp + 1201.12)
+ 18J1ppd1pJ1ap — 1
+ 6191 p(3aJ3 — 2y + J2c) — 2403, Iap
+ 2478, hpJip+ JE(—123a 0} p + 22601 Fap — 80 Fcp + 7201 1)
w2401 1y TP + 671 p 2 J1(30ad2p — bJyp — 127)
+271,(—63a% 13 p + 45abJ1 I3 p — 39a I Jacp + 90a I3
+4b2 IR Dop + b ep — A2b 021+ 1203 ¢ + 270} 1, Dap)
+ 61yl (—=Balypt b1 p + 12J1) — 8113 a i p
+ 60251y (18a%02p — 12abJy Jyp + 12a0kcp — 18ad1
— 26272 6B IZ — 97 Dap) + 21dpa i p
+ 540y J3 s b 45by J2 p 4 1801y I3 p —~ 18¢,a 3 Fap + 6c,b T4 p
— 36ep S 0D p It p — 2703 p + 3602601 3 p — 54020} dp
— 3622727 2cp + 108a2 11 I3 — 6abI2I2p + 36abJidp
+ 42ab..é3.]2cp — 108abJ{J} —33adpc?p +9aJ} Dep — 108a7id
4 108G I3 o + 18073 J2 Dbp + 27ad2 2 Dap — 863 I3 Iy
6B cp — 18674 Dbp — 36bT3 I Dap + It Tap + 547 c Dap

-2 -- IR - - I -
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+36J} Db — 277} D*ap — 1084 J2Da],

3ppJikp =3@ppJik + @pk(3ats — bJ)).
5.4. Examples
Example 5.1. 1t is known [7] (see also [5, Section 8.3.3]) that the equatlons

3yf n 3)’”2 i
C no_ and H L A 9
© Y'=170 ) Y= (59)

describing the families of circles and hyperbolas, respectively, are connectéd by a complex
transformation, and that Eq. (5.9)(H) can be linearized to the equation'u™ = 0 by a con-
tact transformation (specifically, by the Legendre transformation). One can readily check
that Eq. (5.9)(C) also satisfies the conditions {3.6), and henceican beireduced to /' =0
by a (real valued) contact transformation. The reckoning ywlds the following linearizing
transformation:

_y(+Vpr+D (1+1+\/ 2+ )
p

X, Po=
L+vp2 41 by,

An alternative transformation is
g=—(p+y1+p%),  ¥=x-y(p+y1+p?),
g= y—X(p+\/1+p2)

Remark 5.1. It is stated in [ 10] that the contact transformatlon
=—2xg(x,y, p), =y+xp, ' =gxy,p),
where g2 = —p, ¥ (5.10)

maps the equation u”’ =0 to the equation for circles (5.9)(C). However, the transformation
(5.10) relates the equation #" = 0, with Eq. (5.9)(IT) but not with (C).

Example 5.2. Consider again =tj;é ¢quations of the form (2.6). One can readily verify that
two of the conditions for lineariZation by a contact transformation are satisfied, namely
J1 =0 and J; = 0. Equating;t ‘zero two other invariants, J3 and J4, we conclude that
Eq. (2.6) can be mapped by a:coritict transformation to the equation #”” = 0 if and only if
the following equations hold

2(3By — 3Ay; —A0A1)—7(A0y — Ayl 9B3 =3A1, + A%,

3(Aoy — Atx)y — A1(Agy — A1x) =0,

6(Agy — A1y)x +240(A0y — A1) — 3(3B1 — A§ — 340:), =0,

9Aozx + 18A0x Ao + 54Boy — 27B1; +4A3 — 18A0B) + 1841 By = 0. (5.11)

o @ N AW -
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The last equation (5.11) yields £2 = 0, where £2 is defined by (2.29). Invoking Theorem 2.1
and noting that Eqgs. (2.22)—-(2.23) imply the first four equations (5.11), we conclude that
Eq. (2.6} is linearizable simultaneously by contact and point transformations if and only if
its coefficients satisfy the equation £2 = 0 and Eqs. (2.22)—(2.23).

For example, the equation

1

3 3
Y= yy 3y”—;y’2+2y’—y=0

is lincanzable by a point transformation, but it is not linearizable by a contact transforma-
tion.
On the other hand, the equation
1
v+ yy + 54(631)2 +24y%*p +y9) =0

can be linearized by a contact transformation, but cannot be; litiearized by a point transfor-
mation since Agy — A1y # 0.

Example 5.3. The equation
y.w + yy.'.' + ,B(l _ yrZ) =0

widely used in hydrodynamics (it is called the Blasjusieguation when g = 0, the Hiemenz
flow when 8 = 1, and also known as the Falkner—Skan equatlon [91) is linearizable neither
by point nor contact transformation. ;
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